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Abstract. Recently, there has been growing interest among researchers in extending and generalizing the
concept of convexity to incorporate fractional theory and related inequalities. One notable extension which
involves studying convexity on fractal sets is the (7 — m)-convexity, which generalizes the h-convexity and
m-convexity concepts. In this paper, we present a new notion of generalized (h — m)-preinvex functions,
which is a generalization of convexity on fractal sets, along with various characteristics for the newly
presented functions. Utilizing the new concept, we derive new Hermite-Hadamard-type inequalities
and establish a new identity for generalized (h — m)-preinvex functions with parameters involving local
fractional integrals. In addition, we derive some general local fractional integral inequalities for generalized
(h — m)-preinvex functions. We utilize our findings in practical applications by selecting particular
values for the variables to construct various generalizations of midpoint, trapezoidal, and Simpson type
inequalities. The findings of this work provide essential extensions and generalizations of earlier studies
conducted in the area.
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1. INTRODUCTION

Several assumptions are linked with convex functions in the domain of mathematical inequal-
ities. The most widely recognized inequality, with its extensive geometrical framework, as it
offers both upper and lower bounds of the integral average value for convex functions, is the
Hermite-Hadamard (HH) inequality, introduced by Hadamard in 1881. According to [15], this
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inequality is expressed thereby: If /Z: 1 C R — R is a convex function, r,s € I and r < s, then

Hz—s) < Sir/rs/{(y)dyﬁ ]{(r)—;—H(s)

For concave functions, the reverse of the aforementioned inequalities holds.

In the last decades, various generalizations for the classical properties of convexity were
proposed. For a number of results which are extensions, generalizations, and enhancements of
the basic Hermite—-Hadamard inequality linked with different extensions of a convex function,
we refer to [5, 8, 10, 12, 34] and the references therein. A novel family of generalized convex
functions known as invex functions was introduced by Hanson in [16]. Let B C R" be a nonempty
set, and let 6 (.,.) : B x B — R” be a bi-function. The set B is called an invex set with respect to
(w.r.t.) the bi-function o (.,.) if

7

(1.1)

u+po(vu) €B,

for every u,v € B whenever 0 < u < 1; see [11, 33]. If o(v,u) = v — u holds, the invex set is
reduced to a convex set; nevertheless, some invex sets are not convex; examples of these can
be seen in [4]. On the other hand, Ben-Isreal and Mond [11] defined preinvex functions, and
demonstrated that differentiable preinvex functions are invex functions, but the converse may not
be true. The characteristics of preinvex functions in equilibrium, mathematical programming,
and variational inequalities were explored by Weir and Mond [33]. Let B C R be an invex set. A
function /Z : B — R is preinvex on B by default. o(.,.) if

H(u+po(vu) < u2(v)+ (1 —u)H(u), (1.2)

for every u,v € B and 0 < u < 1. Recall that /¢ is preconcave if —/Z is a preinvex function.
Although the opposite is not true, it is evident that any convex function is a preinvex function.

Several researchers worked on and implemented the concept of preinvexity in various ways
over the past few decades. In [21], Matoka introduced and explored the concept of A—preinvexity,
which is given in the following definition:

Definition 1.1. Let (0,1) CJC R, h:J — R, and B be an invex set w.r.t. o(-,-). A function
/{:B — Ris called an h-preinvex w.r.t. o(-,-) if

H(u+ 1o (vyu0)) < h(R)H() +h(1 — ) H(w), (1.3)
for all vyu € B and u € (0,1). If the above inequality is reversed, —/Zis called h-preconcave
w.r.t. o(-,).

It is evident that 7/ becomes a preinvex function when i(u) = p is used in (1.3). Moreover, if
o (v,u) = v —u, then /A reduces to h-convex.

Definition 1.2. (Ref. [19]) Let B C [0,5*],b* > 0, be an invex set. For m € (0, 1], a function
H :B — R is m-preinvex w.r.t. o if

N
P+ 1o () < (1= )2 (u) +mut ()
for all vyu € B, u € [0, 1]. Furthermore, /¢ is m-preconcave whenever — /7 is m-preinvex.

Definition 1.3. (Ref. [31]) Let [0, b*] C R, b* > 0, be a invex set w.r.t. ¢ and h:J — R,
(0,1) C J, be a non-negative function. The function /Z is called (h,m) - preinvex, if

H(u+ 1o (vou)) < (1 — )2 () +mh() 2 (v)
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for all v,u € [0,6*],m € [0,1] and u € (0, 1).

The concept of preinvexity was further generalized by Sun in [26], who introduced the concept
of generalized preinvex function. For ¢ € (0, 1], a function /: B — R is said to be generalized
preinvex on B if

H(u+puo(vu)) <t v)+ (1 —p) H(u), (1.4)

for every u,v € B and 0 < u < 1. In [27], Sun combined the idea of the h-preinvexity and the
generalized convexity to establish the concept of generalized h-preinvex functions as follows.

Definition 1.4. Let 4 :J — R, (0,1) C J, be a nonnegative function and nt e 0. Let 2: B — R’
(0 < £<1), where B is an invex set w.r.t. o(-,-). Then /Zis a generalized h-preinvex function
w.rt. o) if

H(u+ o (vu)) < h' ()2 (v) +h'(1— )2 (u)

for all u,v € B and u € (0,1). Moreover, / is called generalized h-preconcave w.r.t. o(-,-) if
the above inequality is reversed.

We consider the following criteria proposed by Mohan and Samir for the bi-function o; see
[20].

Condition C.: Let 6(.,.) : B x B — R” be a bi-function, where B C R” is an invex set. Then
G(ﬁa ) +HG(C7 1'9)) - _tG(Ca 19)7
o(§,0+uo(6,9))=(1-u)o(E,9),

for 0 < u <1, and all ¥, { € B. Furthermore, from Condition C, the subsequent equality holds
true:

o(§+v20(8,6), 6 +Vvi0(8,8)) = (v2—Vvi)a(,8),

for every ¥,{ € B and v, v, € [0,1].

The philosophy of local fractional calculus was initiated by Yang in [36, 37]. Aimed at model-
ing various non-differentiable phenomena that arise in many fields of science and engineering,
local fractional calculus theory is widely applied in differential equations. Applications of this
theory are also relevant to physics, control theory, random walk process, and communication
engineering [9, 18, 35]. Many researchers recently concentrated on extending and generalizing
the concept of preinvexity to encompass fractional theory and related inequalities; see, e.g.,
[2,13,17,22,25,30, 32, 38]. In [27-29], Sun examined various extensions of preinvex functions
relative to fractal theory. Al-Sa’di et al. [6, 7] established and investigated the notation of gener-
alized y-preinvexity and m-preinvexity functions on the Yang’s fractal sets and established some
generalized Hermite—Hadamard’s inequality for such classes of functions. In [24], Peng and Du
developed various inequalities of Hermite—-Hadamard type in association with *differentiable
multiplicative m-preinvexity and (s,m)-preinvexity.

Inspired by these results, we present a generalized (h — m)-preinvex function on fractal sets
and discuss a few properties of this function. Utilizing the new concept, we derive HH-type
inequalities for the latest function. To provide an integrated framework for developing a general-
izations of Simpson and HH-like inequalities for functions where the derivative absolute values
are generalized (h — m)-preinvex functions, we first establish a number of some comprehensive
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inequalities utilizing local fractional integrals via parameters. Using particular parameter val-
ues, we can derive some generalizations of midpoint-type, trapezoidal-type, and Simpson-type
inequalities.

2. PRELIMINARIES

In order to describe various non-differentiable issues that arise in fractal engineering, a new
concept of the local fractional derivative was recently developed by Yang [36, 37]. In this light,
several recent papers on the damped wave equation in fractal strings and the diffusion equation’s
and the heat-conduction equation on non-differentiable solution on Cantor sets were raised.
Yang’s theory can be understood from the references [36, 37]. Let Y! be a Yang’s fractional set,
Y be the base set, and ¢ (0 < £ < 1) be the dimension of cantor set. The ¢-type set of integers zt
is defined as Z¢ = {0, £1¢, 42,43 ...}. We may express the /-type Q' as

00 (T
Q ={m" = ; r,s € Z where s # 0},
S

the (-type 3¢ as
3¢ = {m" £ <£>z; r,s € Z,s # 0},
and the (-type R as
R = QU
Some characteristics of real fractal numbers are listed below:
If st 1" € RY, then
rf4 st e RE st e RY,
rrst =5t = (s+ )= (r+s),
rE (U1 = (r+ )0 +11,
rlst = strt = (rs)t = (sr)",
rf(s't") = (r'sHt,
rf(st 1% = rlst +riet,
Of +rl =r' 40 =/, and 16 = 170 = 41
If r < se, then ! +1¢ < sg—i—tg,
If 0° < r£,0¢ < s, then 0¢ < r s,
o (—r)is called the reverse element of r¢, (—r)’ = —r,

° (r—s)g:ré—sé.

Definition 2.1. ([36, 37]) Let Z : R — R,y — 7/(y) be a non-differentiable function. Then 2/is
local fractional continuous at y, if, given £ > 0, there exists § > 0 such that | (y) — 2(y,)| < &
whenever |y — yo| < 8. We write 7(y) € Cy(c,d) whenever /{(y) is local continuous on (c,d).

There are various definitions of local fractional derivatives and integrals, also known as fractal
calculus. The ones that follow are the Gao-Yang-Kang definitions.

Definition 2.2. ([36, 37]) Local fractional derivative of the function //(y) of order ¢ at y =y,
can be defined as
d'H(y)

T O00) M)
dy([) '

20 Vo) =
( O) Y=Y Y=o (y_y())g
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The /-local derivative set is denoted by Dy(c,d). We write /£ € D, 1)(I), n=0,1,2,..., if
(n+1)times

—N
there exists 2"t (y) = Dﬁ...Dﬁ H(y) forany y e I C R.
Definition 2.3. ([36, 37]) Let //(y) € Cy[c,d]. Local fractional integral of //(y) is defined by
K000ts) = = [*oetyany = L i 'Y 20
cd y _F(l—f—g) . ‘U, nu' _F(1+€)AM—>0J~:0 /:u’J :U“J 9
where ¢ = o <ty < ... < Uy—1 < Uy =d, [}, Lj+1] is partition of [c,d], Apj = W1 — 1, A =
maX{A,uO,A,ul,...,AuN,l}.
Note that CIC(E)/-[ (y) =0 and cly)/-l(y) = —dlc(g) H(y) if ¢ <d. We write (y) € s )[c d] if
there exists Cly(e)}é(y) for any y € [c,d|.
Lemma 2.4. (/36, 37])
(1) Let (y) = 1(y) € Cile.d). Then oI 2¢(y) = g(d) ~ g(c).
(2) Let (y),g(y) € Dilc,d) and ) (y), ") (y) € Cilc,d]. Then
d
I 2(5)8 ) = ()] — oty 7O (1)),

Lemma 2.5. ([36, 37]) The {-local fractional derivative and integral of the function (y) = y*,
T € R, is given by

dfy’rﬁ - F(l + Tg) (t—1)¢
'  T(+(c—1)0
d
F<£1+ 1)/c y¥l(dy). = F(ll“il(tiﬁl))g) (@D _ (et
Lemma 2.6. (/36, 37])
S0 d=a)
“d C(1+4)

The following Generalized Holder’s inequality for local fractional integral established by Yang
plays a significant role in our work; see [36, 37]).

Lemma 2.7. Let 7/(y),g(y) € C[c,d], and p,q > 1 withp~' +q~ ' = 1. Then

s <F(€+1) y)g);(r(elﬂ) ”‘q(‘w);'

3. MAIN RESULTS
We begin with the following generalized definition of the (& — m)-preinvex mapping.

Definition 3.1. Let J be any interval in R with (0,1) C J, and let & : J] — R be nonnegative
function. Suppose that B C [0,b*], b* > 0, is an invex set w.r.t. 6. Then a nonnegative function
2 : B — R’ is said to be generalized (h— m)-preinvex if

H(um + uo (vyum)) < b (n) 2 ) +mh’ (1 — u) M (u) (3.1)
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holds for all u,v € B, u € [0,1] and m € (0,1]. The function / called generalized (h — m)-
preconcave if we reverse the inequality.

Remark 3.2. It is worth noting that this definition addresses a wide range of other special cases
of convexity and preinvexity. This highlights that the results obtained in the current work are still
valid for such categories of convex and preinvex functions and their variant forms. In particular:

(1) If o(v,um) = (v—um) and ¢ = 1, then Definition 3.1 simplifies the concept of (h —m)-
convex functions [23].

(2) If 6(v,um) = (v —um), then Definition 3.1 simplifies the concept of generalized (h —m)-
convex functions [3].

(3) If o(v,um) = (v —um) and h(u) = u, then Definition 3.1 simplifies the concept of
generalized m-convex functions. [13].

(4) If o(v,um) = (v —um) and h(u) = p*, then Definition 3.1 simplifies the concept of
generalized (s — m)-convex functions [1].

(5) If m=1,¢=1, and h(u) = u, then Definition 3.1 simplifies the concept of classical-
preinvex functions [33].

(6) If ¢ =1 and h(u) = p*, then Definition 3.1 simplifies the concept of generalized (s,m)-
preinvex functions [14].

(7) If m =1, then Definition 3.1 simplifies the concept of generalized h-preinvex functions

[27].
(8) If £ = 1, then Definition 3.1 simplifies the concept of generalized (m, h)-preinvex func-
tions [39].

Remark 3.3. If u = %, then generalized Jensen-type (h — m)-preinvex function is as
1 1
H (um—|— EG(V, um)> <h (§> [H(v)+m" M (u)]. (3.2)

Now, we investigate some algebraic characteristics of the definition.

Proposition 3.4. Let hy and h| be positive functions defined on J C R, with hy (1) < hy([), u €
[0,1). If 7{ is generalized (hy — m)-preinvex function on fractal sets, then /{ is a generalized
(hy — m)-preinvex function on fractal sets.

Proof.
B ()2 (v) +m'Hy(1 — ) H(u)
Wy ()2 (v) +m i (1 — ) (u),
for all u,v € [0,b*], u € [0,1], and m € (0, 1]. 0O

H(um+ po(vyum)) <
<

Proposition 3.5. If g, /{ are generalized (h — m)- preinvex functions on fractal sets, and k! > 0f,
then

(1) g+ #is a generalized (h — m)-preinvex function on fractal sets;
(2) kg is a generalized (h — m)-preinvex function on fractal sets.

Proof. (1). Since the two functions are generalized (h — m)-preinvex, we have

H(um+ puo (vyum)) < b (n) ) +mh’ (1 — u)H ()
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and
g(um+ po(vum)) < h'()g(v)+m'h (1 - w)g(w),
forall u,v € B,me (0,1],and u € [0,1

)<
]
(g4 24)(um+ o (v.um) < h' ()
)
)

2

(§(v) + A () +m"h" (1 — ) (g (u) + A (u))
(§(v) + A (v)) +m"h" (1 — ) (g (u) + A (u)) (3.3)
(g + ) (v) +m'h (1 = p)((g+ ) (w)).

+2(
<h'(u + H(
< h'(u
(2). Multiplying (3.1) by k*, we have
K2 (um + o (v,um)) < ' (M (1) (v) +mtRE(1 — /.L)H(u))
< B () H () +m B (1 — u) k" 2 (u) (3.4)

< (W' (W) (" 20) () + 1 (1 = ) (7)) )
U

Proposition 3.6. Let 7 : X! — Y! be a non-decreasing function, and let g : B — X! be a gener-
alized (h — m)-preinvex function. Then the composition of both functions g o 7 is generalized
(h — m)-preinvex.

Proof. Form € (0,1], and every u,v € B, u € [0, 1], we have
(g0 2)(um-+po(vum) < g (h(w)24)+m'n (1= p)2(w)
< K (W)g () +mH (1 - w)g(2((u))
< (g0 2t)v) +m'n (1 - w)(go 2)(w))
O

Proposition 3.7. Let g, /{ : B C [0,b*] — RY, b* > 0, be two similarly ordered functions which
are generalized (h — m)-preinvex on B, and that h'(p) +m‘h’(1 — ) < 1. Then the product of
the functions g and 7{ is a generalized (h — m)-preinvex w.r.t. ©.

Proof. Since /and g are similarly ordered functions on B, then
(H(u)—H(v)) (g(u) —g(v)) >0, for every u,v € B.
Form € (0,1] and u € [0, 1], we have
g(um—+ wo(vyum))H(um+ po (v,um))
< (1" (w)g(v) +m"h* (1 = w)g ()] [h" (W) H(v) +m"h (1 — ) (u)]
( ( ))28(v) 2 (v) +m'h ()R (1 = w)g(v) 7 () +m B ()R (1 — )g () 2(v)
2! (h (1 — )22 ()3 (u)
[( ( )22 (v) +m'h ()R (1 = w)g(v) H(v) +m" B ()h" (1 — p)g () 7 (u)
! (h (1 )22 () ()]
< [P (W)gH (v) +m" B (1 — g A (w)][[A" () +m"h (1 — )]
< (W (1)g7{(v) +m'h* (1 — g (u)).
This completes the proof. U
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4. HH INEQUALITIES FOR GENERALIZED (h —m)-PREINVEX FUNCTION

We introduce some new variations of local fractional inequalities of Hermite—Hadamard-type
via generalized (h — m)-preinvexity in this section.

Theorem 4.1. Let (0,1) CJ C R and h: J — R be nonnegative integrable function, h(%) # 0,
and J be any interval in R. Let B C R be an open invex subset w.rt. 6 :BxB — R, o(v,u) >0
satisfies Condition C, and, for u,v € B, m € (0,1], um < um + o (v,um). Let /{: B — R,
¢ € (0,1), be a local differentiable function with ") e Iy(é) [um,um + o (v,um)|. If  is
generalized (h — m)-preinvex on [um,um+ o (v,um)), then

1 1
H (um+ —o(v, um))

W (3)T+0) 2
- m [“m"'o(vvu’")l'(‘é')l H(y) +m€ um[ff)ﬁc(v,um) H@ﬂ
< [[ 7¢) 2 20| o\ hE (1= )+ [20) + 22 G)] o1 ()

4.1)

Proof. Since /{ is generalized (h — m)-preinvex, by Remark 3.3, we have

Y (am+ %G(b,am)) < G) 7(b) +m2t(0)).

Set am = um+ puo(v,um) and b = um+ (1 — w)o(v,um)). Since o satisfies Condition C, we
have

o(um+ (1—p)o(v,um),um+ puo(vyum)) = (1—-2u)c(v,um).

Thus am + 56 (b,am) = um + 56 (v,um). Consequently,

H(um%c(v,um)qf( ) (um~+ (1 =)o (v,um)) +m" H (um+ po (v,um))| .

By local fractional integration w.r.t. i over [0, 1], we obtain

m/l & (”’”*%"(V’”m)) (dp)’

(1—p)o(v,um))(du)’ (4.2)

1 1
+m£1"(1+£)/0 H(um + wo (vyum))(du)’.

From

1 /um+0'(v,um) (dx)ﬁ

T(1+0) )

1
! / H(um + po(v,um))(dp)’ = - ol(v,um)

L(1+2) Jo
and

1
T(1+0)

1 B 1 um+o (v,um) (dy)g
|} 7t + (= tvum)d) = g [ H0) 10
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we see that inequality (4.2) becomes

1¢ 1
IR <%) NIEY) H (um+ 56(v,um)>

— ol(v,um) {F(l +7) /um+6(v,um) ) (dy)

’ 1 um-+o (v,um) ‘
ey / ) 24(x)(dx) }

1
< _O'Z(V, um) [um+6(v,um

As a result, the first half of the inequality is established. We employ the generalized (h — m)-
preinvexity of /Z on fractal sets to show the second part. Observe that

um= ym+o (v,um)

)I%%H(y) +mt 1Y H(x)] .

H(um+ (1 — )0 (v,um)) +m" H(um + pno (v,um))
< (L= ) 24(v) A+ m B (1) A (u) 4 [0 () 2 (v) A+ m" B (1 — ) A ().
= R (1 — ) 2 (v) +m" R () 2 () +m Wt (@) £ (v) +m* Bt (1 — p) 2 (u).
Integrating local fractionally over [0, 1], one has
1¢

- (0) ¢ (0
G((V’ um) [um+6(v7um)[um/{'(y> +m ”mlum+0'(v,um) H(x)]

14
< () +mzé/-l(u)]ﬁ

mt

1
Ny /0 i () (dp)".

Hence the proof is done. H

Theorem 4.2. Let 7/ :B — R (e (0, 1), be a local differentiable function with ¢ (v,um) > 0,
with u,v € B,um < um+ o(v,um) and m € (0,1]. If 0 <u <v <eoand } € Iy(g)[um,um—k
o (v,um)] be generalized (h — m)-preinvex, then

1 (0 (0
W |:’4mlu+6(v,um) H(X) + u+6(v,um)IMmH(y)]

< [y +m st [\ () + o1 R (1= )|

[0y

A () + M (w)]

Proof. Using the generalized (h — m)-preinvexity of 7/, we have
P (um+ o (v,um)) < B (1) 74(v) +m' B (1 = )74 ()
" H(um+ (1 =)o (voum)) < 7' (1= )2 (v) +mh () 2 (w).
Adding the above two inequalities yields
H(um+ po(vyum))+ H(um+ (1 — p)o(v,um))
< B (p) 2 (v) +mh (1= ) 2 (u) + h (1 — ) 2 (v) +m"ht (1) 74 (u)) (4.3)
< [() +m A )[R () + K (1= ).
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On integrating local fractionally, we obtain the desired result immediately. U

Lemma 4.3. Let B C [0,b*] be an open invex subset with 6 : B xB — R, u,v € B, m € (0,1]
with um < um+ & (v,um), and & (v,u) > 0. Let 7 : B — R(¢ € (0,1)) be a local differentiable
function with ¥ ¢ Iy(g) [um,um+ o (v,um)]. For 0 < k <1 and x € [um,um+ & (v,um)), the

following inequality holds:
(k—1)'H (um + %G(v, um)) — k' 7L um) + H(;‘Z‘ +0(v,um))

RACRON0 2 (x)

G((V’ um) UM~ ym+o (v,um)

(v, um 1/2
—G(z} )F(11+€)/0 (1 —20) 7Y (um + o (v, um) ) (d )’

1 ! 02/(0) l
+m/1/2(2—1<—2t)}{ (um + 6 (v, um)) (dp)" | . 4.4)

Proof. First, note that um + po(v,um) € I for u € (0, 1], and u,v € I because I is invex w.r.t. ©.
Applying local fractional integration by parts, then setting x = um + o (v,um), we arrive at
1
I'(1+2)
- (k —26) 7 (um + o (v,um))*
ol(v,um) ’
1 1/2
>< —_—
L(1+2) Jo
1 1
= ol (v am) {(K‘— 1) 2 (um + EG(V, um)) — x* 2 (um)

-~ ol(v,um
e LUHD o H(x)] . (4.5)

ol (v,um) """ um+50(vum)

1/2
/ (x—20) Y (um—i—,uc(v, um) (dp)’
0

1/2
+2T(1+0)

0

M (um~+ o (v,um)) (du)é}

Similarly,

b /1 1 2 —x—2u) 2O (um+ po (v,um)) (du)

F(l +£) /2
1
o {(2 — k= 2) M+ o (vum))| +2T(1+0)
7 1/2
1
CEg .y m - ot )|
= m [(K’— 1) 24 (um + %G(v, um)) — k' 2 (um+ o (v,um))

Lt LA+0 S (Wm)}z/(x)] . (4.6)

Gé(V, um) um—O—%G(V,um) um+o
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From (4.5) and (4.6), we have

1/2 |
ﬁ/o (1 —20) 79 (um + o (v,um)) (du)* + F(11+£) /1/2(2_ K —21)!
27" (um+ o (v, um)) (dp)*
= m [25(1(— 1) A (um + %G(v, um)) — k' [ (um) + H (um + o (v,um)]

2T(1+6) (o
GZ(V, um) U= ym—+c (v,um)

H(x)|.

0

In light of Lemma 4.3, we now introduce some new generalizations of the Hermite—Hadamard-
type inequality for generalized (& — m)-preinvex functions.

Theorem 4.4. Let the hypotheses of Lemma 4.3 hold. If ‘ MO
function on I, then

q
is a generalized (h—m)-preinvex

‘(K_ 1) 2 (um + %G(v, um)) — KZH(um) + 2 (um+ o (v,um)

¢
L LA+
GE(V, um) UM ym+o (v,um)

1/p
o' (v,um) ['(1+pt)
) (14+p)t _ o\ (1+p)e
< ‘ TS K +(1—x) }

2 (14+(1+p)e)
. 1/q
}(du)f)
1

! 1/q
+rra s {h£<u>w“><v>|q+mﬂhf<1—m)%“><u>!q}<du>€) ]

H(x) ‘

[ 1/2
X (ﬁfo [hf(H)IH(ﬂ)(v)|q+m€hé(1_“)‘H(z)(u)

forp,q>1with%—|—é:1.

Proof. Taking modulus of (4.4) then applying the Generalized Holders Inequality, we have

H(um) + H(um+ o (v,um))
¢

(k — 1) 2 (um + %G(v, um)) — k*

LEa+0 o

Gé(V, um) U= ym+-6 (v,um)

H(x)
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v um / 1/p

1/q

1/2
(g ) 1 m wotaman’)

1 1/p
(e ol w2l

1 1 1/q
x (m /1 , HO (um + w6 (vyum)) |7 (du)f) ] 4.7)

From Lemma 2.5, we see that

1 I
F(1+£)/o e=2ul dn) = (1+£/ 2 - 2u ] (an

_ T(1+pe) (4p)0 L (1 o (14p)E
T 2(1+ (1+p)0) (<P (], o

q
Since ’H(@‘ is a generalized (h —m)-preinvex, we obtain

1/2
r(11+£) /0 | 79 (um + po (v,um)) |4 (dp)’

1 2r,
< (0) (1) |4 hliq — (0) q 2 4.
<tirp RO 1wl ) (4.9)
By the substitution of (4.8) and (4.9) in (4.7), we see that inequality (4.7) is reduced to

164 (v, um)| (1 + pt) /P
< ’ [( [K(Hp)f (1 K)(1+p)€} )

= 20(1+ (1+ p)b)
1 1/2 q q Va
x (r(1+£)/o [hf(u)]}z@(v)( m'h (1 ]H }(du)€>
1/p
* (ﬂr(rl(r(rlpf)p)@ [P (] )

y (F(11+£) /1; [hf(u)‘H(@(v)‘q+m€h€(1—u)‘ﬂ(@(u)(q}(duV) 1/q]

< \Gf(;umﬂ (ZZFE(iJ(FII)fL)E) [K(1+p)€+(1 B K)(Hp)le/p
" [<ﬁ/ol/2 {he(u)]/ﬂf)( ‘ +mtht(1 ‘H (q}(du)f)l/q

N (F(11+£) /1;2 [hé([l) ‘}N)(v) G q} (du)€> l/q].

Hence the desired result is proved. U

ehz ‘H



(h —m)-PREINVEX FUNCTIONS 13

Corollary 4.5 (Mid Point Inequality). If Kk = 0 and h(u) = u in Theorem 4.4, then

T(1+0) B 1
’ o (v,um)™ i+ (vaam) P E () — P (i + EG(V, um))
ra+e 17

AT(1+20)

_lotuum)| [ T(i+pt) V7
= {zér(1+(1+p)1z)}

1/

x [()H<f>(v)(q+3€mf‘H@(u))q) "y <3£‘H@(V)‘q—i-mg‘H(E)(u))q)l/q].

Corollary 4.6 (Trapezoid Inequality). If K = 1 and h(u) = p in Theorem 4.4, then

C(1+6) o p H(um) + H(um+ o (v,um))
of (V, um) Um=ym+c (v,um) ()C) o 2t
_lo'am)| [ Tpe) 1] TO4e) ]
=T 20 2+ (1+p))| | 4T(1+20)

y [()w(v)(%w\wnu))q)% (3f]m@(v)\qu\mm(u))")”q].

Corollary 4.7 (Simpson Inequality). If Kk = % and h(p) = W in Theorem 4.4, then

L
010t (3) [+t o oty

I'(1+ pl) 1\ (1+p)¢ 2\ (1+p)¢ /p T(1+4)
200(1 4 (1+ p)o) ( (§> * (5) 4°0(14-2¢)

3 [(\va)\%sw\wnu)\q)”% (36(w(v)\%mf\wnu)\q)”q].

1
_ | (vum)| .
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Theorem 4.8. Let the assumptions of Lemma 4.3 be satisfied. If |7(\V|7 is a generalized (h—m)-
preinvex function on I for g > 1, then
! M (um) + /-L’(MZL + o (v,um))

2

(k- 1)%(um+%o(v,um)) -
RSO0

G((v’ um) UM ym-+o (v,um)

(v, um r(1+< =
19 vam) (2£r<(1++ [+ —M})

/
X(l(r(llw)/ol2"(_2“'%6(1_“)(61”) ¢ ]

+(ml+ il " e 2ultH ><du>f) ><mf\H“><<um+o<v,um>>/m>\”]

H(x) ]

1
q

| (g 2 w2l ) < [

/ 1/q
+(F<11+£> /11 2’2_K—2u|€h€(u)(du)f) ><m£|}£@)((um+G(v,um))/m)|‘1] )

Proof. Taking the modulus of the right side of equation (4.4) and applying the Power-Mean

Inequality, we obtain

o H(um) + H(um+ o (v,um))
¢

(e 1) P+ %c(v, um)) — (4.10)

N [(1+7¢) I(g)

o! (V, um) UM~ ym+-6 (v,um)

2(x) ‘

1
T(1+¢

‘Gf(v, um)‘

/
[ 20 20+ ) )

1 1
+1-(1_|_£) /1/2(2_’(_2‘“)“ ‘H(E)(um—f—,LLG(v,um))|(d,u)£]

(v, um 1=1/a
< |G (2,£ )| [<F<11+£) /1 2|K 2[.L| (d.u) )

1/q
[ = 2m 200+ ) )

(e
( 1+g ‘2—1(—2“’4(61“)[)1_1@
(s

1/q
\_K 2u|’ |29 um+ua(v,um))}q(du)f)) ] (4.11)
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From Lemma 2.5, it is easy to see that

L el = o [ el
T(1+¢) Jo L(1+£) Jij2
- 2frr<(11:£2)z) [+ (1],
Moreover, Condition C implies that
o(a,a+0o(b,a))=—0c(b,a). (4.12)

Hence, as |//)|7 is generalized (h — m)-preinvex, from equation (4.12), we have

HO (um+ o (v, um))‘q = ‘/{/(Z) (um+ o (v,um) + (1 — p)o (um,um+ o (v,um))) ‘q

< B (1 = ) |20 (um) ‘q + B () | 240 (um+ & (v,um)) fm) |7,

Consequently, we have

1 1/2 e 2,00 1 ¢
r(1+£)/o [k —2u| ‘H (um+u6(v,um))‘ (du)

1 12 00 0 (0 q
SF(1+€)/0 i =20 h*(1 = ) (dp)" x |7\ (um)|

/
+ﬁ/ol i 2 ) ) <1229 (a4 s am) m)

and
et [ 12 2w 2 am (o am) )’
C(1+2¢) )12 ’
1 1
<— | 2—x—2ul"h"(1- Cs | O q
< T a2 2 ) < 20 )
1 : . 0o ] 2/(0) q
NEEY)) /1/2|2—K—2u| () (dp)" xm" |\ ((um+ o (v,um)) fm) |7,
By direct calculation we obtain the desired inequality immediately. ]

Corollary 4.9. If h(u) = p in Theorem 4.8, then
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o M (um) + H(um+ o (v,um))
¢
r(1+¢
LEa+H o

ot (V, um) UM~ ym+-o (v,um)

<5 (g b o)

X | My(x,0) x ‘H(Z)(um)}q—l—Mz(K,E) X m£|H(€)((um+G(v,um))/m)|q

‘(K— 1) 2 (um + %G(v, um)) — K

H(x) ‘

+ [ M3(K,0) x ‘H/(Z)(um)}q%—Mét(K,E) X m€|H(€)((um+G(v,um))/m)|q ,

where,
/
i ) el
_ T(1+0) K'T(1+¢) Cony!
= 270(1 1 20) [ -] - (1+20) (2) - (Z) ]
L L(+20) AN
rian | (5) ~(3) ] M)
D [ el
CKra+0 [\ 1N ra+20 [\ 1\
T T(1+20) (7) ‘(Z) CT(1+430) (7) _<Z)
::Mz(K,E),
fig e 2wl
(140 r(1+20) [(9\" 2-x*| _
~ (1 +20) (-] CI(1+30) <Z) _T] M0,
and
1 1
T(1+0) /1/2'2_ <= 2ul'rdn)’

r(1+0)
=(2- K)gr(l 1 20)

2—-k)2  (5\'| T(+20) [[9\" (2-K)*

( 7 ) —| = +—( ) — ——< 7 ) = My(x,0).
2 4 [(1+3¢) | \4 2

By assigning particular values to the parameters k and i(u), we present some remarkable

cases of Corollary 4.9 as corollaries and remarks that are vital and essential in analysis and
numerical integration.

Remark 4.10. If m = 1 in Corollary 4.9, we obtain [29, Theorem 5]



(h —m)-PREINVEX FUNCTIONS

Corollary 4.11 (Mid Point Inequality). If kK = 0 in Corollary 4.9, then

F(l —f—g) () 1
‘ o’ (v,um)"™" “’"+°(v7um)H(x) — H(um+ 26("7 ”m))‘
_ ot um)[ T+ T

-2 20T (1 +2¢)

[(1+¢) [(1+2¢) q
8 [(ﬂr(l +20) 471 +3£)> ‘Hw)(”’")‘

T(1+420)
—— X
AT(143¢)

[(7fr(1+2e) T(1+4¢)

. 1/q
mt ‘H(ﬁ)((um-f- o(v, um))/m)’ ]

_ (£) q
47T(1 1 30) r(1+2z))x|H ()|

3T(1+0)  7'T(1+20)
200(1+20) 4T (1+30)

Remark 4.12. If m =1 in Corollary 4.11 we have [29, Corollary 5].

Corollary 4.13 (Trapezoid Inequality). If k = 1 in Corollary 4.9, then

H(um) + H(um+ o (v,um))

H(x) - 2l

‘ LA+
ot (V, um) UM~ ym+o (v,um)

_ lo(,um)|’ ( T(1+0) )1—5
N 4t (26)5 I(1+2¢)

y ([(r(lﬂz) L T(+20) ) 12 ()

I(1+2¢) T (1430))

1/q
(1+¢) TI'(1+20) q
(F(l 1200 T(1 +3z)> ' ‘Hw)((”mjL ol ”’”))/’")‘ ]

<F(1+2z) T T(1+30) )x\}é(ﬂ)(um),q

(7£r(1 +20) 3T(1+4)

1/q
T(1+30) r(1+2£))m€|w)<(um+G(V’um))/m”q] )

Remark 4.14. If m = 1 in Corollary 4.13 we have [29, Corollary 6].

Corollary 4.15 (Simpson Inequality). If Kk = % in Corollary 4.9, then

. 1/q
)><mg‘fé(g)((um—i—c(v,um))/m)‘ ] .

17
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, ,
| (%> [2£H(um N %G(V, um)) + H(um) + H(;Zi + o (v, um))}
I'(14+¢

6! (vyum)| [ S'T(1+¢) 1= 37C(1+4)  25T(1+2¢)
S24(108f)1/q(18€r(1+2£)> X(( [(1+20)  T(1+430) )

25€r(1+2£) 7£F(1+g)
L(1+36)  T(1+20)
<F(1+2£) + T(1+30) )x |20 (um) |4
25€F(1+£) 7£F(1+zg)
( T(1+20)  T(1+30)

1/q
|74\ (um) | + ( > x m"| 7O ((um + o (v,um)) /m)|q>

1/q
) m’ |7 ((um+ o (v, um))/m)|q] ) .

Remark 4.16. If m = 1 in Corollary 4.15, we obtain [29, Corollary 7].

5. APPLICATIONS TO NUMERICAL QUADRATURE RULE

To examine error estimates of quadrature rules, we explore applications of the local fractional

integral inequalities obtained in this work.

Consider the division of the interval [um,v], 0 <u < v, givenby I, 1 um = fiop < ) < --- <
W, = v. The formula of numerical quadrature connected to local fractional integral is given by

w1 (x) = Q(f, 1) +E (f,1), (5.1)

where Q (f,1I,) is the umlv(g) /{(x), local fractional integral approximation, and the remainder term

E (f,1I,) is the approximation error.

Corollary 5.1. Assume the hypotheses of Corollary 4.5 with ¢ (v,um) = v —um, and u < v. Then

et 00275

v —uml| ['(1+pl) P L(1+¢) \«
S T (2€r(1+(1+p)£)) X(4ér(1+2£))

x [()H“>(v)(q+3€mf ‘M@(u))q) i (3 ‘/{(@(V)‘qumf ‘M@(u))q)l/q] ,

S N
forp,q>1wzth;+5—l.
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Proposition 5.2. Let the hypotheses of Corollary 5.1 hold. Then the remainder term E (f,1,) in
(5.1) satisfies

E (f,1)] = |t () — O (£, 1)

T(1+pf) \» [ T+ \4
S(2fr<1+(1+p)e)> X (4fr(1+2z)>

,g(g;}l(—l_flz;f (‘H(Z) (ui+1)’q+3€m€ ’H(z) (1) q)clz

+ (32O i)+ |20 (i)

q> 3,]
for every division I, of [um,v|, for p,q > 1,% +C11 = 1,0(f,1,) is the midpoint quadrature
formula, and

L (it i ¢
O(f 1) = T+ 0) §H<T> (Mig1 — )"

Proof. Applying Corollary 5.1 on the interval [u;, tt; 1] (i =0,...,n— 1), we obtain

() 1 Hi + Uit ¢
w7 (x) = T(1+0) H ( 2 ) X (Wit — Hi) ‘

(Wi —m)* [ T(+p)  \7( T(1+6 \s
< S D) (2€r(1+(1+p)e)) (4@r(1+2e>)
) ik

Taking the sum over i from 0 to n — 1 and applying the triangle inequality, we obtain the desired
estimation immediately. 0

Q=

+ <3€ ‘775(6) (Kit1) ‘q +m' ‘H(@ (1)

X [(‘H/(z) (Miv1) ’q +3m ‘H(@ (1)

6. CONCLUSION

In this paper, we defined generalized (h — m)-preinvex functions on fractal sets and provided
some algebraic properties. Utilizing the new concept, we derived HH-type inequalities for the
latest function, provided a new identity for generalized (h — m)-preinvex function with variables
related to local fractional integrals, and derived some general local fractional integral inequalities
for generalized (h — m)-preinvex functions. Certain generalized midpoint-type, trapezoidal-type,
and Simpson-type inequalities were obtained by employing particular values for the parameters.
In addition, numerical integration error estimates for local fractional integrals were provided as
applications.
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