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A KM-BASED ITERATION FOR A SPLIT FEASIBILITY PROBLEM IN HILBERT
SPACES
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Abstract. In this paper, we investigate a split feasibility problem from the prospective of fixed points.
We introduce a KM-based iteration and investigate its convergence. We obtain a weakly convergent
theorem of common solutions to the split feasibility problem and a common fixed point problem of an
infinite family of nonexpansive mappings in the framework of Hilbert spaces.
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1. INTRODUCTION

The celebrated split feasibility problem was first introduced and investigated in 1994 by Cen-
sor and Elfving [5] for modeling some inverse problems in medical imaging, phase retrievals,
and intensity-modulated radiation therapy; see also [4, 6, 7, 8, 11].

Let H1 and H2 denote real Hilbert spaces with norm ‖ · ‖ and inner product 〈·, ·〉, respectively.
Let C and Q be convex, closed, and nonempty subsets of H1 and H2, respectively.

The nearest point projection of a vector x from a space H onto its convex, closed, and
nonempty subset M, which is denoted by Pro jH

M(x), is defined as

Pro jH
M(x) = argmin{‖x− y‖,y ∈M}.

Let Pro jH1
C denote the nearest point projection from H1 onto C and Pro jH2

Q denote the nearest
point projection from H2 onto Q. Let B : H1→H2 be a bounded and linear operator. Recall that
the split feasibility problem is to find a vector x with the property

x ∈C, Bx ∈ Q.
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The split feasibility problem and its variants have been extensively studied with the aid of the
nearest projection in infinite dimensional spaces; see, e.g., [12, 16, 18, 20, 22] and the references
therein. It is clear that the split feasibility problem can be formulated as the following convex
feasibility problem

x ∈ B−1(Q)∩C.

The convex feasibility problem, which provides a mathematical model, is to find a solution sat-
isfying certain constraints. It was studied for the problems in physical and engineering sciences
numerically; see, e.g., [10, 14, 15] and the references therein. From now on, we always use
Sol(SFP) to denote the solution set of the split feasibility problem. Since operator B is linear,
we see that B−1(Q) is a closed and convex subset of H1. Hence Sol(SFP) is also closed and
convex subset. Therefore, the nearest point projection onto the solution set is well defined.

We mention here that the split feasibility problem can be transformed into the following
variational inequality

〈B>
(

I−Pro jH2
Q

)
Bx∗,y− x∗〉 ≥ 0, ∀y ∈C,

where B> stands for the transpose of operator B.
It is known that the split feasibility problem can also be transformed into the following con-

strained minimization problem

min
x∈C

∥∥∥Bx−Pro jH2
Q Bx

∥∥∥2

2
.

One of the most known methods for solving the split feasibility problem is the CQ algorithm,
introduced and studied by Byrne [4]. This method is basically a fixed point method generating
a sequence as follows

xn+1 = Pro jH1
C

(
xn−λB>

(
I−Pro jH2

Q

)
Bxn

)
, (1.1)

where λ is the step-size in (0,2/‖B‖2). Byrne [4] proved that his iterative sequence converges
to a solution of the split feasibility problem in a finite-dimensional space.

In view of the equivalence between fixed point problems and zero problems. One sees that
the split feasibility problem is equivalent to a zero point problem of the operator

Pro jH1
C (I−λB∗(B−Pro jH2

Q B))− I,

where I is the identity operator on H1, λ > 0 is a real number, and B∗ is the adjoint operator of
B.

Define a mapping R : H1 → H1 by R = I− λB∗(I1−Pro jH2
Q )Bx. Then the split feasibility

problem is reduced to a fixed point problem of operator Pro jH1
C R, that is, x = Pro jH1

C Rx. It
is easy to see that Fix(R) = B−1(Q), where Fix(R) denotes the fixed point set of R. Hence
Sol(SFP) =C∩Fix(R).

Let H be a real Hilbert space with inner product 〈·, ·〉 and norm ‖ · ‖. Recall that a mapping
F : H→ H is said to be monotone if and only

〈Fx−Fy,x− y〉 ≥ 0, ∀x,y ∈ H.
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F : H→H is said to be strongly monotone if and only if there exists a constant ν > 0 such that

〈Fx−Fy,x− y〉 ≥ ν‖x− y‖2, ∀x,y ∈ H.

F is also said to be ν-strongly monotone in this case. Furthermore, F : H → H is said to be
inverse-strongly monotone if and only if there exists a constant ν > 0 such that

〈Fx−Fy,x− y〉 ≥ ν‖Fx−Fy‖2, ∀x,y ∈ H.

F is also said to be ν-inverse-strongly monotone in this case. It is not hard to see that F is
ν-inverse-strongly monotone if and only if F−1 is ν-strongly monotone. Note that F is 1

ν
-

Lipschitz continuous and monotone if it is ν-inverse-strongly monotone.
Let T be a mapping defined on H. Recall that T is said to be nonexpansive if and only if

‖T x−Ty‖ ≤ ‖x− y‖, ∀x,y ∈ H.

That is T is 1-Lipschitz continuous. Furthermore, T is said to be firmly nonexpansive if and
only if

‖T x−Ty‖2 ≤ 〈T x−Ty,x− y〉, ∀x,y ∈ H.

The classes of nonexpansive mappings and firmly nonexpansive mappings were extensively
studied since their applications in optimization theory. Indeed, the resolvents of many problems
are firmly nonexpansive. For the existence of fixed points of nonexpansive mappings, we refer
to [1, 2, 3] and the references therein. In this paper, the fixed point set of mapping F is denoted
by Fix(T ).

To study fixed points of nonexpansive mappings, KM (Krasnosel’skiı̆ Mann) iteration gener-
ates a sequence {xn} in the following manner:

x0 ∈ H, xn+1 = αnT xn +(1−αn)xn, ∀n≥ 0,

where {αn} is a real sequence in (0,1) and x0 is an initial chosen arbitrarily.
Let T1,T2, · · · ,Tn, · · · be nonexpansive mappings on H. In this paper, we consider the mapping

Wn with these mappings by

Un,n = κnTnUn,n+1 +(1−κn)I, Un,n−1 = κn−1Tn−1Un,n +(1−κn−1)I,
...

Un,k = κkTkUn,k+1 +(1−κk)I, Un,k−1 = κk−1Tk−1Un,k +(1−κk−1)I,
...

Un,2 = κ2T2Un,3 +(1−κ2)I, Wn =Un,1 = κ1T1Un,2 +(1−κ1)d,

where Un,n+1 is the identity mapping, κ1,κ2, · · · are real numbers in (0,1).
From [17], if 0 < κn ≤ κ < 1 with κ being some real number in (0,1) for any n ≥ 1 and
∩∞

n=1Fix(Tn) 6= /0, limn→∞Un,kx exists. Define a mapping W by

Wx = lim
n→∞

Wnx = lim
n→∞

Un,1x, ∀x ∈ H.

We call it the W -mapping. Throughout this paper, it is assume that 0 < κn ≤ κ < 1. From [17],
one has Fix(W ) = ∩∞

n=1Fix(Tn).
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2. TOOLS

Recall that a space E is said to have the Opial’s condition [13] if, for each {xn} in E, the
condition that {xn} converges weakly to p implies that

liminf
n→∞

‖xn− p‖< liminf
n→∞

‖xn− p′‖,

for all p′ ∈ E with p′ 6= p. It is known that the above inequality is equivalent to the following
limsupn→∞ ‖xn− p′‖> limsupn→∞ ‖xn− p‖.

Recall that the nearest point projection has the following properties

(a) 〈Pro jH
C x−PH

C y,x− y〉 ≥ ‖Pro jH
C x−Pro jH

C y‖2, x,y ∈ H.

(b) 〈(I−Pro jH
C )x− (I−Pro jH

C )y,x− y〉 ≥ ‖(I−Pro jH
C )x− (I−Pro jH

C )y‖2, ∀x,y ∈ H.

(c) ‖(I−Pro jH
C )x− (I−Pro jH

C )y‖2 +‖Pro jH
C x−Pro jH

C y‖2 ≤ ‖x− y‖2, ∀x,y ∈ H

We mention here that both I−Pro jH
C and Pro jH

C are inverse-strongly monotone.

Lemma 2.1 ([14]). Let H be a Hilbert space and let T be a nonexpansive mapping on H. If
xn ⇀ x, where ⇀ denotes the weak convergence, and limn→∞ ‖(I−T )xn‖ = 0, then x is a zero
point of I−T , that is, (I−T )x = 0.

Lemma 2.2 ([9]). Let H be a real Hilbert space and let {Ti : H → H} be a family of infinitely
nonexpansive mappings with ∩∞

i=1Fix(Ti) 6= /0. Then limn→∞ supx∈H ‖Wx−Wnx‖= 0, where Wn
is defined above in Section 1.

Lemma 2.3 ([21]). Let H be a Hilbert space. Then there exists a strictly increasing continuous
convex function K : [0,∞)→ [0,∞) with K(0) = 0 such that

(1−a)aK(‖x− y‖)+‖ax+(1−a)y‖2 ≤ a‖x‖2 +(1−a)‖y‖2, ∀a ∈ [0,1],

for all x,y ∈ Br(0) := {x ∈ H : ‖x‖ ≤ r}, where r is some positive real number.

3. MAIN RESULTS

Theorem 3.1. Let H1 and H2 be two Hilbert spaces. Let C and Q be two nonempty, convex, and
closed subsets of H1 and H2, respectively. Let B : H1→ H2 be a bounded and linear operator
and let Ti : H1→ H1 be a nonexpansive mapping with a nonempty fixed point set. Let {xn} be a
sequence generated in the following iterative algorithm{

x1 ∈ H1, xn+1 = γnxn +(1− γn)Pro jH1
C yn,

yn = (1−αn)(xn−βnB∗(I−Pro jH2
Q )Bxn)+αnWnxn,

(3.1)

where Wn is defined in the section above, {αn}, {βn}, and {γ} are three real nonnegative se-
quences such that 0 < α ≤ αn ≤ ᾱ < 1, 0 < β ≤ βn ≤ β̄ ≤ 2

‖B‖2 , and 0 ≤ γn ≤ γ̄ < 1, where

α, ᾱ,β , β̄ , and γ̄ are six real numbers. If ∩∞
i=1Fix(Ti)∩Sol(SFP) is nonempty, then {xn} con-

verges weakly to some point in the common solution set.

Proof. First, we demonstrate that sequence {xn} is bounded. Define a mapping S : H1→H1 by,
for all x∈H1, Sx := B∗(I2−Pro jH2

Q )Bx. In view of the properties of the nearest point projection,
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we have

〈x− y,Sx−Sy〉= 〈x− y,B∗(I−Pro jH2
Q )Bx−B∗(I−Pro jH2

Q )By〉

= 〈(Bx−Pro jH2
Q Bx)− (By−Pro jH2

Q By),Bx−By〉

≥ ‖(Bx−Pro jH2
Q Bx)− (By−Pro jH2

Q By)‖2

≥
‖B∗(I2−Pro jH2

Q )Bx−B∗(I2−Pro jH2
Q )By‖2

‖B‖2

=
‖Sx−Sy‖2

‖B‖2 .

(3.2)

That is,

〈x− y,Sx−Sy〉 ≥ 1
‖B‖2‖Sx−Sy‖2,

which demonstrates that mapping S is inverse-strongly monotone with the modulus 1
‖B‖2 . Ob-

serve that S−1(0) coincides B−1(Q). Indeed, B−1(Q) ⊂ S−1(0) is clear. Fix a vector x with
Sx = 0. Using (3.2), we have

0 = 〈x− v,Sx−Sv〉 ≥ ‖Bx−Pro jH2
Q Bx‖2 ≥ 0, ∀v ∈ Sol(SFP),

which implies that x∈B−1(Q), that is, S−1(0)⊂B−1(Q). Thus S−1(0) coincides B−1(Q). Now,
let us fix a solution. Let

x∗ ∈ ∩∞
i=1Fix(Ti)∩Sol(SFP) =C∩B−1(Q)∩Fix(W ) =C∩S−1(0)∩Fix(W ).

Define a new operator Rn by I−βnS. It follows that zn = Rnxn, and then

‖zn− x∗‖2 = β
2
n ‖Sxn−Sx∗‖2 +‖xn− x∗‖2−2βn〈Sxn−Sx∗,xn− x∗〉

≤ ‖xn− x∗‖2− 2βn−β 2
n ‖B‖2

‖B‖2 ‖Sxn‖2.
(3.3)

Using the restrictions imposed on {βn}, one sees that ‖zn− x∗‖ ≤ ‖xn− x∗‖. Using the nonex-
pansivity of Wn and metric projections, one has

‖yn− x∗‖ ≤ (1−αn)‖zn− x∗‖+αn‖Wnxn−Wnx∗‖
≤ ‖xn− x∗‖.

It follows that

‖xn+1− x∗‖ ≤ γn‖xn− x∗‖+(1− γn)‖Pro jH1
C yn− x∗‖

≤ γn‖xn− x∗‖+(1− γn)‖yn− x∗‖
≤ ‖xn− x∗‖,

which indicates that {‖xn− x∗‖} is monotone. Thus limn→∞ ‖xn− x∗‖ exists. This proves that
{xn} is bounded. It follows that {yn} is also bounded. Since ‖ ·‖2 is a convex mapping, we find
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from (3.3) that

‖yn− x∗‖2 = ‖(1−αn)(xn−βnSxn)+αnWnxn− x∗‖2

≤ (1−αn)‖zn− x∗‖2 +αn‖Wnxn−Wnx∗‖2

≤ (1−αn)(‖xn− x∗‖2− 2βn−β 2
n ‖B‖2

‖B‖2 ‖Sxn‖2)+αn‖xn− x∗‖2

≤ ‖xn− x∗‖2− (2βn−β 2
n ‖B‖2)(1−αn)

‖B‖2 ‖Sxn‖2.

It follows that

‖xn+1− x∗‖2 ≤ γn‖xn− x∗‖2 +(1− γn)‖Pro jH1
C yn− x∗‖2

≤ ‖xn− x∗‖2− (2βn−β 2
n ‖B‖2)(1−αn)(1− γn)

‖B‖2 ‖Sxn‖2,

that is,
(2βn−β 2

n ‖B‖2)(1−αn)(1− γn)

‖B‖2 ‖Sxn‖2 ≤ ‖xn− x∗‖2−‖xn+1− x∗‖2

≤ (‖xn− x∗‖−‖xn+1− x∗‖)λ ,
where λ is some real constant such that λ ≥ supn≥1{‖xn− x∗‖+ ‖xn+1− x∗‖}. Using the re-
strictions imposed on {αn}, {βn}, and {γn} yields limn→∞ ‖Sxn‖ = 0. In view of Lemma 2.3,
one has

‖yn− x∗‖2 = ‖(1−αn)(xn−βnSxn)+αnWnxn− x∗‖2

≤ (1−αn)‖zn− x∗‖2 +αn‖Wnxn− x∗‖2−αn(1−αn)K(‖zn−Wnxn‖)

≤ (1−αn)‖zn− x∗‖2 +αn‖xn− x∗‖2−αn(1−αn)K(‖zn−Wnxn‖)

≤ ‖xn− x∗‖2−αn(1−αn)K(‖zn−Wnxn‖).
It follows that

‖xn+1− x∗‖2 ≤ γn‖xn− x∗‖2 +(1− γn)‖Pro jH1
C yn− x∗‖2

≤ γn‖xn− x∗‖2 +(1− γn)‖yn− x∗‖2

≤ ‖xn− x∗‖2−αn(1−αn)(1− γn)K(‖zn−Wnxn‖).
Using the restrictions imposed on {αn}, {βn}, and {γn} yields limn→∞ K(‖zn−Wnxn‖) = 0. It
follows that limn→∞ ‖zn−Wnxn‖= 0. Note that ‖xn− zn‖ ≤ ‖Sxn‖. Thus limn→∞ ‖xn− zn‖= 0.
One also has

‖xn−Wnxn‖ ≤ ‖xn− zn‖+‖zn−Wnxn‖.
It follows that limn→∞ ‖Wnxn− xn‖= 0. Note that

‖xn−Wxn‖ ≤ ‖xn−Wnxn‖+‖Wnxn−Wxn‖.
From Lemma 2.2, one sees that limn→∞ ‖xn−Wxn‖ = 0. Since {xn} is a bounded sequence
in H1, the reflexive space, we see that there exists a subsequence {xnk} converging weakly to
p in H1. Since C is weakly closed (H1 is a Hilbert space), we see that p ∈ C. Note that S is

1
‖B‖2 -inverse-strongly monotone. One concludes that

‖B‖2〈xnk− p,Sxnk−Sp〉 ≥ ‖Sxnk−Sp‖2. (3.4)
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Letting k→∞ in (3.4), we have 0≥ 1
‖B‖2‖Sp‖2, which yields Sp = 0. Since W is nonexpansive

and satisfies the demiclosed principle, Lemma 2.1, we have p ∈ Fix(W ) = ∩∞
i=1F(Ti).

Finally, we prove that the whole sequence, {xn}, converges weakly to p ∈ ∩∞
i=1F(Ti) ∩

Sol(SFP). Suppose that there exists another subsequence {xn j} converges weakly to p̃, where
p̃ 6= p. Since H1 satisfies the Opial’s condition, we obtain that

lim
n→∞
‖p− xn‖= liminf

k→∞
‖p− xnk‖< liminf

k→∞
‖p̃− xnk‖= lim

n→∞
‖ p̃− xn‖

= lim
j→∞
‖p̃− xn j‖

< lim
j→∞
‖p− xn j‖

= lim
n→∞
‖p− xn‖.

This is a contradiction. It follows that p = p̃. This proves that {xn} converges to p in the weak
topology. This completes the proof. �

If Ti = I, the identity mapping, then one has the following result on the split feasibility prob-
lem.

Corollary 3.2. Let H1 and H2 be two Hilbert spaces. Let C and Q be two nonempty, convex, and
closed subsets of H1 and H2, respectively. Let B : H1→ H2 be a bounded and linear operator.
Let {xn} be a sequence generated in the following iterative algorithm

x1 ∈ H1, xn+1 = Pro jH1
C

(
(1−αn)(xn−βnB∗(I−Pro jH2

Q )Bxn)+αnxn
)
,

where {αn} and {βn} are two real nonnegative sequences such that 0 < α ≤ αn ≤ ᾱ < 1, and
0 < β ≤ βn ≤ β̄ ≤ 2

‖B‖2 , where α, ᾱ,β , and β̄ are six real numbers. If Sol(SFP) is nonempty,
then {xn} converges weakly to some point in Sol(SFP).

Proof. By setting Ti = I, for each i and γn = 0 for all n, we obtain by Theorem 3.1 the desired
conclusion immediately. �
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