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Abstract. In this paper, we investigate a split feasibility problem from the prospective of fixed points.
We introduce a KM-based iteration and investigate its convergence. We obtain a weakly convergent
theorem of common solutions to the split feasibility problem and a common fixed point problem of an
infinite family of nonexpansive mappings in the framework of Hilbert spaces.
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1. INTRODUCTION

The celebrated split feasibility problem was first introduced and investigated in 1994 by Cen-
sor and Elfving [5] for modeling some inverse problems in medical imaging, phase retrievals,
and intensity-modulated radiation therapy; see also [4, 6, 7, 8, 11].

Let H, and H; denote real Hilbert spaces with norm || - || and inner product (-, -), respectively.
Let C and Q be convex, closed, and nonempty subsets of Hj and H», respectively.

The nearest point projection of a vector x from a space H onto its convex, closed, and
nonempty subset M, which is denoted by Pro jil(x), is defined as

Pro jjy(x) = argmin{||x —y||,y € M}.

Let Pro jg ! denote the nearest point projection from H; onto C and Pro jgz denote the nearest
point projection from H; onto Q. Let B : H] — H> be a bounded and linear operator. Recall that
the split feasibility problem is to find a vector x with the property

xe(C, BxeQ.
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The split feasibility problem and its variants have been extensively studied with the aid of the
nearest projection in infinite dimensional spaces; see, e.g., [12, 16, 18, 20, 22] and the references
therein. It is clear that the split feasibility problem can be formulated as the following convex
feasibility problem

xeB(Q)NncC.

The convex feasibility problem, which provides a mathematical model, is to find a solution sat-
isfying certain constraints. It was studied for the problems in physical and engineering sciences
numerically; see, e.g., [10, 14, 15] and the references therein. From now on, we always use
Sol(SFP) to denote the solution set of the split feasibility problem. Since operator B is linear,
we see that B~!(Q) is a closed and convex subset of H;. Hence Sol(SFP) is also closed and
convex subset. Therefore, the nearest point projection onto the solution set is well defined.

We mention here that the split feasibility problem can be transformed into the following
variational inequality

(BT (I—Projgz> Bx',y—x*) >0, WyeC,

where BT stands for the transpose of operator B.
It is known that the split feasibility problem can also be transformed into the following con-
strained minimization problem

H 2
HBx — PI‘O]QZB)CH
min .
xeC 2

One of the most known methods for solving the split feasibility problem is the CQ algorithm,
introduced and studied by Byrne [4]. This method is basically a fixed point method generating
a sequence as follows

Xppl = Projg' (xn —AB' <I - Projgz> an> , (1.1)

where A is the step-size in (0,2/||B||*). Byrne [4] proved that his iterative sequence converges
to a solution of the split feasibility problem in a finite-dimensional space.

In view of the equivalence between fixed point problems and zero problems. One sees that
the split feasibility problem is equivalent to a zero point problem of the operator

Proji(I— AB*(B— Projy'B)) — I,

where [ is the identity operator on H;, A > 0 is a real number, and B* is the adjoint operator of
B.

Define a mapping R : H| — H; by R =1— AB*(I; — Pro jgz)Bx. Then the split feasibility
problem is reduced to a fixed point problem of operator Pro jg‘R, that is, x = Pro jgle. It
is easy to see that Fix(R) = B~!(Q), where Fix(R) denotes the fixed point set of R. Hence
Sol(SFP) =CNFix(R).

Let H be a real Hilbert space with inner product (-,-) and norm || - ||. Recall that a mapping
F : H — H is said to be monotone if and only

(Fx—Fy,x—y) >0, Vx,yeH.
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F : H — H is said to be strongly monotone if and only if there exists a constant v > 0 such that
2
(Fx—Fyx—y) > Vvlx—=yl], VxycH.

F is also said to be v-strongly monotone in this case. Furthermore, F: H — H is said to be
inverse-strongly monotone if and only if there exists a constant v > 0 such that

<Fx—Fy,x—y>2v||Fx—Fy||27 vx?)]eH-

F is also said to be v-inverse-strongly monotone in this case. It is not hard to see that F is
v-inverse-strongly monotone if and only if F~! is v-strongly monotone. Note that F is %-
Lipschitz continuous and monotone if it is V-inverse-strongly monotone.

Let T be a mapping defined on H. Recall that T is said to be nonexpansive if and only if

ITx =Tyl <[lx=yll, Vx,y€H.

That is T is 1-Lipschitz continuous. Furthermore, T is said to be firmly nonexpansive if and
only if
HTx—Ty||2§<Tx—Ty,x—y>, vx?))EH‘

The classes of nonexpansive mappings and firmly nonexpansive mappings were extensively
studied since their applications in optimization theory. Indeed, the resolvents of many problems
are firmly nonexpansive. For the existence of fixed points of nonexpansive mappings, we refer
to [1, 2, 3] and the references therein. In this paper, the fixed point set of mapping F is denoted
by Fix(T).

To study fixed points of nonexpansive mappings, KM (Krasnosel’skii Mann) iteration gener-
ates a sequence {x,} in the following manner:

xo € H, xp11 = 0, Txy+ (1 — 04)xp, ¥n >0,

where { @, } is a real sequence in (0, 1) and xq is an initial chosen arbitrarily.
LetTy,T5,---,T,,--- be nonexpansive mappings on H. In this paper, we consider the mapping
W,, with these mappings by

Un,n — KnTnUn,n—Q—l + (1 - Kn)la Umn—l = K-n—lTn—lUn,n + (1 - Kn—l)L
Unk = KTUpps1 + (1 —x)],  Upp—1 = K1 T 1Up s+ (1 — k1)1,

Unp = 100U, 3+ (1 — k)1, Wo=U,1 = kiTUpp+(1—1x1)d,

where U, ,+1 is the identity mapping, ki, k», - - - are real numbers in (0, 1).
From [17], if 0 < k, < k < 1 with x being some real number in (0, 1) for any n > 1 and
Ny Fix(T,,) # 0, lim,, .. Uy 4x exists. Define a mapping W by

Wx = lim W,x = lim U, 1x, Vx€H.
n—soo n—soo

We call it the W-mapping. Throughout this paper, it is assume that 0 < x;, < k¥ < 1. From [17],
one has Fix(W) = N>_, Fix(7,).
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2. ToOOLS

Recall that a space E is said to have the Opial’s condition [13] if, for each {x,} in E, the
condition that {x,} converges weakly to p implies that

liminf||x, — p|| < liminf |x, — p'||,
n—roo n—oo

for all p’ € E with p’ # p. It is known that the above inequality is equivalent to the following
limsup,, ., [|x, — p'|| > limsup,, ., [lx, — p-
Recall that the nearest point projection has the following properties
(@) (Projfix—PHy,x—y) > ||Projix— ProjHy|? x,y € H.
(b) ((I—Proj®)x—(I—Proj&)y,x—y) > ||(I — Proj&)x — (I — Proj&)y||?, Vx,y € H.
©) (1= Proji)x— (I —Projé)y|* +||Projéx—Projéy||* < [lx—y|? Vx,y € H

We mention here that both I — Pro jg and Pro jg are inverse-strongly monotone.

Lemma 2.1 ([14]). Let H be a Hilbert space and let T be a nonexpansive mapping on H. If
Xn — X, where — denotes the weak convergence, and lim,_o || (I — T )x,|| = 0, then x is a zero
point of [ =T, that is, (I — T )x = 0.

Lemma 2.2 ([9]). Let H be a real Hilbert space and let {T; : H — H} be a family of infinitely
nonexpansive mappings with N7 Fix(T;) # 0. Then lim,_c.sup,cy ||Wx — Wyx|| = 0, where W,
is defined above in Section 1.

Lemma 2.3 ([21]). Let H be a Hilbert space. Then there exists a strictly increasing continuous
convex function K : [0,00) — [0,00) with K(0) = 0 such that

(1 —a)aK (|x =) + lax+ (1 = a)y|* < allx|* + (1 =a)llyl|?, Va e [0,1],

forall x,y € B.(0) := {x € H : ||x|| < r}, where r is some positive real number.

3. MAIN RESULTS

Theorem 3.1. Let Hy and H, be two Hilbert spaces. Let C and Q be two nonempty, convex, and
closed subsets of Hy and H,, respectively. Let B : Hl — H> be a bounded and linear operator
and let T; : H — H, be a nonexpansive mapping with a nonempty fixed point set. Let {x,} be a
sequence generated in the following iterative algorithm

{xl € Hy, xpt1 = ynxn+(1 _’Yn>Pr0jglyn7 G.1)

Vi = (1= 04) (Xy — BuB*(I = Proj?)Bxy) + 0t Wiy,
where W, is defined in the section above, {o,}, {B,}, and {}/} are three real nonnegative se-
quences such that 0 < o < a, < <1, 0<B<B, <P < HBHZ’ and 0 <y, < ¥ < 1, where
a, o, B, B, and ¥ are six real numbers. If 02 Fix(T;) N Sol(SF P) is nonempty, then {x,} con-

verges weakly to some point in the common solution set.

Proof. First, we demonstrate that sequence {x,} is bounded. Define a mapping S : H; — H; by,
forall x € Hy, Sx := B*(Il, — Pro jgz)Bx. In view of the properties of the nearest point projection,
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we have
H H.
(x—y,8x = 8y) = (x—y,B"(I — Projy*)Bx — B*(I — Proj,’)By)
= ((Bx— Pro ]Qsz) (By — Pro jngy) ,Bx— By)
> ||(Bx— Projy?Bx) — (By — Proj,* By)||*
* 3.2
||B (Iz—Pm]Q )Bx—B (IQ—Pm] 2)By||? (3-2)
N 1B]I?
_flsx—syl?
B>
That is,
(x—y,Sx—Sy) > ZHSX Syll%,
1Bl
which demonstrates that mapping S is inverse-strongly monotone with the modulus W. Ob-

serve that S~1(0) coincides B~1(Q). Indeed, B~'(Q) C S71(0) is clear. Fix a vector x with
Sx = 0. Using (3.2), we have

0= {x—v,Sx—S8v) > ||Bx—Pr0jngx||2 >0, VveSol(SFP),

which implies that x € B~1(Q), thatis, S~1(0) ¢ B~!(Q). Thus S~ (0) coincides B~'(Q). Now,
let us fix a solution. Let

x* € N2 Fix(T}) NSol(SFP) = CNB 1 (Q)NFix(W) = CNS~1(0) NFix(W).
Define a new operator R, by I — f3,S. It follows that z, = R,x,, and then

llzn — x*[|2 = B2|Sx, — Sx*||2 + ||x — x¥[|> — 2B, (Sx, — Sx*, X, — x¥)

2B, — BrIIBI (3-3)

* (12 2
— Sxn "

< ||xn —X

Using the restrictions imposed on {f,}, one sees that ||z, —x*|| < ||x, —x*||. Using the nonex-
pansivity of W,, and metric projections, one has

|y _X*H <(1- an)HZn _X*H + O‘n”ann _WnX*”

< Jloen =]l

It follows that
st =X < Yallon — 7|+ (1= 1) [|Proji y, — 7|
< Yallen = X*[| 4 (1= %) [[yn — X7

< oen =711,

which indicates that {||x, —x*||} is monotone. Thus lim,_ ||x, —x*|| exists. This proves that
{x,} is bounded. It follows that {y,} is also bounded. Since || - ||? is a convex mapping, we find
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from (3.3) that
lyn =217 = [1(1 = 06) (0 — BuSx) + 06 Wy — x|
< (I—aw)llzn _X*Hz + 0y [[Wixy — W™ H2

2B, — 2B2
gu—%mm—fW—fiﬁ%lemw+%mwa
(2B, — B21B]2)(1 - )
< b =" = S ISl

It follows that
Xas1 =" |* < Yalln —x*[[*+ (1= 1) | Proja yu — x*||?

(280 — BLIIBI?) (1 — aw) (1 =)
1B

< v = 2|2~ 1526a]|,

that is,
(2B, = B 11BI*) (1 = 04) (1 = 1)

EE 18561 < flotm =21 = [lmg1 — 7]

< (e =X = b1 = x7[DA,
where A is some real constant such that A > sup,,~{[[x, —x*|| 4 ||x,+1 — x*||}. Using the re-

strictions imposed on {a,}, {B,}, and {,} yields lim,_« ||Sx,|| = 0. In view of Lemma 2.3,
one has

yn =17 = [[(1 = @) (3 = BuSxa) + 06 Wiy — x|
< (1—aw)lz _X*H2 + 0 [[Waxy _X*Hz — 0 (1 = o) K([[zn — W)
< (1= 0) [ln — x> + 0t o0 — x*[1> — 0t (1 = 04K ([} 20 — W)
< [|%n _X*H2 — Oy (1 = ) K (|20 — Wiatal[)-
It follows that
%112 %112 .H, *12
%041 =7 < Yallxn —x7[17 + (1= 1) [|Projc' yn — x7|]
< Yl —x* ||2 + (1= %) [[yn _X*Hz
< e = 21> = (1 = @) (1 = %) K ([l 2n — Waxa))-
Using the restrictions imposed on {a,}, {B,}, and {7,} yields lim, . K(||z, — Wyx,||) = 0. Tt
follows that lim,,_,e ||z, — Wyx || = 0. Note that ||x,, — z,|| < ||Sxy||. Thus limy,—ye || X — z4|| = 0.
One also has
260 — W || < [1%2 — 2z || + [12n — Waxn |-
It follows that lim,,—« ||W,x,; — x,|| = 0. Note that
1% = Waxa| < |lxn — W || + [|Waxn — Woxa|.

From Lemma 2.2, one sees that lim,,_,c ||x, — Wx,|| = 0. Since {x,} is a bounded sequence

in Hj, the reflexive space, we see that there exists a subsequence {x,, } converging weakly to

p in H;. Since C is weakly closed (H is a Hilbert space), we see that p € C. Note that S is
1

TBIE -inverse-strongly monotone. One concludes that

IB||* (X, — P, Sxn, — Sp) > ||Sxs, — Sp]|*. (3.4)
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Letting k — o0 in (3.4), we have 0 > W |Spl|?, which yields Sp = 0. Since W is nonexpansive
and satisfies the demiclosed principle, Lemma 2.1, we have p € Fix(W) =N F(T;).
Finally, we prove that the whole sequence, {x,}, converges weakly to p € N F(T;) N
Sol(SFP). Suppose that there exists another subsequence {x,,} converges weakly to p, where
p # p. Since H; satisfies the Opial’s condition, we obtain that

lim ||p — x,|| = liminf ||p — x,, || < liminf || p —x,, || = Hm [|p — x,]|

= lim |[p— x|
J—ree

< lim |[p — x|
J—ree

= lim [|p —x,].
n—yoo

This is a contradiction. It follows that p = p. This proves that {x,} converges to p in the weak
topology. This completes the proof. U

If T; = I, the identity mapping, then one has the following result on the split feasibility prob-
lem.

Corollary 3.2. Let H| and H, be two Hilbert spaces. Let C and Q be two nonempty, convex, and
closed subsets of Hy and Hy, respectively. Let B : H — H, be a bounded and linear operator.
Let {x,} be a sequence generated in the following iterative algorithm

x1 € Hyy Xy = Projg1 (1= o) (xn — BuB* (I — Projgz)an) + Oy,

where {ay, } and { B} are two real nonnegative sequences such that 0 < o0 < o, < @ < 1, and

0<B<B.<B< ﬁ, where o, @, B, and B are six real numbers. If Sol(SF P) is nonempty,

then {x,} converges weakly to some point in Sol(SFP).

Proof. By setting T; = I, for each i and 7, = O for all n, we obtain by Theorem 3.1 the desired
conclusion immediately. 0
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