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1. INTRODUCTION

Metrics play an important role in fixed point theory. To guarantee and seek a fixed point
of nonlinear operators, various metrics were considered; see, e.g., [2, 5, 8, 12, 13] and the
references therein. In 2000, Branciari [3] investigated the concept of metric by replacing the
triangle inequality with a quadrilateral inequality to obtain a new distance function. Some
authors referred to this modified metric function as a general metric, while others termed it
rectangular metric. For this new function, we employ the Branciari metric in this paper. In
[3], Branciari effectively defined an open ball and a topology for the Brianciari metric. How-
ever, the Branciari metric’s topology significantly differs from that of the typical metric; see,
e.g., [4, 10, 16] for further information on the Branciari metric. In addition to the intriguing
topological characteristics brought about by the Branciari metric, Branciari [3] also described
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the renowned Banach contraction mapping principle, which was generalized and extended in a
number of ways; see, e.g., [4, 6, 7, 10, 11, 14, 15, 17] and the references therein. In [1], Ay-
oob, Chuan and Mlaiki proved some fixed point theorems on double-composed metric spaces,
whose the triangle inequality has a special form with two control functions; see also Mlaiki
[12] for double-controlled metric-like spaces as a further generalization of double-controlled
metric-type spaces. In addition, Ayoob, Chuan and Mlaiki [1] also provided some examples
and applications.

In this paper, we prove fixed point theorems on triple composed rectangular metric spaces.
We also present an example and an appropriate application for our fixed point theorems.

2. PRELIMINARIES

In this section, we present some necessary known definitions for our main results; see [3].
Let Γ be a non-void set. Recall that a function ϖ : Γ ×Γ → R+ is said to be rectangular

metric if it satisfies:

(a) ϖ(ǧ, š) = 0 iff ǧ = š, for all ǧ, š ∈ Γ .
(b) ϖ(ǧ, š) = ϖ(š, ǧ), for all ǧ, š ∈ Γ .
(c) ϖ(ǧ, š) ≤ ϖ(ǧ, ǎ)+ϖ(ǎ, b̌)+ϖ(b̌, š), for all ǧ, š ∈ Γ and for all different points ǎ, b̌ ∈

Γ −{ǧ, š}.

The pair (Γ ,ϖ) is named as rectangular metric space.
Let Γ be a non-void set and Ω,β ,ϑ : [0,∞)→ [0,∞). Recall that a function ϖ : Γ ×Γ →R+

is said to be a triple composed rectangular metric if it satisfies:

(a) ϖ(ǧ, š) = 0 iff ǧ = š, for all ǧ, š ∈ Γ .
(b) ϖ(ǧ, š) = ϖ(š, ǧ), for all ǧ, š ∈ Γ .
(c) ϖ(ǧ, š) ≤ ǎ(ϖ(ǧ, ǎ)) + β (ϖ(ǎ, b̌)) +ϑ(ϖ(b̌, š)), for all ǧ, š ∈ Γ and for all different

points ǎ, b̌ ∈ Γ −{ǧ, š}.

The pair (Γ ,ϖ) is called a triple composed rectangular metric space (TCRMS).
Let (Γ ,ϖ) be a TCRMS, {ǧψ} be a sequence in Γ , and ǧ∈Γ . We say that {ǧψ} is convergent

to ǧ if and only ϖ(ǧψ , ǧ)→ 0 as ψ → ∞. This is indicated by ǧψ → ǧ in this paper.
Let (Γ ,ϖ) be a TCRMS, and {ǧψ} be a sequence in Γ . We say that {ǧψ} is a Cauchy

sequence if and only if ϖ(ǧψ , ǧm)→ 0 as ψ,m→ ∞.
Let (Γ ,ϖ) be a TCRMS. We say that (Γ ,ϖ) is complete if and only if every Cauchy sequence

in Γ converges to some element in Γ .

3. MAIN RESULTS

We now demonstrate fixed point theorems on TCRMS in this section.

Theorem 3.1. Let (Γ ,ϖ) be a complete TCRMS. Letϒ : Γ →Γ such that ϖ(ϒ ǧ,ϒ š)≤ λϖ(ǧ, š)
for all ǧ, š ∈ Γ , where 0 < λ < 1. Assume the following assumptions hold

(H1) ϑ is sub additive;
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(H2)

lim
ψ,m→∞

[2m+ψ−2

∑
l=ψ

ϑ
l−ψ

Ω(λ l
ϖ(ǧ0, ǧ1))+

2m+ψ−2

∑
l=ψ

ϑ
l−ψ

β (λ l+1
ϖ(ǧ0, ǧ1))

+ϑ
m(λ ψ+2m

ϖ(ǧ0, ǧ1))

]
= 0,

where ϑ l−ψΩ(λ lϖ(ǧ0, ǧ1)), ϑ l−ψβ (λ lϖ(ǧ0, ǧ1)), and ϑm(λ ψ+2m ϖ(ǧ0, ǧ1)) are the
composite functions,

(H3)

lim
ψ,m→∞

[2m+ψ−2

∑
l=ψ

ϑ
l−ψ

Ω(λ l
ϖ(ǧ0, ǧ1))+

2m+ψ−2

∑
l=ψ

ϑ
l−ψ

β (λ l+1
ϖ(ǧ0, ǧ1))

+ϑ
m−1(λ ψ+2m−2

ϖ(ǧ0, ǧ1))

]
= 0,

where ϑ l−ψΩ(λ lϖ(ǧ0, ǧ1)), ϑ l−ψβ (λ lϖ(ǧ0, ǧ1)) and ϑm−1(λ ψ+2m−2 ϖ(ǧ0, ǧ1)) are
the composite functions.

Then ϒ has a UFP(unique fixed point).

Proof. Let ǧ0∈ Γ . For each ψ ∈ N, define ϒ (ǧψ) = ǧψ+1. Then {ǧψ} is a sequence on (Γ ,ϖ)
and

ϖ(ǧψ , ǧψ+1) = ϖ(ϒ ǧψ−1,ϒ ǧψ)≤ λϖ(ǧψ−1, ǧψ)
...≤ λ

ψ
ϖ(ǧ0, ǧ1).

Suppose that ǧ0 is not a periodic point ofϒ . In fact, if ǧ0 = ǧψ then, for any ψ ≥ 2, ϖ(ǧ0,ϒ ǧ0)=

ϖ(ǧψ ,ϒ ǧψ) and

ϖ(ǧ0, ǧ1) = ϖ(ǧψ , ǧψ+1)≤ ·· · ≤ λ
ψ

ϖ(ǧ0, ǧ1),

which is a contradiction. Therefore, ϖ(ǧ0, ǧ1) = 0, i.e., ǧ0 = ǧ1 and so ǧ0 is a fixed point of ϒ .
Thus we assume that ǧψ 6= ǧm for all distinct ψ,m ∈ N. Again, for any ψ ∈ N, we obtain

ϖ(ǧψ , ǧψ+2) = ϖ(ϒ ǧψ−1,ϒ ǧψ+1)≤ λϖ(ǧψ−1, ǧψ+1)≤ ·· · ≤ λ
ψ

ϖ(ǧ0, ǧ2).

For {ǧψ}, we consider ϖ(ǧψ , šψ+p) in two cases. If p is odd say 2m+1, then

ϖ(ǧψ , ǧψ+2m+1)≤Ω(ϖ(ǧψ , ǧψ+1))+β (ϖ(ǧψ+1, ǧψ+2))+ϑ(ϖ(ǧψ+2, ǧψ+2m+1))

≤Ω(ϖ(ǧψ , ǧψ+1))+β (ϖ(ǧψ+1, ǧψ+2))+ϑΩ(ϖ(ǧψ+2, ǧψ+3))

+ϑβ (ϖ(ǧψ+3, ǧψ+4))+ϑ
2(ϖ(ǧψ+4, ǧψ+2m+1))

· · ·

≤
2m+ψ−2

∑
l=ψ

ϑ
l−ψ

Ω(ϖ(ǧl, ǧl+1))+
2m+ψ−2

∑
l=ψ

ϑ
l−ψ

β (ϖ(ǧl+1, ǧl+2))

+ϑ
m( ϖ(ǧψ+2m, ǧψ+2m+1)).
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Since Ω, β , and ϑ are non-decreasing functions, then compositions ϑ l−ψΩ(ϖ(ǧl, ǧl+1)),
ϑ l−ψβ (ϖ(ǧl+1, ǧl+2)), and ϑm( ϖ(ǧψ+2m, ǧψ+2m+1)) are also non-decreasing. Thus

ϖ(ǧψ , ǧψ+2m+1)≤
2m+ψ−2

∑
l=ψ

ϑ
l−ψ

Ω(λ l
ϖ(ǧ0, ǧ1))+

2m+ψ−2

∑
l=ψ

ϑ
l−ψ

β (λ l
ϖ(ǧ0, ǧ1))

+ϑ
m(λ ψ+2m

ϖ(ǧ0, ǧ1)).

As ψ,m→ ∞, we see that limψ,m→∞ ϖ(ǧψ , ǧψ+2m+1) = 0. If p is even, say 2m, then

ϖ(ǧψ , ǧψ+2m)≤Ω(ϖ(ǧψ , ǧψ+1))+β (ϖ(ǧψ+1, ǧψ+2))+ϑ(ϖ(ǧψ+2, ǧψ+2m))

≤Ω(ϖ(ǧψ , ǧψ+1))+β (ϖ(ǧψ+1, ǧψ+2))+ϑΩ(ϖ(ǧψ+2, ǧψ+3))

+ϑβ (ϖ(ǧψ+3, ǧψ+4))+ϑ
2(ϖ(ǧψ+4, ǧψ+2m))

· · ·

≤
2m+ψ−2

∑
l=ψ

ϑ
l−ψ

Ω(ϖ(ǧl, ǧl+1))+
2m+ψ−2

∑
l=ψ

ϑ
l−ψ

β (ϖ(ǧl+1, ǧl))

+ϑ
m−1( ϖ(ǧψ+2m−2, ǧψ+2m)).

Since Ω, β , and ϑ are non-decreasing functions, then compositions ϑ l−ψΩ(ϖ(ǧl, ǧl+1)),
ϑ l−ψβ (ϖ(ǧl+1, ǧl)), and ϑ 2m−1( ϖ(ǧψ+2m−2, ǧψ+2m)) are also non-decreasing. Thus

ϖ(ǧψ , ǧψ+2m)≤
2m+ψ−2

∑
l=ψ

ϑ
l−ψ

Ω(λ l
ϖ(ǧ0, ǧ1))+

2m+ψ−2

∑
l=ψ

ϑ
l−ψ

β (λ l+1
ϖ(ǧ0, ǧ1))

+ϑ
m−1(λ ψ+2m−2

ϖ(ǧ0, ǧ1)).

Letting ψ,m→ ∞, we see that limψ,m→∞ ϖ(ǧψ , ǧψ+2m) = 0. Thus {ǧψ} is a Cauchy sequence.
Since (Γ ,ϖ) is complete, then {ǧψ} converges, to a point π , and {ϒ (ǧψ)}= {ǧψ+1}→ π ∈ Γ

guarantees that {ϒ (ǧψ)} has a unique limit. Since ϒ is continuous ϒ (ǧψ)→ϒ (π), then ϒ (π) =

π . Hence π is a fixed point of ϒ . If ν is any fixed point of ϒ , then

ϖ(π,ν) = ϖ(ϒ (π),ϒ (ν)≤ λϖ(π,ν)

where 0 < λ < 1, which implies ϖ(π,ν) = 0, so π = ν . This completes the proof. �

Remark 3.2. Letting Ω(ǧ) = β (ǧ) = ϑ(ǧ) = ǧ in Theorem 3.1, we obtain the classical Banach
fixed point theorem.

Example 3.3. Let Γ = {Mψ(R) : Uψ(R) is matrices over R} and ϖ : Γ ×Y →R+ be defined
by

ϖ(W̌ ,Ǔ) =
ψ

∑
ℵ,℘=1

|χℵ℘−qℵ℘|

for all W̌ = (χℵ℘)ψ×ψ ∈ Γ , Ǔ = (qℵ℘)ψ×ψ ∈ Y and Ω(ǧ) = β (ǧ) = ϑ(ǧ) = eǧ. Then (Γ ,ϖ)

is a complete TCRMS. Define ϒ : Γ → Γ by

ϒ (W̌ ) =

(
χℵ℘

5

)
ψ×ψ
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for all W̌ = (χℵ℘)ψ×ψ ∈Mψ(R). Now, we have

ϖ(ϒ (W̌ ),ϒ (Ǔ)) =
1
5

ψ

∑
ℵ,℘=1

|χℵ℘−qℵ℘|

≤ 1
2

ψ

∑
ℵ,℘=1

|χℵ℘−qℵ℘|

= λϖ(W̌ ,Ǔ)

for all W̌ = (χℵ℘)ψ×ψ ,Ǔ = (qℵ℘)ψ×ψ ∈ Γ . Thus all the assumptions of Theorem 3.1 are
fulfilled with λ = 1

2 and ϒ has a UFP (0ψ×ψ ,0ψ×ψ) ∈Mψ(R), where 0ψ×ψ is zero matrix.

Example 3.4. Let Γ = [0,1] be equipped with ϖ(ǧ, š) = |ǧ− š| for all ǧ ∈ Γ , š ∈ Y , and
Ω(ǧ) = β (ǧ) = ϑ(ǧ) = eǧ. Then, (Γ ,ϖ) is a complete TCRMS. Define ϒ : Γ → Γ by

ϒ (ǧ) =
(
√

3+1)− ǧ√
3

for all ǧ ∈ Γ . Let ǧ, š ∈ Γ . Then

ϖ(ϒ ǧ,ϒ š) = | ǧ√
3
− š√

3
| ≤ 1

2
|ǧ− š|.

Hence all the assumptions of Theorem 3.1 are fulfilled and ϒ has a UFP ǧ = 0.

We present a theorem based on Kannan’s fixed point result [9].

Theorem 3.5. Let (Γ ,ϖ) be a complete TCRMS. Let ϒ : Γ → Γ be a mapping such that
ϖ(ϒ ǧ,ϒ š)≤ b̌(ϖ(ǧ,ϒ ǧ)+ϖ(š,ϒ š)) for all ǧ, š ∈ Γ , where 0 < b̌ < 1

2 . Assume

(H1) ϑ is sub additive;
(H2)

lim
ψ,m→∞

[2m+ψ−2

∑
l=ψ

ϑ
l−ψ

Ω(λ l
ϖ(ǧ0, ǧ1))+

2m+ψ−2

∑
l=ψ

ϑ
l−ψ

β (λ l+1
ϖ(ǧ0, ǧ1))

+ϑ
m−1(λ ψ+2m−3

ϖ(ǧ0, ǧ1))

]
= 0,

where ϑ l−ψΩ(λ lϖ(ǧ0, ǧ1)), ϑ l−ψβ (λ l+1ϖ(ǧ0, ǧ1)), and ϑm−1(ϖ(λ ψ+2m−3ϖ(ǧ0, ǧ1))

denote the composite functions;
(H3)

lim
ψ,m→∞

[2m+ψ−2

∑
l=ψ

ϑ
l−ψ

Ω(λ l
ϖ(ǧ0, ǧ1))+

2m+ψ−2

∑
l=ψ

ϑ
l−ψ

β (λ l+1
ϖ(ǧ0, ǧ1))

+ϑ
m(λ ψ+2m

ϖ(ǧ0, ǧ1))

]
= 0,

where ϑ l−ψΩ(λ lϖ(ǧ0, ǧ1)), ϑ l−ψβ (λ l+1ϖ(ǧ0, ǧ1)), and ϑm(λ ψ+2m ϖ(ǧ0, ǧ1)) denote
the composite functions.

Then ϒ has a UFP.
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Proof. Let ǧ0 ∈ Γ . For each non-negative integer ψ , we define ǧψ+1 =ϒ ǧψ . Then,

ϖ(ǧψ , ǧψ+1)≤ b̌(ϖ(ǧψ−1,ϒ ǧψ−1)+ϖ(ǧψ ,ϒ ǧψ ,))

= b̌(ϖ(ǧψ−1, ǧψ)+ϖ(ǧψ , šψ+1))

for all integers ψ ≥ 1.
Now, one has ϖ(ǧψ , ǧψ+1) ≤ b̌

1−b̌
ϖ(ǧψ−1, ǧψ). Assume λ := b̌

1−b̌
, where λ ∈ (0,1), since

b̌ ∈ (0, 1
2). Now, one has ϖ(ǧψ , ǧψ+1)≤ λ ψϖ(ǧ0, ǧ1). Assume that ǧ0 is not a periodic point of

ϒ . In fact, if ǧ0 = ǧψ then, for any ψ ≥ 2, ϖ(ǧ0,ϒ ǧ0) = ϖ(ǧψ ,ϒ ǧψ), and

ϖ(ǧ0, ǧ1) = ϖ(ǧψ , ǧψ+1)≤ ·· · ≤ λ
ψ

ϖ(ǧ0, ǧ1),

which is a contradiction. Therefore, ϖ(ǧ0, ǧ1) = 0, i.e., ǧ0 = ǧ1 and so ǧ0 is a fixed point of ϒ .
Thus we assume that ǧψ 6= ǧm for all distinct ψ,m ∈ N. Again, for any ψ ∈ N, we obtain

ϖ(ǧψ , ǧψ+2)≤ b̌(ϖ(ǧψ−1,ϒ ǧψ−1)+ϖ(ǧψ+1,ϒ ǧψ+1))

≤ b̌(ϖ(ǧψ−1, ǧψ)+ϖ(ǧψ+1, ǧψ+2))

≤ b̌λ
ψ−1

ϖ(ǧ0, ǧ1)+λ
ψ+1

ϖ(ǧ0, ǧ1)

≤ b̌λ
ψ−1(1+λ

2)ϖ(ǧ0, ǧ1).

Therefore, ϖ(ǧψ , ǧψ+2)≤ κλ ψ−1ϖ(ǧ0, ǧ1), where κ = b̌(1+λ 2)> 0. For {ǧψ}, we consider
ϖ(ǧψ , šψ+p) in two cases.

If p is odd, say 2m+1, then

ϖ(ǧψ , ǧψ+2m+1)≤Ω(ϖ(ǧψ , ǧψ+1))+β (ϖ(ǧψ+1, ǧψ+2))+ϑ(ϖ(ǧψ+2, ǧψ+2m+1))

≤Ω(ϖ(ǧψ , ǧψ+1))+β (ϖ(ǧψ+1, ǧψ+2))+ϑΩ(ϖ(ǧψ+2, ǧψ+3))

+ϑβ (ϖ(ǧψ+3, ǧψ+4))+ϑ
2(ϖ(ǧψ+4, ǧψ+2m+1))

· · ·

≤
2m+ψ−2

∑
l=ψ

ϑ
l−ψ

Ω(ϖ(ǧl, ǧl+1))+
2m+ψ−2

∑
l=ψ

ϑ
l−ψ

β (ϖ(ǧl+1, ǧl+2))

+ϑ
m( ϖ(ǧψ+2m, ǧψ+2m+1)).

Since Ω, β , and ϑ are non-decreasing, then ϑ l−ψΩ(ϖ(ǧl, ǧl+1)), ϑ l−ψβ (ϖ(ǧl+1, ǧl+2)), and
ϑm( ϖ(ǧψ+2m, ǧψ+2m+1)) are also non-decreasing. Therefore, we obtain

ϖ(ǧψ , ǧψ+2m+1)≤
2m+ψ−2

∑
l=ψ

ϑ
l−ψ

Ω(λ l
ϖ(ǧ0, ǧ1))+

2m+ψ−2

∑
l=ψ

ϑ
l−ψ

β (λ l+1
ϖ(ǧ0, ǧ1))

+ϑ
m(λ ψ+2m

ϖ(ǧ0, ǧ1)).
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As ψ,m→ ∞, we obtain limψ,m→∞ ϖ(ǧψ , ǧψ+2m+1) = 0. If p is even, say 2m, then

ϖ(ǧψ , ǧψ+2m)≤Ω(ϖ(ǧψ , ǧψ+1))+β (ϖ(ǧψ+1, ǧψ+2))+ϑ(ϖ(ǧψ+2, ǧψ+2m))

≤Ω(ϖ(ǧψ , ǧψ+1))+β (ϖ(ǧψ+1, ǧψ+2))+ϑΩ(ϖ(ǧψ+2, ǧψ+3))

+ϑβ (ϖ(ǧψ+3, ǧψ+4))+ϑ
2(ϖ(ǧψ+4, ǧψ+2m))

· · ·

≤
2m+ψ−2

∑
l=ψ

ϑ
l−ψ

Ω(ϖ(ǧl, ǧl+1))+
2m+ψ−2

∑
l=ψ

ϑ
l−ψ

β (ϖ(ǧl+1, ǧl))

+ϑ
m−1( ϖ(ǧψ+2m−2, ǧψ+2m)).

Since Ω, β , and ϑ are non-decreasing, then ϑ l−ψΩ(ϖ(ǧl, ǧl+1)), ϑ l−ψβ (ϖ(ǧl+1, ǧl+2)) and
ϑm−1( ϖ(ǧψ+2m−2, ǧψ+2m)) are also non-decreasing. Therefore, we obtain

ϖ(ǧψ , ǧψ+2m)≤
2m+ψ−2

∑
l=ψ

ϑ
l−ψ

Ω(λ l
ϖ(ǧ0, ǧ1))+

2m+ψ−2

∑
l=ψ

ϑ
l−ψ

β (λ l+1
ϖ(ǧ0, ǧ1))

+ϑ
m−1(λ ψ+2m−3

ϖ(ǧ0, ǧ1)).

As ψ,m→ ∞, we see that limψ,m→∞ ϖ(ǧψ , ǧψ+2m) = 0. Hence, {ǧψ} is a Cauchy sequence.
Since (Γ ,ϖ) is complete, then {ǧψ} converges, to a point π , and {ϒ (ǧψ)}= {ǧψ+1}→ π ∈Γ .

Conversely,

ϖ(ϒ π,ϒ ǧψ)≤ b̌(ϖ(ǧψ ,ϒ ǧψ)+ϖ(ϒ π,π)) = b̌(ϖ(ǧψ , ǧψ+1)+ϖ(ϒ π,π));

which in turn implies that ϖ(ϒ π,π) ≤ b̌ϖ(ϒ π,π). Hence π is a fixed point of ϒ . If ν is
any fixed point of ϒ , then ϖ(π,ν) = ϖ(ϒ π,ϒ ν) ≤ b̌(ϖ(π,π)+ϖ(v,ν)) = 0. Consequently,
π = ν . �

Example 3.6. Let Γ = {Mψ(R) : Uψ(R) is matrices over R} and ϖ : Γ ×Y →R+ be defined
by

ϖ(W̌ ,Ǔ) =
ψ

∑
ℵ,℘=1

(
|χℵ℘−

χℵ℘

5
+qℵ℘−

qℵ℘

5
|
)

for all W̌ = (χℵ℘)ψ×ψ ∈ Γ , Ǔ = (qℵ℘)ψ×ψ ∈Y , and Ω(ǧ) = β (ǧ) = ϑ(ǧ) = eǧ. Then (Γ ,ϖ)

is a complete TCRMS. Define ϒ : Γ → Γ by

ϒ (W̌ ) =

(
χℵ℘

5

)
ψ×ψ

for all W̌ = (χℵ℘)ψ×ψ ∈Mψ(R). Now,

ϖ(ϒ (W̌ ),ϒ (Ǔ)) =
1
5

ψ

∑
ℵ,℘=1

(
|χℵ℘−

χℵ℘

5
+qℵ℘−

qℵ℘

5
|
)

≤ 1
2

ψ

∑
ℵ,℘=1

|χℵ℘−
χℵ℘

5
|+ 1

2

ψ

∑
ℵ,℘=1

|qℵ℘−
qℵ℘

5
|

= λ (ϖ(W̌ ,ϒ (W̌ ))+ϖ(Ǔ ,ϒ (Ǔ)))
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for all W̌ = (χℵ℘)ψ×ψ ,Ǔ = (qℵ℘)ψ×ψ ∈ Γ . All the assumptions of Theorem 3.5 are verified
with λ = 1

2 and ϒ has a UFP (0ψ×ψ ,0ψ×ψ) ∈Mψ(R), where 0ψ×ψ is zero matrix.

4. APPLICATION IN PRODUCTION-CONSUMPTION EQUILIBRIUM

The existence and uniqueness of solutions to the integral equations of Theorem 3.1 are cov-
ered in this section. We apply our main results to develop a mathematical model and resolve
an initial value issue that arises in the dynamic market equilibrium problem, a major economic
issue. Daily pricing patterns and prices have a significant influence on markets, regardless of
whether prices are growing or lowering for production b̌p and consumption b̌c. The economist
is therefore curious about the present price Y ( f̌ ). Now, consider

b̌p =β1 + γ1Y ( f̌ )+δ1
dY ( f̌ )

d f̌
+ρ1

d2Y ( f̌ )
d f̌ 2

b̌c =β2 + γ2Y ( f̌ )+δ2
dY ( f̌ )

d f̌
+ρ2

d2Y ( f̌ )
d f̌ 2

,

initially Y (0)= 0, dY
d f̌

(0)= 0, where β1,β2,γ1,γ2,δ1,δ2,ρ1, and ρ2 are constants. When market
forces are in balance and the existing prices between production and consumption stabilize, this
is known as dynamic economic equilibrium, that is, b̌p = b̌c. Thus,

β1 + γ1Y ( f̌ )+δ1
dY ( f̌ )

d f̌
+ρ1

d2Y ( f̌ )
d f̌ 2

= β2 + γ1Y ( f̌ )+δ2
dY ( f̌ )

d f̌
+ρ2

d2Y ( f̌ )
d f̌ 2

,

(β1−β2)+(γ1− γ2)Y ( f̌ )+(δ1−δ2)
dY ( f̌ )

d f̌
+(ρ1−ρ2)

d2Y ( f̌ )
d f̌ 2

= 0,

ρ
d2Y ( f̌ )

d f̌ 2
+δ

dY ( f̌ )
d f̌

+ γY ( f̌ ) =−β ,

d2Y ( f̌ )
d f̌ 2

+
δ

ρ

dY ( f̌ )
d f̌

+
γ

ρ
Y ( f̌ ) =−β

ρ
,

where β = β1−β2,γ = γ1− γ2,δ = δ1−δ2, and ρ = ρ1−ρ2.
Our initial value problem is now listed as follows:

Y
′′
( f̌ )+

δ

ρ
Y
′
( f̌ )+

γ

ρ
Y ( f̌ ) =−β

ρ
, with Y (0) = 0 and Y

′
(0) = 0. (4.1)

Problem (4.1) is equivalent to if we examine the production and consumption duration time w

Y ( f̌ ) =
∫ w

0
G ( f̌ , f̌ ∗)K ( f̌ ∗, f̌ ,Y ( f̌ ))d f̌ , (4.2)

where Green function G ( f̌ , f̌ ∗) is

G ( f̌ , f̌ ∗) =

{
f̌ ȟ

γ

2δ ( f̌ ∗− f̌ ), 0≤ f̌ ≤ s≤w

sȟ
γ

2δ ( f̌ − f̌ ∗), 0≤ s≤ f̌ ≤w
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and K : [0,w]×U 2→ R is a continuous function. Define ϒ : Γ → Γ is given by

ϒ (Y ( f̌ )) =
∫ w

0
G ( f̌ , f̌ ∗)K ( f̌ ∗, f̌ ,Y ( f̌ ))d f̌ (4.3)

Now, a fixed point of ϒ (4.3) represents the solution to the dynamic market equilibrium prob-
lem, which is represented as (4.1). Indeed, (4.1) controls the current price Y ( f̌ ). Let C [0,w]

symbolize the family of real continuous functions on [0,w], and write Γ = C [0,w]. We define
ϖ : Γ ×Γ → R+ by ϖ(ν ,ν

′
) = sup f̌∈[0,1] |ν( f̌ )−ν

′
( f̌ )| for all ν ,ν

′ ∈ Γ and Ω(ǧ) = β (ǧ) =
ϑ(ǧ) = ǧ for all ǧ ∈ [0,∞). Then (Γ ,ϖ) is a complete TCRMS.

Theorem 4.1. Consider the operator ϒ : Γ → Γ (4.3) in a complete TCRMS (Γ ,ϖ), satisfying

(i) there exist f̌ ∈ [0,1],ρ ∈ (0,1) and ν ,ν
′ ∈ Γ s.t.

|K ( f̌ ∗, f̌ ,Y1( f̌ ))−K ( f̌ ∗, f̌ ,Y2( f̌ ))| ≤ ρ|Y1( f̌ ))−Y2( f̌ ))|;

(ii) there exists a continuous function G : U 2→ R that satisfies

sup
s∈[0,w]

∫ w

0
G ( f̌ , f̌ ∗)d f̌ ≤ 1;

Then, there exists only one solution to dynamic market equilibrium problem (4.1).

Proof. Observe that

|ϒ (Y1( f̌ ))−ϒ (Y2( f̌ ))|

=

∣∣∣∣∫ w

0
G ( f̌ , f̌ ∗)K ( f̌ ∗, f̌ ,Y1( f̌ ))d f̌ −

∫ w

0
G ( f̌ , f̌ ∗)K ( f̌ ∗, f̌ ,Y2( f̌ ))d f̌

∣∣∣∣
≤
∫ w

0
G ( f̌ , f̌ ∗)d f̌

∫ 1

0

∣∣∣∣K ( f̌ ∗, f̌ ,Y1( f̌ ))−K ( f̌ ∗, f̌ ,Y2( f̌ ))
∣∣∣∣d f̌

≤ ρ|Y1( f̌ ))−Y2( f̌ ))|.

Taking the supremum on both sides, we arrive at

ϖ(ϒ (Y1( f̌ )),ϒ (Y2( f̌ )))≤ ρϖ(Y1( f̌ ),Y2( f̌ )).

Hence, all the hypothesis of Theorem 3.1 are fulfilled and therefore, initial value problem (4.2)
has a unique solution. �

5. APPLICATION TO FRACTIONAL DIFFERENTIAL EQUATIONS

The Reiman-Liouville fractional derivative of order δ > 0 for a function ν ∈ C [0,1] is pro-
vided by

1
Γ(ξ −δ )

dξ

d f̌ ξ

∫ f̌

0

ν(ȟ)dȟ
( f̌ − ȟ)δ−ξ+1

= Dδ
ν( f̌ ),

where the right-hand side is pointwise defined on [0,1], Γ is the Euler gamma function, and [δ ]

is the integer part of the number δ . Examine the following FDE
ȟD š

ν( f̌ )+ f( f̌ ,ν( f̌ )) = 0, 1≤ f̌ ≤ 0, 2≤ š > 1;

ν(0) = ν(1) = 0, (5.1)
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The Caputo fractional derivative of order š is represented as ȟD š, while f is a continuous function
from [0,1]×R to R as follows:

ȟD š =
1

Γ(ξ − š)

∫ ǧ

0

νξ (ȟ)dȟ
( f̌ − ȟ)š−ξ+1

Let Γ = (C [0,1],R) be the set of all continuous functions defined on [0,1]. Let ϖ : Γ ×Γ →R+

be defined by ϖ(ν ,ν
′
) = sup f̌∈[0,1] |ν( f̌ )−ν

′
( f̌ )| for all ν ,ν

′ ∈Γ and Ω(ǧ) = β (ǧ) = ϑ(ǧ) = ǧ
for all ǧ ∈ [0,∞). Then (Γ ,ϖ) is a complete TCRMS.

Theorem 5.1. Consider fractional differential equation (5.1). Suppose that the following as-
sumptions hold

(i) there exist f̌ ∈ [0,1],ρ ∈ (0,1) and ν ,ν
′ ∈ Γ such that |f( f̌ ,ν)− f( f̌ ,ν

′
)| ≤ ρ|ν( f̌ )−

ν
′
( f̌ )|;

(ii) sup f̌∈[0,1]
∫ 1

0 |G ( f̌ , ȟ)|dq≤ 1.

Then fractional differential equation (5.1) has a unique solution in Γ .

Proof. Observe that fractional differential equation (5.1) is equivalent to the integral equation
ν( f̌ ) =

∫ 1
0 G ( f̌ , ȟ)f(q,ν(ȟ))dȟ, where

G ( f̌ , ȟ) =


[ f̌ (1−ȟ)]š−1−( f̌−ȟ)š−1

Γ(š) , 0≤ ȟ≤ f̌ ≤ 1,
[ f̌ (1−ȟ)]š−1

Γ(š) , 0≤ f̌ ≤ ȟ≤ 1.

Define the covariant mapping ϒ : Γ → Γ defined by ϒ ν( f̌ ) =
∫ 1

0 G ( f̌ , ȟ)f(q,ν(ȟ))dȟ. It is sim-
ple to observe that ν∗ is a solution to e problem (5.1) if ν∗ ∈ϒ is a fixed point of ϒ . Now, one
has

|ϒ ν( f̌ )−ϒ ν
′
( f̌ )|=

∣∣∣∣∫ 1

0
G ( f̌ , ȟ)f(q,ν(ȟ))dȟ−

∫ 1

o
G ( f̌ , ȟ)f(q,ν

′
(ȟ))dȟ

∣∣∣∣
≤
∫ 1

0
|G ( f̌ , ȟ)|dȟ

∫ 1

0

∣∣∣∣f(q,ν(ȟ))− f(q,ν
′
(ȟ))

∣∣∣∣dȟ

≤ ρ
∣∣ν( f̌ )−ν

′
( f̌ )
∣∣.

Taking hte supremum on both sides, we have ϖ(ϒ ν ,ϒ ν
′
) ≤ ρϖ(ν ,ν

′
). Therefore, fractional

differential equation (5.1) has a unique solution since all of the hypotheses of Theorem 3.1 are
satisfied. �

Example 5.2. According to (5.1), we considerCD
jq( f̌ )+

√
7ln( f̌+1) tan(q( f̌ ))

f̌ 3+1
= 0, 0≤ f̌ ≤ 1,

q(0) = q(1) = 0,
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with three cases j̇ =
{13

30 ,
7
8 ,

17
30

}
, where f( f̌ ,q( f̌ )) =

√
7ln( f̌+1) tan(q( f̌ ))

f̌ 3+1
. Then, for q( f̌ ), q

′
( f̌ ) ∈

C[0,1], we have∣∣∣f( f̌ ,q( f̌ ))− f( f̌ ,q
′
( f̌ ))

∣∣∣= ∣∣∣∣√7ln( f̌ +1) tan(q( f̌ ))
f̌ 3 +1

−
√

7ln( f̌ +1) tan(q
′
( f̌ ))

f̌ 3 +1

∣∣∣∣
=

∣∣∣∣√7ln( f̌ +1)
f̌ 3 +1

∣∣∣∣ ∣∣∣tan(q( f̌ ))− tan(q
′
( f̌ ))

∣∣∣
≤
√

7ln3
∣∣∣q( f̌ )−q

′
( f̌ )
∣∣∣=√ρ

∣∣∣q( f̌ )−q
′
( f̌ )
∣∣∣ ,

where ρ =
(√

7ln3
)2

. Hence, all the conditions of Theorem 5.1 are satisfied.

6. CONCLUSION

In this paper, we introduced the triple composed rectangular metric space and proved some
fixed point theorems in this space. In addition, we presented Some examples and an application
to support our main results, which expand and generalize some recent known results obtained
in the literature.
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