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1. INTRODUCTION

Metrics play an important role in fixed point theory. To guarantee and seek a fixed point
of nonlinear operators, various metrics were considered; see, e.g., [2, 5, 8, 12, 13] and the
references therein. In 2000, Branciari [3] investigated the concept of metric by replacing the
triangle inequality with a quadrilateral inequality to obtain a new distance function. Some
authors referred to this modified metric function as a general metric, while others termed it
rectangular metric. For this new function, we employ the Branciari metric in this paper. In
[3], Branciari effectively defined an open ball and a topology for the Brianciari metric. How-
ever, the Branciari metric’s topology significantly differs from that of the typical metric; see,
e.g., [4, 10, 16] for further information on the Branciari metric. In addition to the intriguing
topological characteristics brought about by the Branciari metric, Branciari [3] also described
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the renowned Banach contraction mapping principle, which was generalized and extended in a
number of ways; see, e.g., [4, 6, 7, 10, 11, 14, 15, 17] and the references therein. In [1], Ay-
oob, Chuan and Mlaiki proved some fixed point theorems on double-composed metric spaces,
whose the triangle inequality has a special form with two control functions; see also Mlaiki
[12] for double-controlled metric-like spaces as a further generalization of double-controlled
metric-type spaces. In addition, Ayoob, Chuan and Mlaiki [1] also provided some examples
and applications.

In this paper, we prove fixed point theorems on triple composed rectangular metric spaces.
We also present an example and an appropriate application for our fixed point theorems.

2. PRELIMINARIES

In this section, we present some necessary known definitions for our main results; see [3].
Let I be a non-void set. Recall that a function @ : I' x I’ — R is said to be rectangular
metric if it satisfies:

(a) @(g,5)=0iff g=ys, forall g, seT.
(b) @(g,5) =o(5,8),forall g,§€I.
) @(,5) <®@(g,d)+@(d,b)+@(h,s), for all §,5 € I' and for all different points d,b €
r—{g,s}.
The pair (I', @) is named as rectangular metric space.
Let I" be a non-void set and Q, 8,9 : [0,00) — [0,0). Recall that a function @ : I’ x I’ — R

is said to be a triple composed rectangular metric if it satisfies:
(a) ®(3,5) =0iff § =3, forall §,5 € ",
b) @(2,5) = @(3,8), forall §,5 € .
©) @(g,5) < a(@(g,a) + B(@(d,b)) + (@(b,s)), for all §,§ € I' and for all different
points d,b € I — {g,5}.
The pair (I, @) is called a triple composed rectangular metric space (TCRMS).
Let (I',@) be a TCRMS, {gy } be asequenceinI", and ¢ € I'. We say that {gy, } is convergent
to g if and only @(gy,g) — 0 as Yy — co. This is indicated by g,, — £ in this paper.
Let (I',@) be a TCRMS, and {gy} be a sequence in I". We say that {gy} is a Cauchy
sequence if and only if @(gy,&m) — 0as Yy, m — oo,
Let (I',®) be a TCRMS. We say that (I", @) is complete if and only if every Cauchy sequence
in I converges to some element in I

3. MAIN RESULTS

We now demonstrate fixed point theorems on TCRMS in this section.

Theorem 3.1. Let (I', @) be a complete TCRMS. Let Y : I" — I" suchthat @(Y g, Y5) <A@ (g,5)
forall §,5s € I', where 0 < A < 1. Assume the following assumptions hold

(HI) 9 is sub additive;
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(H2)
2m+y—2 [ [ 2m+y—2 [ [
lim VO ®(g0,81)) + VB @ (20,81
Jm | L eTveaea) s 3 0BG o)

+ ﬁm<lu/+2m w(gv()7gvl)):| = 0;

where 9" VQ(A'® (30, 81)), O YBA'®@(Zo,81)), and S™(AYT™™ @ (go,81)) are the

composite functions,
(H3)
2m+y—2 2m+y—2
lim YO D (30, 81)) + STVBA T @ (80,8
WHOO[ —Zv’/ ( (80,81)) [_ZI,V B( (80,81))

+ ﬁmfl(ll//nLmeZ (D(go,gvl)) _ 0,

where 9"VQ(A'®(80,81)), YB(A'D(20,81)) and 9™ AV @ (80, 81)) are
the composite functions.

Then Y has a UFP(unique fixed point).

Proof. Let goc I'. For each y € N, define Y'(gy) = §y+1. Then {gy} is a sequence on (I', @)
and

B8y, 8yr1) =BT gy-1,T8y) SAB(Gy-1,8y): < AYD(g0,81)-
Suppose that g is not a periodic point of 1. In fact, if g9 = gy, then, for any v > 2, @ (g0, 1 g0) =
O (gy,Ygy) and
@(80,81) = &y, &y+1) < - < AV@(g0,£1),
which is a contradiction. Therefore, @ (go,&1) =0, i.e., §o = &1 and so gy is a fixed point of 1.

Thus we assume that gy, # gm for all distinct y,m € N. Again, for any y € N, we obtain

O(Gy,8y+2) =B gy—1,T&y+1) SAD(Gy—1,8y+1) < - < AV@ (40, 82)-
For {gy}, we consider @ (gy,Syp) in two cases. If p is odd say 2m + 1, then

)+ B(@(&yr1,8y+2)) + (@ (y+2,8yt2mt1))
, )+ B(@(8yr1,8y+2)) + 0D (Ey+2,8y13))
+ OB (@(y+3,8y+4)) + 02(w(gvl//+4agvl//+2m+l)>

w(ng,ng+2m+1) S Q(a)-(ng’ng_‘_l)

2m+y—2 2m+y—2
< Y V@GRS + Y, TYB(@(8i1.8142))
=y =y

+ 0" O (y+2m, Sy+2m+1))-
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Since Q, B, and ¥ are non-decreasing functions, then compositions ®'"YQ(@ (g, 1))
OVB(@(8141,8142)), and O™ ( @ (Zy2m,Sy+2m+1)) are also non-decreasing. Thus

2m+y—2 2m+y—2
By dyiomi) < Y, O7VQA'®B(Z0.81)+ Y OTVBA'®(30.81))
=y =y

+ ™AV @ (80, 81)).

v

As y,m — oo, we see that limy, e w(gl,,,ngmﬂ) = 0. If p is even, say 2m, then
O(Gy,8yram) QO (Gy,8y+1)) +B(@(Eyr1,8y+2)) + HB(Ey12,8y+2m))
< QO(Fy.fy1) + B@(Fy1.Gy2)) + OQB(Byr2.8y-3))
+19ﬁ(w(§w+3,§w+4))+192(@(§w+47§q/+2m))

)
)

2m+y—2 2mA4y—2
< Y 9Ve@@ELE)+ Y, 9TYB(@(84.8))
=y =y

+ 0™ (B (Fyrom-2,8yr2m))-

Since Q, B, and ¥ are non-decreasing functions, then compositions 19[_"’9(&)' (&1, &),
OVB(B(8111,81)), and 921 ( @ (&y+2m—2,y+2m)) are also non-decreasing. Thus

2m+y—2 2m+y -2
B(Gy.gyram) < Y, VQA'B(G0.80)+ Y, 9TVBAT'®@(30.81))
=y =y

+ O™ AV (80, 81)).

Letting ¥, m — oo, we see that limy, m—e @ ($y; §y+2m) = 0. Thus {gy } is a Cauchy sequence.
Since (I', @) is complete, then {gy } converges, to a point 7, and {1 (y)} = {gy+1} » el
guarantees that {1'(gy )} has a unique limit. Since 1" is continuous Y'(gy) — ¥'(x), then Y’ () =
7. Hence 7 is a fixed point of 1. If v is any fixed point of I', then

o(r,v)=01(n),Y(v)<Ao(m,V)
where 0 < A < 1, which implies @ (7, v) = 0, so & = v. This completes the proof. O

Remark 3.2. Letting Q(¢) = B(¢) = ¥(¢) = & in Theorem 3.1, we obtain the classical Banach
fixed point theorem.

Example 3.3. Let I' = {.#y(R) : %y (R) is matrices over R} and @ : I x % — R™ be defined
by
L. Y
oW, U)= ). |xxp—axpl
X, o=1
forall W = (Xxp)yxy €, U = (qxp)yxy € Z and Q(g) = B(g) = (&) = €. Then (I', @)
is a complete TCRMS. Define I' : I' — I by
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for all W = (x ) yxy € #y(R). Now, we have

y . |-
W(Y(W),T(U)):g Y Ixxe—axel
R, o=1
1 v
SE Z [Xxp— dxpl
X1
=Ao(W,0)

for all W = (xgp)l,,xw,lv] = (qxp)yxy € I'. Thus all the assumptions of Theorem 3.1 are
fulfilled with A = 5 L and Y has a UFP (Oyxy,Oyxy) € Ay(R), where Oy is zero matrix.

Example 3.4. Let I' = [0, 1] be equipped with @(g,5) = [§—§| forall g € I", § € ¥, and
Q(8) = B(g) = ©¥(g) = €8. Then, (I',®) is a complete TCRMS. Define ' : I" — I by

rp - 3rD=2
V3
forallg eI'. Letg,s € I'. Then
o(rgrs) = \7—7\_2@—\

Hence all the assumptions of Theorem 3.1 are fulfilled and 1" has a UFP ¢ = 0.
We present a theorem based on Kannan’s fixed point result [9].

Theorem 3.5. Let (I',®) be a complete TCRMS. Let ¥ : I — I' be a mapping such that
o(Y3, Y3 <bh(@(g,Y3) +@(3,Y5)) forall §,5 €T, where 0 < b < 3. Assume
(H1) ¥ is sub additive;

(H2)
+y— 2m+y—2
lim 19[ YaL'e(go,81)) + S VBAT @ (50, 8
vt [_ZW o0+ L OB )

+™ AV @ (50,81)) | =0,

where 9'"VQ(A'®@(%0,£1)), B7YB(AT ®(&0,81)), and 9" (@AY @80, 81))
denote the composite functions;

(H3)
2m+y—2 [ [ 2m4y—2 [ L
lim VO @ (30, 81)) + IVB(A @ (80,8
Jm ;V (Ao( ) [;V B( ( )

+ﬁm(2’w+2m (D.<gv07gv1)) = 07

where 9" VQ(A'@ (0, 81)), 9 YBA T @ (80,81)), and O™(AY 2™ @ (g0, 81)) denote
the composite functions.

Then Y has a UFP.
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Proof. Let g € I'. For each non-negative integer y, we define gy 1 = I'gy. Then,

w(gvhgwﬂ) < i’(w(gt//flarg'wfl) + (D-(g’l//’rgwa ))
(@(8y-1,8y) + B (gy,Sy+1))

S«

for all integers y > 1.

b_ b
5 1-b 1-b°
be (0, %) Now, one has @ (gy, §y+1) < AY®(go,§1). Assume that g is not a periodic point of

Y. In fact, if o = gy then, for any y > 2, @(go,1'g0) = @ (gy, 'y ), and

Now, one has @(gy,8y+1) < O(§y—1,8y)- Assume A = where A € (0,1), since

@(20,81) =08y, 8y+1) < --- < AY@(80,81),

which is a contradiction. Therefore, @ (go,£&1) =0, i.e., o = &1 and so gy is a fixed point of 1.
Thus we assume that gy, # gm for all distinct y,m € N. Again, for any y € N, we obtain

O (Sy,8y+2) < B((D(gw—largw—l) +®@(Zyt1, 8y+1))
(@(&y—1,8y) + O(Zy+1,8y+2))

AV ®(30,81) + AV @ (%0, 81)

<BAYT (1427 @ (g0,81)-

INIA
S O«

Therefore, @ (gy,Sy12) < KAY 1@ (80, 81), where k = b(1+A2) > 0. For {gy}, we consider
@ (gy,Sy+p) in two cases.
If p is odd, say 2m + 1, then

B8y, 8yt+amt1) S Q@ (Ey,&y+1)) + B(@(Ey+1,8y+2)) + H(B(Ey12,8yram+1))
< QU@ Gy, 8y+1)) T B(@(Ey+1,8y+2)) + FUD(Ey+2,8y+3))
+0ﬁ(w(§w+37§w+4))+192(w(gw+4a§w+2m+1))
2m+y—2 2m+y—2
< Y Y@L+ Y, OTVB(@(8u1,8142))
=y =y

+ 3" O (y+2m, Sy+2m+1))-

Since Q, B, and ¥ are non-decreasing, then ¥ "YQ(®@(g1,81+1)), ¥ VB(®(g11,8142)), and
3" ( @ (gy42m>§w+2m+1)) are also non-decreasing. Therefore, we obtain

2m4-y—2 2m+y—2
@Gy, dyiomi) < Y, O7VQA'D(30.81)+ Y, OTYBAT'®(%0,81))
=y =y

+O™AYTI @ (80,81))-
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As ¥, m — oo, we obtain limy m e ar(gl,,,ngmﬂ) = 0. If p is even, say 2m, then
w(gv/»gwﬂm) < Q(w(gwagw+l)) + B(w(§w+lagw+2)) + ﬁ(w(gvv/ntbgvu/ﬁm))
< Q(G)'(gl,,,gwﬂ)) + ﬁ(w(gwﬂagwﬂ)) + ﬁQ(w(ngang%))
+OB(@(y+3,8y+4)) +192(a7(§w+4,gw+2m))

2m+y—2 2m+y—2

< Z ﬁ[_WQ(w(§[7g[+1))+ Z ﬁ[_wﬁ(w(§[+l7g[))
=y =y

+ ™ O (y+2m—2,8y+2m))-

Since Q, B3, and ¥ are non-decreasing, then 3" "VYQ(@(g(,8111)), " VB(@(11,8142)) and
9" (@ (gyom—2,Fy+2m)) are also non-decreasing. Therefore, we obtain

2mty—2 2m4y—2
B(Fy.Gyrom) < Y, OTVQA'®(%0.81)+ Y VBT ®@(g0,81))
=y =y

+" AV @ (80, 81)).
As y,m — oo, we see that limy m— @ (gy,§y+2m) = 0. Hence, {gy} is a Cauchy sequence.

Since (I", @) is complete, then {gy } converges, to a point 7, and {Y'(gy)} = {gy+1} > el
Conversely,

B, Yy) <b(@(&y. Tey) + @7, 7)) = b(@(Zy.§y+1) + O 7, 7));
which in turn implies that @ (Y7, w) < b@(Yn, 7). Hence 7 is a fixed point of Y. If v is
any fixed point of X', then @ (7,v) = @(Yx,Yv) < b(@(n,n) + @(v,v)) = 0. Consequently,
T=V. O
Example 3.6. Let I' = {.#y(R) : %y(R) is matrices over R} and @ : I x % — R be defined
by
. Y ARp dxp
oa(W,0)=Y |(ltxp—"2"+axp——2"|
X el 5 5

forall W = (xxp)yxy €U = (qxp)yxy € ¥, and Q(g) = B(g) = ¥(§) = €. Then (I',®)
is a complete TCRMS. Define I' : I' — I" by

y o1& xx qx
o I0) =5 ¥ (lzep- L +an,—22))
XKoo=
1 & ARp ax e
e T N T
2&:’[%1 5 2&,:@1 5
— A@OV.T () + B(0.1(0)
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for all W = (Xxp)wxy, U=(q xp)wxy € I'. All the assumptions of Theorem 3.5 are verified
with A = 1 and Y has a UFP (Oy .y, Oyxy) € #y(R), where Oy .y is zero matrix.

4. APPLICATION IN PRODUCTION-CONSUMPTION EQUILIBRIUM

The existence and uniqueness of solutions to the integral equations of Theorem 3.1 are cov-
ered in this section. We apply our main results to develop a mathematical model and resolve
an initial value issue that arises in the dynamic market equilibrium problem, a major economic
issue. Daily pricing patterns and prices have a significant influence on markets, regardless of
whether prices are growing or lowering for production lv)p and consumption b.. The economist
is therefore curious about the present price %/ ( f ). Now, consider

A (f) &Y (f)

by =Bi+n% (f)+6 df p1 Tz
v x (f) &Y (f)
be=B+ 1 (f) T, +p2 T2

initially #/(0) =0, % (0) =0, where B1, B2,71, 7, 01,62, p1, and p; are constants. When market
forces are in balance and the existing prices between production and consumption stabilize, this
is known as dynamic economic equilibrium, that is, b, = b.. Thus,

x @ (f) &) x (f) &7 (f)
Bi+nZ (f)+d T, +p1 12 =Bh+nZ(f)+ 52 T, +p2 T2
7 2
(B Ba)+ (n =) P+ (610 (m—m)dffif):,
& (f ) 7 (f) * _
PiR f +yZ(f) =-B,
&7 (f) 5d@(f) »_ B
a2 e odf p 7= p’
where B =1 — B2, Y="%—"%,0 =8 — &, and p = p; — p2.
Our initial value problem is now listed as follows:
@/”(f)+g@’(f)+g@(f) — —g, with 2 (0) = 0 and % (0) = 0. 4.1)

Problem (4.1) is equivalent to if we examine the production and consumption duration time to

v

2 ()= [ GG FVH G TN, @2)

where Green function 4( f, f*) is
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and .7 : [0,10] x %% — R is a continuous function. Define Y': I" — I is given by

Y@ ()= [ I @3

Now, a fixed point of 1(4.3) represents the solution to the dynamic market equilibrium prob-
lem, which is represented as (4.1). Indeed, (4.1) controls the current price % (f). Let €[0, ]
symbolize the family of real continuous functions on [0, tv], and write I = €’[0, 10]|. We define
@:I'xI >R by @(v,v) =supsq |V(f) =V (f)| forall v,v €T and Q(g) = B(g) =
¥ (g) = g forall g € [0,00). Then (I',®) is a complete TCRMS.

Theorem 4.1. Consider the operator Y : I' — I' (4.3) in a complete TCRMS (I', @), satisfying
(i) there exist f € [0,1],p € (0,1) and v,v €T s.t.

[ (F* F () = (P F.26(0)] < plZ4 () — 26();

(ii) there exists a continuous function 4 : %* — R that satisfies

sup [ G FF < 1:

5€[0,10] /0

Then, there exists only one solution to dynamic market equilibrium problem (4.1).
Proof. Observe that

(21 () =T (%))
/ SV TGN - [ 7 (T 95

<P|%( ) —=2(f )I

Taking the supremum on both sides, we arrive at

a(X(Z()), Y (%()))) < pa(#(F), 2(f)).
Hence, all the hypothesis of Theorem 3.1 are fulfilled and therefore, initial value problem (4.2)
has a unique solution. 0

#(F ﬁ%(f))—%/(f*,f,%(f))‘df

5. APPLICATION TO FRACTIONAL DIFFERENTIAL EQUATIONS

The Reiman-Liouville fractional derivative of order > 0 for a function v € €[0, 1] is pro-
vided by

1 a8 f v(hah s
F(é‘&dff 0 (f_il)S—};H_@ v(f),

where the right-hand side is pointwise defined on [0, 1], I" is the Euler gamma function, and [§]
is the integer part of the number 6. Examine the following FDE

"GPV i V() =0, 1<f<0, 2<§>1;
v(0) = v(1) =0, (5.1)
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The Caputo fractional derivative of order §is represented as " 2°, while f is a continuous function
from [0, 1] x R to R as follows:

heps 1 8 (E)h
7=t b o

LetI" = (%[0,1],R) be the set of all contlnuous functions definedon [0,1]. Let @ : ' x I’ — R™
bedeﬁnedbyca(v,v)—supfgo’1 Iv(f)—V'(f)| forall v,v' € I and Q(3) = B(g) = ¥(3) = 3
for all g € [0,00). Then (I',®) is a complete TCRMS.

Theorem 5.1. Consider fractional differential equation (5.1). Suppose that the following as-
sumptions hold

(i) there exist f € [0,1],p € (0,1) and v,v' € I such that [§(f,v) —§(f,v)| < p|v(f) —
vk
(ii) suppeio 41 Jo 19(f,h)|dg < 1.

Then fractional differential equation (5.1) has a unique solution in I

Proof. Observe that fractional differential equation (5.1) is equivalent to the integral equation

v(f) = Jo 4(F.B)f(a, v(h))dh, where

(VAN
=<
(VAN
¢
VAN

h

IN

7

IN
I/\

Define the covariant mapping Y': I’ — I defined by Y'v(f) = fo 4(f,h)f(q,v(h))dh. 1t is sim-
ple to observe that v* is a solution to e problem (5.1) if v* € I" is a fixed point of 1. Now, one
has

TV -V = | [ 9Dy~ /Olg(fﬁ)f(q, (W)
< [ jai / o v(h) = 0.V ()
<p|v(H -V ()]

Taking hte supremum on both sides, we have @ (YV,YV/) < p@(v, v/). Therefore, fractional
differential equation (5.1) has a unique solution since all of the hypotheses of Theorem 3.1 are
satisfied. 0

Example 5.2. According to (5.1), we consider

ciq(f)+ el —o, o< f<i,

q(0) =q(1) =0,
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with three cases j = {13, £, 3T}, where f(f,q(f)) = ﬁln(f}litfn(q(f)). Then, for q(f), q (f) €
C[0, 1], we have

v

HF5al7) — 504 ()| =

f+1 - £+l
_ V7In(f+1)

1
< V73 |a(f) =4 (/)

‘ V7In(f+ Dtan(a(f) ~ v7In(f+ 1) tan(q (f)) ‘

an(a(f) — tan(q(7))|
= VP |alf)—d'(/)]

where p = (\/7 In 3)2. Hence, all the conditions of Theorem 5.1 are satisfied.

6. CONCLUSION

In this paper, we introduced the triple composed rectangular metric space and proved some
fixed point theorems in this space. In addition, we presented Some examples and an application
to support our main results, which expand and generalize some recent known results obtained
in the literature.
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