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Abstract. In this paper, we investigate the existence of positive solutions to a new class of Hadamard
fractional differential equations with logarithmic type integro-initial constraints on a semi-infinite domain
with the aid of the Leggett-Williams fixed point theorem and iterative positive solutions. In addition, we
also present an illustrative example as an application of our main results.
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1. INTRODUCTION

Since fractional calculus expands the concept of integer order to include arbitrary order,
fractional calculus plays an important role in various real applications. In the past few decades,
there was a great interest in differential equations (DEs) and their solutions on a half-line; see,
e.g., [5, 6, 7, 13, 14, 15, 19]. In [16], Liu used the Schauder fixed point (FP) theorem and
demonstrated that the following boundary value problem (BVP) involving Riemann-Liouville
fractional (RLF) DEs has at least one positive solution (PS):

Dσ1
0+κ(τ) = g1

(
τ,y(τ),H Dρ1

0+y(τ)
)
, τ ∈ (0,∞),

Dσ2
0+y(τ) = g2

(
τ,κ(τ),H Dρ2

0+κ(τ)
)
, τ ∈ (0,∞),

limτ→0 τ2−σ1κ(τ) = `0, limτ→0 τ2−σ1y(τ) = ̂̀0,
limτ→0 Dσ1−1

0+ κ(τ) = `1, limτ→0 Dσ2−1
0+ y(τ) = ̂̀1,
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where 1 < σ1,σ2 < 2, σ2−1 < ρ1 < σ2, σ1−1 < ρ2 < σ1, `0, ̂̀0, `1, ̂̀1 ∈ R, D0+ refers to the
standard RLF derivative operator and g1,g2 ∈C ((0,∞)×R×R,R).

Hadamard [8] proposed a fractional derivative in 1892 that has a kernel made up of a logarith-
mic function with any exponent. This derivative is now referred to as the Hadamard fractional
(HF) derivative. We refer to [1, 2, 9, 10, 18] for more information on boundary value issues
involving inclusions and fractional DEs of the Hadamard type. The monotone iterative method
was used in [23] to study a BVP for a nonlinear HFDE that was supplemented with nonlocal
multi-point discrete and Hadamard integral boundary conditions. The existence of solutions for
fractional DEs on an unbounded domain was established in [3, 22, 24] by using the methods of
FP theory.

In this paper, motivated by the previous research, we present and examine a new class of
integro-initial problems for HFDEs on the half-line provided by{ HDµκ(τ) = µϒ(τ,κ(τ)) , τ ∈ (1,∞),

limτ→1(logτ)2−µκ(τ) = limτ→1 Dµ−1κ(τ) =
∫

∞

1 Ξ(r)κ(r)dr
r ,

(1.1)

where µ ∈ (1,2], HDµ is the HF derivative of order µ, ϒ : (1,∞)×R→ R is a continuous
function and Ξ ∈ L1 ((1,∞)) with∫

∞

1

(
(logr)µ−1

Γ(µ)
+(logr)µ−2

)
Ξ(r)

dr
r

<
1
µ
.

We present the cases that there are at least two or a minimum of three PSs to problem (1.1). The
primary tools in this paper are the iterative PSs and the Leggett-Williams FP theorem. We also
present a supportive example as an application of the results.

2. PRELIMINARIES

This section introduces some fundamental fractional calculus principles that are pertinent to
our work and establishes an auxiliary lemma which is essential for transforming the provided
problem into a FP problem.

Definition 2.1. [11] For afunction h̄ : [1,∞)→ R, the HF derivative of order µ ∈ (u− 1,u] is
described as

HDµ h̄(τ) =
1

Γ(u−µ)

(
τ

d
dτ

)u ∫ τ

1

(
log

τ

s

)u−µ−1 h̄(s)
s

ds,

where u = [µ]+1, [µ] refers to the integer part of the real constant µ and log(.) = loge(.).

Definition 2.2. [11] For a function h̄, the HF integral of order µ > 0 is described as

HIµ h̄(τ) =
1

Γ(µ)

∫
τ

1

(
log

τ

s

)µ−1 h̄(s)
s

ds,

except that the integral is convergent.

Lemma 2.3. [11] If b ∈ (0,∞) and η ,λ ≥ 0, then(
HDµ

b+

(
log

τ

b

)λ−1
)
(κ) =

Γ(λ )

Γ(λ −η)

(
log

κ
b

)λ−η−1
,(

HIµ

b+

(
log

τ

b

)λ−1
)
(κ) =

Γ(λ )

Γ(λ +η)

(
log

κ
b

)λ+η−1
.
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More specifically,
(

HDµ

b+
(
log τ

b

)λ−1
)
(κ) = 0 if λ ∈ (0,1).

Next, we set up the workspace for our task as follows:
Assume that C (1,∞) is the class of continuous functions described on (1,∞). Also,

f=

{
κ ∈C(1,∞) :

(logτ)2−µ

1+(logτ)ω+2κ(τ), ω >−1, is bounded on (1,∞)

}
.

Describe the norm as

‖κ‖f = sup
τ∈(1,∞)

(
(logτ)2−µ

1+(logτ)ω+2 |κ(τ)|
)
, for κ ∈ f.

Clearly, the pair (f,‖.‖) is a real Banach space.
The next lemmas are important.

Lemma 2.4. Let ϑ : (1,∞)→ R be a given function such that |ϑ (τ)| ≤ Q, where Q > 0. We
say that κ is a solution to{ HDµκ(τ) = ϑ (τ) , τ ∈ (1,∞),

limτ→1(logτ)2−µκ(τ) = limτ→1 Dµ−1κ(τ) =
∫

∞

1 Ξ(r)κ(r)dr
r ,

(2.1)

if κ ∈ f and

κ(τ) =
∞∫

1

φ (τ,r)ϑ (r)
dr
r
,

where

φ (τ,r) = φ1 (τ,r)+φ2 (τ,r) ,

with

φ1 (τ,r) =
1

Γ(µ)

{
(logτ)µ−1−

(
log τ

r

)µ−1
, 1≤ r ≤ τ ≤ ∞,

(logτ)µ−1 , 1≤ r ≤ τ ≤ ∞,

and

φ2 (τ,r) =

(
(logτ)µ−1

Γ(µ) +(logτ)µ−2
)

1−
∞∫
1

(
(logr)µ−1

Γ(µ) +(logr)µ−2
)

Ξ(r)dr
r

∞∫
1

φ1 (τ,r)Ξ(τ)
dτ

τ
.

Proof. As claimed in [17], the solution of the HFDE (2.1) can be expressed as

κ(τ) =H Iµ
ϑ (τ)+A1 (logτ)µ−1 +A2 (logτ)µ−2 , for arbitrary A1,A2 ∈ R.

Observe that∣∣∣∣∣∣(logτ)2−µ

τ∫
1

(
log

τ

r

)µ−1 ϑ (r)
r

dr

∣∣∣∣∣∣ ≤ Q
µ
(logτ)2−µ (logτ)µ =

Q
µ
(logτ)2→ 0 (2.2)
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as τ → 1. Combining (2.2) with condition: lim
τ→1

(logτ)2−µκ(τ) =
∫

∞

1
Ξ(r)κ(r)

dr
r
, we have

A2 =
∫

∞

1 Ξ(r)κ(r)dr
r . From Lemma 2.3, we have

HDµ−1κ (τ) =

τ∫
1

ϑ (r)
r

dr+A1Γ(µ). (2.3)

Combining (2.3) with condition: lim
τ→1

(logτ)2−µκ(τ) = lim
τ→1

Dµ−1κ(τ), we see that

A1 =
1

Γ(µ)

 ∞∫
1

ϑ (r)
r

dr+
∫

∞

1
Ξ(r)κ(r)

dr
r

 ,

where the fact ∣∣∣∣∣∣
τ∫

1

ϑ (r)
r

dr

∣∣∣∣∣∣≤ Q

∣∣∣∣∣∣
τ∫

1

dr
r

∣∣∣∣∣∣= Q log(τ)→ 0, as τ → 1,

is applied. Thus

κ(τ) =H Iµ
ϑ (τ)+

(
(logτ)µ−1

Γ(µ)
+(logτ)µ−2

)∫
∞

1
Ξ(r)κ(r)

dr
r
+

(logτ)µ−1

Γ(µ)

∞∫
1

ϑ (r)
r

dr,

which together with∫
∞

1
Ξ(r)κ(r)

dr
r

=
1

1−
∞∫
1

(
(logr)µ−1

Γ(µ) +(logr)µ−2
)

Ξ(r)dr
r

×

∫ ∞

1
Ξ(r)HIµ

ϑ (r)
dr
r
+
∫

∞

1
ϑ (τ)

dτ

τ

∞∫
1

Ξ(r)(logr)µ−1

Γ(µ)

dr
r

 .

leads to the desired result immediately. �

Lemma 2.5. The following statements are straightforward:

(I) for (τ,r) ∈ (1,∞)× (1,∞), the function φ (τ,r)≥ 0 is continuous;
(II) for (τ,r) ∈ (1,∞)× (1,∞) and ω >−1, we have

(logτ)2−µ

1+(logτ)ω+2 φ1 (τ,r)≤
1

Γ(µ)
, µ ∈ (1,2);

(III) for all (τ,r) ∈ (1,∞)× (1,∞) and ω >−1, we find

(logτ)2−µ

1+(logτ)ω+2 φ2 (τ,r)≤
1

Γ(µ)ℑ1

(
1+

1
Γ(µ)

)∫
∞

1
(logτ)µ−1

Ξ(τ)
dτ

τ
,

where

ℑ1 = 1−
∞∫

1

(
(logr)µ−1

Γ(µ)
+(logr)µ−2

)
Ξ(r)

dr
r

;
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(IV) for all τ,r ∈ (1,∞), we have

φ1 (τ,r) ≤
(logτ)µ−1

Γ(µ)
,

φ2 (τ,r) ≤
1

Γ(µ)ℑ1

(
(logr)µ−1

Γ(µ)
+(logr)µ−2

)∫
∞

1
(logτ)µ−1

Ξ(τ)
dτ

τ
;

(V) for any ξ ∈
(
0, 1

2

)
, we have

min
eξ≤τ≤eξ−1

(logτ)2−µ

1+(logτ)ω+2 φ1 (τ,r)≥
ξ

1+(1−ξ )ω+2 φ1 (e,r) .

From the (III) and (V) of Lemma 2.5, one can write

(logτ)2−µ

1+(logτ)ω+2 φ (τ,r)≤ 1
Γ(µ)

(
1+

1
ℑ1

(
1+

1
Γ(µ)

))∫
∞

1
(logτ)µ−1

Ξ(τ)
dτ

τ
, (2.4)

and

min
eξ≤τ≤eξ−1

(logτ)2−µ

1+(logτ)ω+2 φ (τ,r) ≥ min
eξ≤τ≤eξ−1

(logτ)2−µ

1+(logτ)ω+2 φ1 (τ,r)

+ min
eξ≤τ≤eξ−1

(logτ)2−µ

1+(logτ)ω+2 φ2 (τ,r)

≥ ξ

1+(1−ξ )ω+2 φ1 (e,r) . (2.5)

Further, from the (IV) of Lemma 2.5, we find that

φ (τ,r)≤ (logτ)µ−1

Γ(µ)
+

1
Γ(µ)ℑ1

(
(logr)µ−1

Γ(µ)
+(logr)µ−2

)∫
∞

1
(logτ)µ−1

Ξ(τ)
dτ

τ
. (2.6)

3. COMPLETELY CONTINUOUS OPERATORS

In this part, consider the operator Λ : V → f given as

(Λκ)(τ) = µ

∫
∞

1
φ (τ,r)ϒ(τ,κ(τ))

dr
r
,

where V ⊆ f is a cone described as

V = {κ ∈ f : κ(τ)≥ 0, on (1,∞)} ,

and we show that f is completely continuous.
Clearly, the existence of a PS to problem (1.1) is equivalent to the existence of a nontrivial FP

of Λ in V .

Lemma 3.1. Assume that the set U ⊆ f is bounded. If the following hypotheses are true:

(a) for any κ ∈U, (logτ)2−µ

1+(logτ)ω+2κ(τ) is equi-continuous on any compact interval of (1,∞),
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(b) for every ε > 0, there exists a constant Rϒ > 0 such that∣∣∣∣∣ (logτ1)
2−µ

1+(logτ1)
ω+2κ(τ1)−

(logτ2)
2−µ

1+(logτ2)
ω+2κ(τ2)

∣∣∣∣∣< ε, for all τ1,τ2 ≥ Rϒ, κ ∈U,

then U is relatively compact in f.

Proof. We omit the proof here since it is similar with [20, Lemma 3.1]. �

Lemma 3.2. The operator Λ : V → f is completely continuous, provided that the assumption
below holds:

(P1) ϒ : (1,∞)×R→R is continuous and there exists a constant Q1 > 0 so that |ϒ(τ,κ)| ≤ Q
µ

and ∣∣∣∣∣ϒ
(

τ,
(logτ)2−µ

1+(logτ)ω+2κ

)∣∣∣∣∣< Q1

µ
ν(τ),

on (1,∞) with 0 <
∫

∞

1 ν(r)dr
r < ∞, where ν : (1,∞)→ [0,∞) and ω >−1.

Proof. For any κ ∈V, clearly Λκ(τ)≥ 0. Now, the proof is divided into the following steps:

Step (i): Prove that Λ maps bounded sets into bounded sets. In the light of (P1) and (2.4), one has

(logτ)2−µ

1+(logτ)ω+2 |(Λκ)(τ)|

≤
µ

Q1
µ

Γ(µ)

1+

(
1+ 1

Γ(µ)

)
ℑ1

∫ ∞

1
(logτ)µ−1

Ξ(τ)
dτ

τ
×
∫

∞

1
ν(r)

dr
r

=
Q1

Γ(µ)

1+

(
1+ 1

Γ(µ)

)
ℑ1

∫ ∞

1
(logτ)µ−1

Ξ(τ)
dτ

τ
×
∫

∞

1
ν(r)

dr
r

< ∞.

Thus (Λκ)(τ)∈f for all τ ∈ (1,∞). Therefore, Λ is well defined and a similar reasoning
suggests that Λ maps bounded sets into bounded sets.

Step (ii): Claim that Λ is continuous. For this, assume that {κu} ⊆ V is a sequence such that
κu→κ ∈V as u→∞. Then there exists Q1 > 0 such that ‖κu‖f ,‖κ‖f ≤Q1. Applying
(P1), we can write

µ

∫
∞

1

(logτ)2−µ

1+(logτ)ω+2 φ (τ,r)ϒ(r,κu(r))
dr
r

≤
µ

Q1
µ

Γ(µ)

1+

(
1+ 1

Γ(µ)

)
ℑ1

(∫ ∞

1
(logτ)µ−1

Ξ(τ)
dτ

τ

)(∫
∞

1
ν(r)

dr
r

)

=
Q1

Γ(µ)

1+

(
1+ 1

Γ(µ)

)
ℑ1

(∫ ∞

1
(logτ)µ−1

Ξ(τ)
dτ

τ

)(∫
∞

1
ν(r)

dr
r

)
< ∞.
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Using the Lebesgue dominated convergence theorem and the continuity of ϒ, we see that

µ lim
u→∞

∫
∞

1

(logτ)2−µ

1+(logτ)ω+2 φ (τ,r)ϒ(r,κu(r))
dr
r

= µ lim
u→∞

∫
∞

1

(logτ)2−µ

1+(logτ)ω+2 φ (τ,r)ϒ(r,κ(r))
dr
r
,

which implies that Λ is continuous.

Step (iii): Show that (logτ2)
2−µ

1+(logτ2)
ω+2 (Λκ)(τ) is equi-continuous. For this, Let G⊆ (1,∞) be a compact

interval and U = {κ ∈V : ‖κ‖f ≤ Q1, Q1 > 0} be a bounded set in V . Using (P1) and
(2.6), for any κ ∈U and τ1,τ2 ∈ G with τ1 < τ2, we have∣∣∣∣∣ (logτ2)

2−µ

1+(logτ2)
ω+2 (Λκ)(τ2)−

(logτ1)
2−µ

1+(logτ1)
ω+2 (Λκ)(τ1)

∣∣∣∣∣
≤ µ

∫
∞

1

∣∣∣∣∣ (logτ2)
2−µ

1+(logτ2)
ω+2 φ (τ2,r)−

(logτ1)
2−µ

1+(logτ1)
ω+2 φ (τ1,r)

∣∣∣∣∣ |ϒ(r,κ(r))| dr
r

≤ µ
Q1

µ

∫
∞

1

∣∣∣∣∣ (logτ2)
2−µ

1+(logτ2)
ω+2 φ (τ2,r)−

(logτ1)
2−µ

1+(logτ1)
ω+2 φ (τ1,r)

∣∣∣∣∣ν(r)dr
r

≤ Q1

∫
τ1

1

∣∣∣∣∣ (logτ2)
2−µ

1+(logτ2)
ω+2 φ (τ2,r)−

(logτ1)
2−µ

1+(logτ1)
ω+2 φ (τ1,r)

∣∣∣∣∣ν(r)dr
r

+Q1

∫
∞

τ1

∣∣∣∣∣ (logτ2)
2−µ

1+(logτ2)
ω+2 φ (τ2,r)−

(logτ1)
2−µ

1+(logτ1)
ω+2 φ (τ1,r)

∣∣∣∣∣ν(r)dr
r
,

which yields∣∣∣∣∣ (logτ2)
2−µ

1+(logτ2)
ω+2 (Λκ)(τ2)−

(logτ1)
2−µ

1+(logτ1)
ω+2 (Λκ)(τ2)

∣∣∣∣∣
≤ Q1

∫
τ1

1

∣∣∣∣∣ (logτ2)
2−µ

1+(logτ2)
ω+2 φ (τ2,r)−

(logτ1)
2−µ

1+(logτ1)
ω+2 φ (τ1,r)

∣∣∣∣∣ν(r)dr
r

+Q1

∫
∞

τ1

∣∣∣∣∣ (logτ2)
2−µ

1+(logτ2)
ω+2

{
(logτ2)

µ−1

+

(
(logτ2)

µ−1

Γ(µ) +(logτ2)
µ−2
)

1−
∞∫
1

(
(logr)µ−1

Γ(µ) +(logr)µ−2
)

Ξ(r)dr
r

∞∫
1

(logτ2)
µ−1

Ξ(τ2)
dτ2

τ2

−
(logτ1)

2−µ

1+(logτ1)
ω+2

×

(logτ1)
µ−1 +

(
(logτ1)

µ−1

Γ(µ) +(logτ1)
µ−2
)

1−
∞∫
1

(
(logr)µ−1

Γ(µ) +(logr)µ−2
)

Ξ(r)dr
r

∞∫
1

(logτ1)
µ−1

Ξ(τ1)
dτ1

τ1


∣∣∣∣∣∣∣∣ν(r)

dr
r
.
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As (logτ2)
2−µ

1+(logτ2)
ω+2 is uniformly continuous on G, we have∣∣∣∣∣ (logτ2)

2−µ

1+(logτ2)
ω+2 (Λκ)(τ2)−

(logτ1)
2−µ

1+(logτ1)
ω+2 (Λκ)(τ1)

∣∣∣∣∣→ 0, as τ1→ τ2.

Consequently, (logτ2)
2−µ

1+(logτ2)
ω+2 (Λκ)(τ) is equi-continuous.

Step (iv): Prove that Λ is equi-convergent at ∞. For any κ ∈U, we obtain from (P1) and (2.4) that

lim
τ→1

∣∣∣∣∣ (logτ)2−µ

1+(logτ)ω+2 (Λκ)(τ)

∣∣∣∣∣
≤ µ lim

τ→1

∞∫
1

∣∣∣∣∣ (logτ)2−µ

1+(logτ)ω+2 φ (τ,r)

∣∣∣∣∣ |ϒ(r,κ(r))| dr
r

≤ Q1

1+

(
1+ 1

Γ(µ)

)
ℑ1

(∫ ∞

1
(logτ)µ−1

Ξ(τ)
dτ

τ

)(∫
∞

1
ν(r)

dr
r

)
< ∞,

which proves that Λ is equi-convergent at ∞. Based on the above cases and Lemma 3.1,
we conclude that Λ : V → f is completely continuous and this finishes the proof.

�

4. PSS TO THE CONSIDERED PROBLEM

In this section, we discuss the existence of at least two PSs to Problem (1.1).

Theorem 4.1. Beside of the postulate (P1) assume the conditions below hold:

(P2) ϒ(τ,κ) is nondecreasing in κ for any τ ∈ (1,∞);
(P3) there exists a constant B1 > 0 so that

max
τ∈(1,∞)

ϒ

(
τ,

1+(logτ)ω+2

(logτ)2−µ
ℑ2

(∫
∞

1
ν(r)

dr
r

)
B1

)
≤ B1

µ
.

Then problem (1.1) has at least two PSs κ̂ and κ fulfilling ‖κ̂‖f ,‖κ‖f ≤ B, where ω >−1
and

B = ℑ2

(∫
∞

1
ν(r)

dr
r

)
B1, ℑ2 =

(
1+

1
ℑ1

(
1+

1
Γ(µ)

))∫
∞

1
(logτ)µ−1

Ξ(τ)
dτ

τ
.

Proof. Thanks to Lemma 3.2, Λ(V )⊆V. Consider ∆B = {κ ∈V : ‖κ‖f ≤ B} . For κ ∈ ∆B, we
have

|ϒ(τ,κ)| =

∣∣∣∣∣ϒ
(

τ,
1+(logτ)ω+2

(logτ)2−µ
ℑ2

(∫
∞

1
ν(r)

dr
r

)
× (logτ)2−µ

1+(logτ)ω+2
κ

ℑ2
(∫

∞

1 ν(r)dr
r

))∣∣∣∣∣
≤ ‖κ‖f

µℑ2
(∫

∞

1 ν(r)dr
r

) ≤ B
µℑ2

(∫
∞

1 ν(r)dr
r

) . (4.1)
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Consequently, we have

(logτ)2−µ

1+(logτ)ω+2 (Λκ)(τ) ≤ µ

∫
∞

1

(logτ)2−µ

1+(logτ)ω+2 φ (τ,r)ϒ(r,κ(r))
ds
s

≤ µℑ2

Γ(µ)

∫
∞

1
ϒ(r,κ(r))

ds
s

≤ B
Γ(µ)

< B. (4.2)

Hence Λ : ∆B→ ∆B. Set

κ0(τ) =
(logτ)2−µ +(logτ)2−µ

Γ(µ)
ℑ2

(∫
∞

1
ν(r)

dr
r

)
B1 =

(logτ)2−µ +(logτ)2−µ

Γ(µ)
B,

and consider κ̂0,κ0 ∈ ∆B. According to Lemma 3.2, we can describe two sequences {κ̂u} and
{κu} as κ̂u = Λ(κ̂u−1) and κu = Λ(κu−1) . Clearly, since Λ(∆B)⊆ ∆B, {κ̂u},{κu} ⊆ ∆B.

Now, we prove that there exist κ̂∗ and κ∗ such that limu→∞ κ̂u = κ̂∗ and limu→∞κu = κ∗,
which are PSs to problem (1.1). Using the definition κ̂u = Λ(κ̂u−1) , (2.6) and (4.2), we have

κ̂1(τ) = Λκ̂0(τ) = µ

∫
∞

1
φ (τ,r)ϒ(r, κ̂0(r))

ds
s

≤ µ

(logτ)µ−1

Γ(µ)
+

(
(logr)µ−1

Γ(µ) +(logr)µ−2
)

Γ(µ)ℑ1

∫
∞

1
(logτ)µ−1

Ξ(τ)
dτ

τ


×
∫

∞

1
ϒ(r, κ̂0(r))

ds
s

=
µ (logτ)µ−1

ℑ1 +µ (logr)µ−2 ∫ ∞

1 (logτ)µ−1
Ξ(τ)dτ

τ

Γ(µ)ℑ1
×
∫

∞

1
ϒ(r, κ̂0(r))

ds
s

=
µ (logτ)µ−1

(
1−

∫
∞

1 (logτ)µ−2
Ξ(τ)dτ

τ

)
+µ (logr)µ−2 ∫ ∞

1 (logτ)µ−1
Ξ(τ)dτ

τ

Γ(µ)ℑ1

×
∫

∞

1
ϒ(r, κ̂0(r))

ds
s

≤
µ (logτ)µ−1 +µ (logr)µ−2

(∫
∞

1 (logτ)µ−1
Ξ(τ)dτ

τ
+1
)

Γ(µ)ℑ1
×
∫

∞

1
ϒ(r, κ̂0(r))

ds
s

≤
µ

[
(logτ)µ−1 +(logr)µ−2

]
ℑ2

Γ(µ)

∫
∞

1
ϒ(r, κ̂0(r))

ds
s

≤
µ

[
(logτ)µ−1 +(logr)µ−2

]
ℑ2

Γ(µ)

(
B

µℑ2
(∫

∞

1 ν(r)dr
r

))(∫ ∞

1
ν(r)

dr
r

)

=
B
[
(logτ)µ−1 +(logr)µ−2

]
Γ(µ)

= κ̂0(τ),
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which together with (P2) leads to κ̂1(τ)≤ κ̂0(τ). As a result, via induction, κ̂u(τ)≤ κ̂u−1(τ).
Since κ̂u =Λ(κ̂u−1) and Λ is completely continuous, we have limu→∞ κ̂u = κ̂∗ and Λ(κ̂∗) = κ̂∗.
Therefore, κ̂∗ is a solution to (1.1). Again, we define κu = Λ(κu−1) with κ0 (τ) = 0. In a
similar fashion, for all τ ∈ (1,∞), we have

κ1 (τ) = Λ(κ0 (τ))≥ 0 = κ0 (τ) .

By induction, we obtain κ̂u(τ)≥ κ̂u−1(τ). By κu = Λ(κu−1) and the complete continuity of Λ,
we have limu→∞κu = κ∗ and Λ(κ∗) = κ∗. Hence, κ∗ is a solution to (1.1).

Finally, we illustrate that κ̂∗ and κ∗ are the maximal and minimal PSs to Problem (1.1). If
κ(τ) is any solution to Problem (1.1), then Λ(κ(τ)) = κ(τ). For any τ ∈ (1,∞), we obtain

κ0 (τ) = 0≤ κ(τ)≤ (logτ)2−µ +(logτ)2−µ

Γ(µ)
ℑ2

(∫
∞

1
ν(r)

dr
r

)
B1 = κ̂0(τ).

Using the monotonicity property of Λ, we find that

κu (τ)≤ κ (τ)≤ κ̂u(τ), for all τ ∈ (1,∞).

As limu→∞ κ̂u = κ̂∗ and limu→∞κu =κ∗, we can obtain the desired conclusion immediately. �

5. MULTIPLICITY OF PSS

In this section, we prove that there are at least three PSs to (1.1).
First, let us consider Leggett-Williams FP theorem [12]. Assume that f is a BS, ∇ is a cone

in f, and ℘ : ∇→ R+ is a concave nonnegative continuous functional (CNCF, for short) on ∇.
Assume 0 < ψ1 < ψ2. Define ∇λ and ∇(℘,ψ1,ψ2) by

∇λ = {ϑ ∈ ∇ : ‖ϑ‖ ≤ λ} and ∇(℘,ψ1,ψ2) = {ϑ ∈ ∇ : ψ1 ≤℘(ϑ) , ‖ϑ‖ ≤ ψ2} .

Theorem 5.1. [12] Suppose that ℘ : ∇→ R+ is a CNCF on ∇ with ℘(ϑ) ≤ ‖ϑ‖ for every
ϑ ∈ ∇ψ3 and the operator F : ∇ψ3 → ∇ψ3 is completely continuous. Assume that there exist
0 < ψ1 < ψ2 < s≤ ψ3 such that the conditions below hold:

(1) ϑ ∈ ∇(℘,ψ2,s) :℘(ϑ)> ψ2 6= /0 and ℘(Fϑ)> ψ2, for ϑ ∈ ∇(℘,ψ2,s) ;
(2) ‖Fϑ‖< ψ1 for ‖ϑ‖< ψ1;
(3) ℘(Fϑ)> b, for ϑ ∈ ∇(℘,ψ2,ψ3) with ‖Fϑ‖> s.

Then F owns at least three FPs ϑ1, ϑ2, and ϑ3 with ‖ϑ1‖< ψ1, ϑ2 <℘(ψ2) , ‖ϑ3‖> ψ1 and
ϑ2 >℘(ϑ3) .

Next, define the CNCF on f by

℘(κ) = min
eξ≤τ≤eξ−1

(logτ)2−µ

1+(logτ)ω+2κ (τ) .

Obviously, ℘(κ)≤ ‖κ‖f for each κ ∈ f.
Additionally, we include the notation:

` =
1

Γ(µ)

[
1+

1
ℑ1

(
1+

1
Γ(µ)

)](∫
∞

1
(logτ)µ−1

Ξ(τ)
dτ

τ

)∫
∞

1
ν(r)

dr
r
,

δ =
ξ

1+(1−ξ )ω+2

∫ e1−ξ

eξ

φ1 (e,r)ν(r)
dr
r
.

Finally, we present the main theorem in this section.



A NOVEL CLASS OF HADAMARD FRACTIONAL DIFFERENTIAL EQUATIONS 11

Theorem 5.2. In addition to Hypothesis (P1), assume that there exist nonnegative numbers ψ1,
ψ2, and ψ3 such that 0 < ψ1 < ψ2 ≤ ψ3 and ϒ fulfills the following assertions:

(As1) for (τ,y1) ∈ (1,∞)× [0,ψ3], ϒ

(
τ, 1+(logτ)ω+2

(logτ)2−µ y1

)
≤ ψ3

µ`ν(r);

(As2) for (τ,y2) ∈ (1,∞)× [0,ψ1], ϒ

(
τ, 1+(logτ)ω+2

(logτ)2−µ y2

)
≤ ψ1

µ`ν(r);

(As3) for (τ,y3) ∈ [eξ ,e1−ξ ]× [ψ2,ψ3], ϒ

(
τ, 1+(logτ)ω+2

(logτ)2−µ y3

)
> ψ2

µδ
ν(r).

Then, problem (1.1) possesses at least three PSs κ1, κ2, and κ3 such that ‖κ1‖f < ψ1,
ψ2 <℘(κ2 (τ)) and ‖κ3‖f > ψ1 with ℘(κ3 (τ))< ψ2.

Proof. To conclude the proof, it is sufficient to verify the hypothesis of Theorem 5.1. For any
κ ∈Vψ3, we have ‖κ‖f < ψ3 and

0≤ (logτ)2−µ

1+(logτ)ω+2κ (τ)≤ ψ3, for all τ ∈ (1,∞).

Using the same reasoning as for (4.1) and (as 1), we derive

ϒ(τ,κ)≤ ψ3

µ`
ν(r), for all (τ,κ) ∈ (1,∞)× [0,ψ3].

Consequently,

‖Λκ‖f = sup
τ∈(1,∞)

∣∣∣∣∣ (logτ)2−µ

1+(logτ)ω+2 (Λκ)(τ)

∣∣∣∣∣
= µ

∫
∞

1

∣∣∣∣∣ (logτ)2−µ

1+(logτ)ω+2 φ (τ,r)

∣∣∣∣∣ |ϒ(r,κ (r))| dr
r

≤ µψ3

µ`

1+

(
1+ 1

Γ(µ)

)
ℑ1

(∫ ∞

1
(logτ)µ−1

Ξ(τ)
dτ

τ

)(∫
∞

1
ν(r)

dr
r

)
= ψ3.

By Lemma 3.2, we deduce that Λ : Vψ3 → Vψ3 is completely continuous. Further, by (As2)
‖Λκ‖f < ψ1 for κ ∈Vψ1. Therefore, the statement (2) of Theorem 5.1 is true.

Now, we put

γ (τ) =
ψ2 +ψ3

2
× 1+(logτ)ω+2

(logτ)2−µ
, for all τ ∈ (1,∞).

It is clear that γ (τ) ∈V and ‖γ‖f ≤
ψ2+ψ3

2 . Hence

℘(γ) =
ψ2 +ψ3

2
> ψ2.

Thus γ ∈ {κ ∈V (℘,ψ2,s) :℘(κ)> ψ2} 6= /0. Moreover, for any κ ∈V (℘,ψ2,s) , we have

ψ2 ≤
(logτ)2−µ

1+(logτ)ω+2κ (τ)≤ ψ3 for all τ ∈ [eξ ,eξ−1].

Applying (as 3), we obtain

ϒ(τ,κ)>
ψ2

µδ
ν(r), for all τ ∈ [eξ ,eξ−1], ψ2 ≤ ‖κ‖f ≤ ψ3.
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Then, from (2.5), one can write

℘((Λκ)(τ)) = min
eξ≤τ≤eξ−1

(logτ)2−µ

1+(logτ)ω+2 ((Λκ)(τ))

= µ

∫
∞

1
min

eξ≤τ≤eξ−1

(logτ)2−µ

1+(logτ)ω+2 φ (τ,r)ϒ(r,κ (r))
dr
r

≥ µψ2

µδ

ξ

1+(1−ξ )ω+2

∫ e1−ξ

eξ

φ1 (e,r)ν(r)
dr
r

= ψ2.

Thus, the (2) of Theorem 5.1 holds.
Finally, if κ ∈V (℘,ψ2,ψ3) , and ‖Λκ‖f > s, then

℘((Λκ)(τ)) = min
1≤τ≤∞

(logτ)2−µ

1+(logτ)ω+2 ((Λκ)(τ))> ψ2.

Hence, the (3) of Theorem 5.1 is also satisfied. Based on Theorem 5.1, there exist at least three
PSs κ1, κ2 and κ3 of the considered problem (4.1) such that ‖κ1‖f < ψ1, ψ2 <℘(κ2 (τ)) and
‖κ3‖f > ψ1 with ℘(κ3 (τ))< ψ2. The proof is ended. �

6. THE APPLICATION

In this section, we give an illustrative example to support our finding.

Example 6.1. Take the following HFDE:{
HD

4
3κ(τ) = 4

3ϒ(τ,κ(τ)) , τ ∈ (1,∞),

limτ→1(logτ)
2
3κ(τ) = limτ→1 D

1
3κ(τ) =

∫
∞

1
1
8rκ(r)

dr
r ,

(6.1)

where µ = 4
3 , Ξ(r) = 1

8r , and, for τ ∈ (1,∞),

ϒ(τ,κ(τ)) =


τe−2τ

(1
3 + sin2 (π (5−κ))

)
, 0≤ κ < 5,

τe−2τ
(1

3 + sin2 (π (5−κ))+ cos(π (6−κ))
)
, 5≤ κ < 6,

τe−2τ
(1

3 + sin2 (π (5−κ))+ cos(π (6−κ))+150tan(6−κ)
)
, κ ≥ 6.

Clearly, ν(r) = re−2r. Choose ω = 0 and ξ = 1
4 . The direct computation yields,

∫
∞

1

(
(logr)µ−1

Γ(µ)
+(logr)µ−2

)
Ξ(r)

dr
r

=
1

Γ
(4

3

) ∫ ∞

1
(logr)

1
3

1
8r

dr
r
+
∫

∞

1
(logr)

−2
3

1
8r

dr
r

≈ 0.459867 <
1
µ
.
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Also,

ℑ1 = 1−
∞∫

1

(
(logr)µ−1

Γ(µ)
+(logr)µ−2

)
Ξ(r)

dr
r

= 1−0.459867≈ 0.540133,

` =
1

Γ(4
3)

[
1+

1
ℑ1

(
1+

1
Γ(4

3)

)](∫
∞

1
(logr)

1
3

1
8r

dr
r

)∫
∞

1
e−2rdr ≈ 0.24529219,

δ =
ξ

1+(1−ξ )ω+2

∫ e1−ξ

eξ

φ1 (e,r)ν(r)
dr
r
≈ 0.04219.

If we consider ψ1 = 5, ψ2 = 7 and ψ3 = 56, then

ϒ

(
τ,

1+(logτ)2

(logτ)
2
3

κ

)
≤ 122,258τe−2τ ≤ ψ3

µ`
τe−2τ = 171,224τe−2τ ,∀(τ,κ) ∈ (1,∞)× [0,56],

ϒ

(
τ,

1+(logτ)2

(logτ)
2
3

κ

)
≤ 0.954τe−2τ ≤ ψ1

µ`
τe−2τ = 15.189τe−2τ , ∀(τ,κ) ∈ (1,∞)× [0,5],

ϒ

(
τ,

1+(logτ)2

(logτ)
2
3

κ

)
≥ 272.510 >

ψ2

µδ
τe−2τ = 124.437τe−2τ , ∀(τ,κ) ∈ [e

1
4 ,e

3
4 ])× [7,56].

Hence, by Theorem 5.2, problem (6.1) has at least three PSs κ1, κ2 and κ3 such that ‖κ1‖f < 5,
7 <℘(κ2) and ‖κ3‖f > 5 with ℘(κ3)< 7.

7. CONCLUSION

The study of fractional differential equations with the aid of a fractional derivative of Hadamard
type is now under the research spotlight. Several results on the applications of Hadamard
fractional differential equations raised in variant fields; for instance, in probability (see [21]) and
mathematical physics (see [4]). Many methods have been implemented to guarantee the existence
of solutions of those equations. In our paper, we considered a class of fractional differential
equations of Hadamard type involving some logarithmic type integro-initial constraints bases on
a semi-infinite domain. By imposing some technical conditions, we obtained the existence of
positive solutions of related equations by using an iterative process and a fixed point result of
Leggett-Williams type. We also incorporated a concrete example for our conditions.

8. ABBREVIATIONS

• DE Differential equation.
• FP Fixed point.
• BVP Boundary value problem.
• RLF Riemann-Liouville fractional.
• PS Positive solution.
• HF Hadamard fractional.
• HFDE Hadamard fractional differential equation.
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