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Abstract. Bio-ethanol is a good choice for alternative energy instead of the use of fossil fuels and is
still a hot topic for researchers at present. In this paper, a nonlinear mathematical model for bio-ethanol
production under the fractal-fractional operators in the sense of Liouville-Caputo, Caputo-Fabrizio, and
Atangana-Baleanu with variable order is considered. We use the fixed point theorem of Banach’s type
to prove the existence and uniqueness of the solution. The stability analysis of the proposed bioethanol
model is examined by using the various types of Ulam’s stability. The Adams-Bashforth method is
applied to construct the numerical schemes for each type of kernel, as well as the graphically numerical
simulations for some sets of fractional orders and fractal dimensions, which are conducted to support our
analytic results.
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1. INTRODUCTION

At present, fossil fuels, such as petroleum oil, natural gas, and coal, are the main contributors
to environmental pollution and global climate change, which have an impact on living things.
They are also expensive and nearing their end. Therefore, the development of renewable en-
ergy is one way to alleviate various problems as a result of the use of fossil fuels. Bio-ethanol
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is one of the most important renewable fuels, and it contributes to reducing the negative envi-
ronmental consequences of worldwide fossil fuel use. Ethanol can be utilized in a variety of
applications, including the medical field and as a substitute fuel inside gasoline engines in the
form of gasohol, which is produced by mixing gasoline with bioethanol [1]. Bio-ethanol synthe-
sis is obtained by fermenting yeast microorganisms with the substrate of agricultural crops such
as sugar, starch, and fiber by-products, which can be found in sorghum, corn, sugarcane, carrot,
and wheat [2, 3, 4, 5]. Understanding how bioethanol synthesis works in a bioreactor is the
main focus of many scientists and researchers due to the processes that convert biomass into us-
able biomaterials having the potential to increase the economic value of currently discarded raw
materials and also lower the amount of wastewater discharged by various industries. Mathemat-
ical modeling has the potential to save lives, help in policy and decision-making, and optimize
economic growth. The construction of mathematical models for ethanol-produced processes
can be a highly useful tool for forecasting the complicated phenomena that occur in continuous
industrial ethanol procedures. To examine the dynamic behavior, a range of mathematical mod-
els based on differential equations were developed by many researchers. For example, in 2005,
Mahecha-Botero et al. [6] investigated the dynamic behavior of the fermentor’s bifurcation as
well as the impact of ethanol membrane removal on the behavior, yield, and productivity of the
process. In 2013, Isla et al. [7] studied the model describing the rates of biomass growth, sub-
strate consumption, and ethanol production from wastewater in the soft drinks industry. In 2016,
Comelli et al. [8] focused on the performance of commercial Saccharomyces yeast strains. The
fermentation process of Saccharomyces bayanus was modeled by using a strict kinetic model-
ing methodology and the model described biomass growth, sugar consumption, and bioethanol
production was developed from the An drews equation. Later, in 2018, Bhowmik and Algahtani
[9] studied the bio-ethanol production model as follows:
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where ./, denotes the modified Andrew expression with inhibition by ethanol. .4, and resi-
dence time 7 are given by
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and the initial conditions (.(0),%(0),&(0)) = (-, $o, &o) with A > 0, By > 0, and &y > 0.
The three elements of model (1.1) are all non-negative. The descriptions of unknown symbols
are described in Table 1. Next, (1.1) can be re-formulated by replacing the dimensionless vari-
ables as follows:




VARIABLE-ORDER FRACTAL-FRACTIONAL DERIVATIVES 3

TABLE 1. The details of unknown variables and parameters of the model (1.1)

Symbols Descriptions
(1), B(t), &(t) | The substrate, biomass, and ethanol concentrations at time ¢, respectively.
T The residence time.
vV The volume of the reactor.
MH(S,E) The rate of specific growth rate.
F The flow rate by means of reactor.
Mmax The maximum specific growth rate.
by The coefficient of death.
Y The ethanol production’s kinetic constant.
X The recycling ratio, which is computed using volume flow rates.
T 2 T s The biomass and ethanol/biomass yield coefficients, respectively.
Koy, Kg The saturation constant and the inhibition constant by ethanol, respectively.

Then, (1.1) can be re-written in dimensionless form by

(A Sg— S SR
df%* ) %E* {;;*eé:+71(5*)27 KB
- b, B 1.2
dé T* +1+f*+y1(£*)2 G (1.2)
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( d¢ v v 1+ 4n(E)

where

b% a//,umax
by = , T =
T F
Note that all the parameters of model (1.2) are non-negative with .#*(0) = .75 > 0, *(0) =
H5 >0, and £*(0) = &5 > 0. The details of the symbols utilized in model (1.1) are given

in Table 2. In 2020, Ciesielski and Grzywacz [10] investigated the bifurcation analysis of the

, N =HeHy, Yzzﬂfg, 73=T%T%-

TABLE 2. The details of unknown variables and parameters of the model (1.1)

Symbols Descriptions

S*(E), B*(E), £*(E) | The dimensionless substrate, biomass, and ethanol concentrations at
time &, respectively.
T*, b_*%p The dimensionless residence time and death rate, respectively.

X" The effective recycle.

oscillatory phenomena occurring in the process of bioethanol production by aerobic continuous
fermentation with Saccharomyces cerevisiae. In 2021, Alqahtani et al. [11] studied the model of
ethanol production in a continuously stirred bioreactor with recycling and analyzed the stability
of the reactor-separator system. It has been noticed that this topic has attracted many researchers
in the area of applied science and engineering.

Fractional calculus was invented and developed to describe a variety of complex problems. It
is a huge knowledge resource that has drawn the interest of numerous academics and researchers
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since the fractional order models provide more precise and reliable information on dynamical
behavior than mathematical models with integer order [12, 13, 14]. Fractional operators based
on the kernels utilized were widely applied in mathematical models to address a variety of
real-world problems. Examples include the Liouville-Caputo operator, which has a power law
kernel; the Caputo and Fabrizio operator, which has an exponential decay law kernel; and the
Atangana-Baleanu operator, which has a Mittag-Leffler kernel [15, 16, 17]. Furthermore, Atan-
gana [18] recently introduced the fractal-fractional operators, which integrated fractional and
fractal derivatives. These operators with constant order were defined and applied in conjunc-
tion with differential systems in numerous literature. Despite the fact that fractional operators
are widely used in many biochemical models [19, 20, 21], we could only identify a few pieces
of literature applied them to models of the bioethanol phenomenon. For example, in 2021,
Alqahtani et al. [22] investigated the stability of the fractional-order in the bioethanol produc-
tion model under a generalized nonlocal operator with the sense of Caputo’s type. Later, they
[23] continued their work to study the fractal-fractional operators with three different kernels
in the numerical analysis of the bioethanol production model with the effect of recycling and
mortality rates. In addition, it can be seen that constant-order fractal-fractional calculus has sig-
nificantly advanced. Here, we refer to [24, 25, 26, 27, 28]. Variable-order fractional derivatives
[29] are very helpful in examining memory characteristics that vary with time and space, and
they have received a lot of interest in their varying-order functions. Some studies demonstrated
that variable-order fractional derivatives can be used to successfully represent a wide variety of
difficult physical situations; see, e.g., [30, 31, 32, 33, 34] and the references cited therein. The
qualitative results are essential highlights of the fundamental principles of mathematical model
research in the discussion of the qualitative theory of each of the mentioned models, such as
existence, uniqueness, and stability results. The qualitative theory of the solutions for these
mentioned models helps us extend this to discover other qualities of solutions such as stabil-
ity, equilibrium, numerical solutions, and their simulations. In this field, fixed point theory and
Ulam’s stability are usually effective, and their importance could be seen in boundary and initial
value problems; see, e.g., [35, 36, 37, 38, 39] and the references therein. The fractal-fractional
operators are the most recent, and there is no much research on their applications yet in the
literature. We aim to study the bioethanol model (1.2) proposed by [9], who applied the model
with the generalized nonlocal operator in the Caputo sense. To make it different and new, the
spotlight in this study is to utilize the fractal-fractional derivatives with variable order for three
different kernels, including a power law, an exponential decay law, and Mittag-Leffler. First,
we demonstrate the existence and uniqueness of the solutions by using the fixed point result of
Banach’s. Second, we examine the stability of the solutions by using various Ulam’s stability.
Third, we find the approximated solutions by using the Adams-Bashforth method. Finally, the
dynamics of the components of ethanol synthesis for all different kernels are demonstated by a
graphical depiction of the results.

The rest of this work is structured as follows. Section 2 gives formulations of fixed-point
theorems and the basic concepts of fractal-fractional operators with variable order in the sense
of Liouville-Caputo, Caputo-Fabrizio, and Atangana-Baleanu. Section 3 presents the structure
of models for bioethanol production under fractal-fractional operators via three kernels with
variable order. The unique result for the considered model is established by using Banach’s
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fixed-point theory as well as various categories of Ulam’s stability, which are extensively veri-
fied in Section 4. In Section 5, the numerical schemes utilized by the Adams-Bashforth method
for the three kernels of the considered model are derived. Section 6 presents the discussion
and numerical simulations in graphical illustrations, while Section 7, the last section, provides
a summary of the entire study.

2. PRELIMINARIES

Assume that a(¢) and B(¢) are the fractional variable-order and fractal variable dimension,
respectively, and suppose that ¢(7) is a continuous and fractal differentiable on (a,b) with order
B(t). Next, we provide some basic concepts of the fractal-fractional calculus with variable order
that are required for our work.

Definition 2.1. ([29]). The fractal-fractional derivative of ¢ (¢) of variable-order (¢ (), (¢)) in
the Liouville-Caputo sense with the power-law kernel is defined by

NCIONID) ! d / " gyaln-1
D 9(t) = . r— 9 (s)d 2.1

t 0 ( ) F(m—a(t)) dlB(t) 0 ( S) (S) S, ( )
where m— 1 < a(t),B(tr) <m, m € N, I'(z) is the classical (Euler’s) Gamma function givened,
for Re(z) > 0, by I'(z) = [;°s° le~ds, and the fractal derivative of variable-order f3(¢) is given
by

d9(s) _ . [9(1) =9 (s5)
B0 MY B0 — B0 [

Definition 2.2. ([29]). The fractal-fractional derivative of ¢ (t) of variable-order (¢ (), (¢)) in
the Caputo-Fabrizio sense with the exponential decay kernel is defined by

R (00 By ) WZ?; 4 e (_ 1 f‘% (t—S)) G(s)ds,  2.2)

where a(t) >0, B(t) <m, me N, and M(o(t)) =2/(2— (1)), a(t) € (0,1] with M(0) =
M(1) = 1.

Definition 2.3. ([29]). The fractal-fractional derivative of ¢ (t) of variable-order (¢ (), B(¢)) in
the Atangana-Baleanu sense with the generalized Mittag-Leffler kernel is defined by

FEM (a(0)B(0) gy _ AB(2(1)  d /’ _ o) e

PR V) G(t) = =) df® Jy Eq () T (r—s) G (s)ds, (2.3)
where 0 < a(t),B(t) < 1, AB(a(t)) =1—o(t) + o(r) /T (ex(r)) with AB(0) = AB(1) =1, and
the Mittag-Leffler function is defined by

o0 k
Z

Eo@)(2) = k;)m zoeC, Re(a(t)) >0, (2.4)

with C is the set of the complex number.

Definition 2.4. ([29]). The fractal-fractional integral of ¢ (¢) of variable-order (a(z), B(¢)) with
the power-law kernel is defined by

FFP o(t),B(t) ~ B@) " at—1/,  Na()—1
AP0 = Ha /0 s40=1( _ )@ 0-1%(5)ds. 2.5)
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Definition 2.5. ([29]). The fractal-fractional integral of ¢ (z) of variable-order (¢ (z), B(r)) with
the exponential decay kernel is defined by

FFE 700 Bll)gy ) _ (1—a(0)B(O)BO1g(r)  a(r)B(r) /Otsoc(z)lg(s)ds' (2.6)

M(a (1)) " M(a(r))

(
Definition 2.6. ([29]). The fractal-fractional integral of ¢ (¢) of variable-order (a(z), B(¢)) with
the generalized Mittag-Leffler kernel is defined by

) B(0) o (1=a@)BOFPOG(@)  a(®)BE) [ ap)-
A G (1) = AB(a() AB(a(r))/o s“O-1g(s)ds. (2.7

Theorem 2.7. (Banach’s fixed point theorem [40]). Let X be a Banach space, and W C X,
W £ 0 be a closed subset. If the operator 2 : W — W holds the contraction condition, then 2
has a unique fixed point in W.

3. MODEL CONSTRUCTION

This section proves both the existence and uniqueness results of model (1.2) in the sense
of the power law (2.1), the exponential decay (2.2), and the generalized Mittag-Leffler kernels
(2.3), and the Ulam’s stability of the considered model. For ease of computation, we set the
symbols

§ e 5/0*_5/* 07

gl(gvy ;% 75 ) - = _1+5/*+y](@@*)27 (3.1)
GBS FE) = A P e G
DRE,S* B E) = e + o 1+<5/*+71(650*)2+ ol (3.3)

3.1. The VOFF-BEP via the power law kernel. The model (1.2) is modified by replacing the
ordinary derivative with the fractal-fractional derivative under the power-law kernel as follows:

gFng(é)vﬁ(é)y*(g) =G (&, ", B, &),
Ig]Fng(é)ﬁ(é)%*(é) =G (E,. 9" B, EY), (3.4)
EFPQg(g)ﬁ(é)g*(é) _ %(2,‘,Y*,%’*7@‘"*),

where ¢(E,.7*, %, &*) are defined by (3.1)-(3.3), respectively. Model (3.4) can be re-constructed
as:

{ PPy e) =92, u()), (3.5)
U(O) == [UO 2 07

where
S(8) *(0) % (&) % (8,7, B*,6%)
U= [2(C) |.U(0)=| #(0) | 9. U(E)=|%(©Q) | = (%G, 2. |.
& (&) &*(0) %(8) %(é,f",%’*,éa*)(%)
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Model (3.4) can be re-written to the Volterra type since the fractional integral is differentiable.
Then the fractal-fractional derivative in the Riemann-Liouville sense can be transformed to the
following model

gwmggz(é),ﬁ(é)y*(g) = B(&)EPC1g (&, 7%, B, &),

STrof PO g g) = pe) PO % (E, 0 B, 67), (3.7)

EFPRLDg(g)vﬁ(é)g*(g) — ﬁ(g)éﬁ(€)71g3(é,y*7%*vg*)7

Model (3.7) can be re-formulated as:

{ g g PR = pe)ePO 1y (g, uE)), (3.8)
U(0) =Up >0,

FPRL@S‘(@%B(@)

To apply the integral initial conditions, operator Ig should be replaced by

Igwi)g (&) (5). Using the fractal-fractional integral (2.5) to both sides of (3.8), we obtain the
following equation:
g
U(E) =Ug+ Ffoffg)) /0 sPO=1(E —5)*6)~1g (5, TU(s))ds. (3.9)

To analyze the qualitative results of the considered model, we provide a Banach space X =
%([0,T*] x R?,R) equipped with the norm [[U|| = [|(*, 2", &*)|| = supgcjor |7 (§) +
B (&) +E*(E)|, If equation (3.9) has a fixed point, then it has a solution. Next, we define
an operator 2 : X| — Xj. In view of (3.9), one can define 2, as

¢
(2,U)(&) =Up+ r(ﬁof(ég))) /0 sPE-1(E — ) -1g (5 U(s))ds. (3.10)

We then transform the considered model to the fixed point problem (U = 2, U).

3.2. The VOFF-BEP via the exponential decay kernel. Model (1.2) is modified by replacing
the ordinary derivative with the fractal-fractional derivative under the exponential decay kernel
as follows:

gFEgg(g)vﬁ(g)y*(g) :gl(é’y*7%*,g*),
Ig}FEgg(é)ﬁ(é)%*(é) =@ (&, B* &), (3.11)
IgFEgg(é)ﬁ(f)g*(é) _ g3(57y*’%*7g*),

where ¥;(&,.7*, B*,&*) are defined by (3.1)-(3.3), i = 1,2,3, respectively. Model (3.14) can
be re-constructed as:

{ IEpg Py (g) =98, v(8)), (3.12)
V(0) = Vo >0,

where
7(8) Z*(0) %(8) G (8, 7", %", 67)
V=125 |, V(0)=(2(0)).906, V(&) =|%(©&) | =& 2.5 ].
&*(8) &*(0) %(8) %3(€,Y*,%*,5*()3 )
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Model (3.11) can be re-written to the Volterra type since the fractional integral is differentiable,
then the fractal-fractional derivative in the Riemann-Liouville sense can be transformed to the
following model

IEFERL@g(é)ﬁ(E)y*(g) _ ,3(é)gﬁ(i)—l%(g,yﬂ%’*,@‘"*),
EFEM@g(é),B(é)%*@) = B(&)EPC) g (& 7 B &), (3.14)
EFERLDg(é)vﬁ(é)(g@*(é) _ B(g>§ﬁ(€)—1g3(§,y*,@*,£*),

Model (3.14) can be re-formulated as:
e O Py (e) - BE)EPO (e V() 3.15)
V(0) = Vo >0,

(&).B(5)

To apply the integral initial conditions, operator gmm@g should be replaced by the

operator ]?FE@g (6)p (é). Using the fractal-fractional integral (2.6) to both sides of (3.15), we
obtain the following equation:

_ BE)EPE-1(1-a(§)) a(8)B(E) 5sﬁ(g)—1 © V(s)ds
V(E) = Vo + R e R (G V) + e [P, ))213.16)

To analyze the qualitative results of the considered model, we define a Banach space X, =
€ ([0,T*] x R*,R) equipped with the norm ||V|| = ||(7*,2*,&%)|| = Supgcjo+] -7 (8) +
B (&) +E%(&)|, S, HB*,&* € X,. If equation (3.16) has a fixed point, then it has a solu-
tion. Next, we define an operator 2, : X, — Xj. In view of (3.16), one can define 2, as

BEEPD (1 - a(e))
)Y EVEN

We transform the considered model to the fixed point problem (V = 2,V).

3.3. The VOFF-BEP via the generalized Mittag-Leffler kernel. Model (1.2) is modified
by replacing the ordinary derivative with the fractal-fractional derivative under the generalized
Mittag-Leffler kernel as follows:

]E‘]P‘Mgg(é)ﬁ(‘g)y*(g) =9 (&, 7%, B, &),
]EJFMgg(é),ﬁ(i)%*(g) =@ (&, B* &), (3.18)
EFMgg(é)ﬁ(é)g*(é) _ g:;(g’y*?%*’g*),

where ¥;(E,.7*, *,8*) are defined by (3.1)-(3.3), i = 1,2, 3, respectively. Model (3.18) can
be re-constructed as:

o(

§)B(S) gs[}(é)—l © V(s)ds
@) s

(2,V)(&) =Vo+ i
(3.17)

{ EFM@g(é),ﬁ(é)W(g) =G (E,W(E)), (3.19)
W(O) = WO > 07

where

(&) (0 “%(8) G(S, S, B, &)
W= {[2(E) ], WO)=|2(0) |, 9(5.W(E))=|%((C) | =|%¢&7 2.6 |.
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Model (3.18) can be re-written to the Volterra type since the fractional integral is differentiable,
then the fractal-fractional derivative in the Riemann-Liouville sense can be transformed to the
following model

IEFMRLQg(é)ﬁ(f)y*(g) = B(&)EPC)-1g (&, .7 B, &),
EFMRLQg(g),B(é)%*(g) _ ﬁ(&)éﬁ(é)*lgz(g,y*’%*’£*>7 (3.21)
gmmi)g@wé)g*(g) = B(E)EPS) gy (&, .7 B, 67,

Model (3.21) can be re-formulated as:

{ EFMRL@g(é)ﬁ(é)W(é) _ ﬁ(é)éﬁ(é)—lg(g,W(é)), (3.22)
W(O) == WO 2 07

FFMR]L@S‘(&)J;@)

To apply the integral initial conditions, operator £ should be replaced by the

operator IEFMD(? (6)p (é). Using the fractal-fractional integral (2.7) to both sides of (3.22), we
obtain the following equation:

B(E)-1
W(E) = wo+ﬁ<5>5m( Al “<§>)%<5,w<5>>

BE yal&)-1
+ AB / G(s,W(s))ds.  (3.23)

To analyze the qualitative results of the considered model, we define a Banach space X3 =
€([0,T*] x R*,R) equipped with the norm ||W| = ||(.7*, %", &) = supg o, |- (8) +
B (E)+ & (E)], S, B*,&* € X3. If equation (3.23) has a fixed point, then it has a solution.
Next, we define an operator 23 : X3 — X3. In view of (3.23), one can define 23 as

BE)EPE 11— a(f))
AIB3( (&)

+AB / sPL )& (s W(s))ds. (3.24)

(ZsW)(5) = Wo+ Y5, W(S))

Then, we transform the considered model to the fixed point problem (W = 2;W).

4. QUALITATIVE ANALYSIS
4.1. Existence-uniqueness Results.

Theorem 4.1. Assume that G € X verifies the following assumption:

(o)) There exists a positive constant L, < 1 so that

9(8,U1(8)) —9(8,U2(8))| < L, [U1(8) — Ua(8)],
forallUy, Uy € X and & € [0, T*].

I]‘B*(T*)O‘*J“B**IF(B*)X% < I'(o* + B*), then problem (3.8) has a unique solution, which
implies that VOFF-BEP model (3.4) has a unique solution.
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Proof. Let 4* be a non-negative constant such that supgcpo 1+ |%(8,0)| = 9} < +oo, @* =
supgcjo.r+{ ()} and B* = supgcpo r+{B(5)}. Define a bounded, closed, and convex subset
of D, = {U €X, :||U|x, < ri}. Fix a constant

[Uplg, + BTV LB g
1

(" +B*) 1
r= T
B (T*)* P 1D(B*)
S CiEY DR
The proof is split into two steps.
Step I: Prove 21D, C D,,.
For any U € D,,, we have
(2,0)(8)]
B(&) /5 B(E)-1 (&)1
<|Up| + s —s 4 (s,U(s))|ds
|Uol T(a(€)) Jo (&—s) (s, U(s))|

g
<[00+ 2 [P =) O [0(6,U6) - 9 (,0)|+ 95,005 s
B (TH)* ()
I(a*+p*)
which implies that 21D, C D,,.

Step II: Prove that 2, is a contraction.
For any Uy, U, € D,, and & € [0, T*], we have

[(21U1) (&) — (2102)(8)]
< Fort /fsﬁ“”1<é—s>°‘<4‘>1\%(s,wws))—%(s,wsmds

< |[Uollx, + [Ligyr1 + 9]

[(e())
B (T)* P 'r(B")
< J—
> F((X* +ﬁ*) g%[u ||U1 UZHXI )
which implies that
* (T a*+ﬁ*71F *
12,U; — 2,Us|x, < AT (B )ngHUl—UzHXI-

- (o +B*)
Since [(B*(T*)* P ~IT(B*))/T(a* + B*)]-Ly, < 1, by the conditions of Banach contraction
principle (Lemma 2.7), then 2 is said to be a contraction. Hence 2| has the unique fixed point
which implies that VOFF-BEP model (3.4) has a unique solution. ]
Theorem 4.2. Assume that G € X, verifies the following assumption:

(%) There exists a positive constant L, < 1 so that

19(3,V1(8)) —4(8,V2(3))| < L, [V1(§) = Va(8)],
forallVy, V, € X; and & € [0,T*].
If <[3*§£;—1(1 — o)+ OC*(T*)B*> Ly, < M(a*), then problem (3.15) has a unique solution

which implies that VOFF-BEP model (3.11) has a unique solution.
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Proof. Suppose that &5 is a non-negative constant such that supg (o 1+ |%(§,0)| = 45 < +oo,

o = supg o {@(8)}, 0 = infecpor{@(8)}, and B = supg (o 7+ {B ()} Set a bounded,
closed, and convex subset of D,, = {V € X, : ||V||x, < r»}. Fix a constant

Bef -a) | ar(m)F ) e
||V0||X2+( M(a(*) )+awj(1(a2) )%

ry > 5eP (1o T
min it o (T
1= ( M) T M(an )g%

The steps of proof are divided into two steps.
Step I: Prove 2,D,, C D,,.
For any V € D,,, we have
(22V)(8)]
PO —a(8)

a(5)B(&)

g
AS)BS) [ BE-114(s V()| ds
VN Tgrarey [, O 6 V)N

IN

Vol +

AN
<
=
+

=4 (e (&) - 92,0 + 9 EVE |

SUEPL) [* 011916, v(5) - 9501+ 95 V16 s

B g B /’g BE)-1
d [.,s,ﬂ %*] ,
M((x +M( *) 0 S N %;rZ‘f— 2
which yields that 2,D,, C D,,.
Step II: Prove that 2, is a contraction.
For any Vi, V, € D,, and § € [0,T*], we have

< Vollg, +

*)_ Ot*) [ggvrz —l—gz*}

) e v,(8) —2(8,v1(&))]

B(&EPE1(1—a
[(22V1)(€) — (22V2) (&) < M(a(g))
ﬁ =19 (5,V1(s)) — 9 (s, Va(s))|ds

/3 —1 e
(ﬁ 5%(;*) *)+aM§Ta2) )g%ywl—Vzllxz,

which yields that

BreP M1 —a)  or(T)F
||92V1—32V2||x2§< S7TCD) +2 i | 2o V1= Vallx,.

Since [(B*éfu*nfl (1—a))/M(a*) + (a*(T*)P") /M(a*)] %4, < 1, by the conditions of Banach
contraction principle (Lemma 2.7), then 25 is said to be a contraction. Hence 25 has the unique
fixed point which implies that VOFF-BEP model (3.11) has a unique solution. U

Theorem 4.3. Suppose that G € X3 satisfies the following assumption:
(e73) There exists a positive constant Ly, < 1 so that

[9(8,Wi(S)) = (S, Wa(&))| < L, [W1(S) = Wa(8)]
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for all Wi, W, € X3 and & € [0,T*].
If

B(T)F (1) o (T)* +FIT(p")
( AB(a*) | AB(a")[(o" +B*) ) Ly <1

then problem (3.22) has a unique solution which implies that the VOFF-BEP model (3.18) has
a unique solution.

Proof. Assume that &5 is a non-negative constant such that supg (g 1+ % (§,0)[ = 45 < oo,
o = supgco 1 (8)}, o = infeepor{0t(S)}, and B* = supecpo r{B(§)}. Set a bounded,
closed, and convex subset of D,, = {W € X3 : | V||x, < r3}. Fix a constant

B émln (1 (X*) *ﬁ* T a*+ﬁ*7lr‘ ﬂ*
[Wollx, + ( ABr) T @ A]Bg(al)r(a*w*() ))
r3 >

- xgBr-1 — * R (Mot +f* — * ’
1_(B Sy (=) | apr (T lr(ﬁ))ggw

AB(a*) AB(a*)'(a*+B*)

The steps of proof are divided into two steps.
Step I: Prove 23D,, C D,,.
For any W € D,,, we have

|(25W) (&)

BE)EPO (1 - a(e))
) E W)

a(§)B(S) (B(E (s S
B >w&>/ 9 (5, W(s))|d
BE)EFO 1
AB(a(&))

a(é)ﬁ(é) gsﬁ(g)fl g a(é)—1 s 9 — s : S S
+AIB%(0¢(§))F(0¢(§))/O (E—s) [I%( W (s)) —4(s,0)| +19( ,W())@d

* B‘*—l _ * Rk (ko B —1 *
. HW0HX3+<B S (1= @) B (1) P 1T (p )) [+ 5]

IN

(Wol+

IA

(Wo| +

a@DWﬂ&W@»_%QmH#HQW@M]

AB(a*) AB(a*)T'(a*+ B*)

which yields that 23D,, C D,,.
Step II:Prove that 2, is a contraction.
For any Wy, W, € D,, and & € [0, T*], we have

[(Z3W1)(8) — (Z3W2) ()|

BEIEPE 11— a(E))
< PR e E &) S EWae))

Mgﬁéﬁi / P D119 (5, W (s)) — 9 (5, Wals)) | ds

B _ % o B — *
<ﬁgm<1 o+aﬁ<> s Tf>>zmmm—wm&,

AB(a*) AB(a*)I'(a*+ B*
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which yields that

B Gmin (1- ) | o' B*(T)™ P 1I(p")
AB(or*) * AB(o*)T(o* + B*) > Ly W1 —Wallx, .

| 23W1 — 235Ws||x, < <
. —1 * * Q% * * * * * * *

Since [(B*ED. (1 — o)) /AB() + (' B*(T*)* P 1T(B*))/ (AB(a" )T (0" + B))] L,

< 1, by the conditions of Banach contraction principle (Lemma 2.7), then 25 is said to be

a contraction. Hence 23 has the unique fixed point which implies that VOFF-BEP model

(3.18) has a unique solution. O

4.2. Ulam’s stability. In this section, we show that various type of Ulam’s stability for VOFIF-
BEP models (3.4), (3.11), and (3.18). Let Ky, Kg,, Kz, > 0 be constants and functions P,
Py, P, € €([0,T], R*). Next, we consider the following inequalities

2P Ou(E) - (£, UE)| < Ka, (4.1)
FERFOP ey ()~ (£ V©E)| < Ka, (4.2)
‘IE‘IFMQO@)NB(@W@) GEWE)| < Kgy, (4.3)
FPor@POuE) 9 (&, UE)| < kpyPu(E), (4.4)
EEs POy (E) g, V()| < Kg Py (E), 4.5)
’gFMgg(é),ﬁ(é)W(é) GEW(E))| < KgyPay(E), (4.6)
gwgg(é)ﬁ(é)mé) GEUE))| < Py, (), 4.7)
FERSPOVE) -~ (£, V()| < PulE). (4.8)
’]E]FMQSC('S)M&)W(&)_ (EW(E)| < Py, (&), 4.9)

* _ T _ T — T o;_
where & € [0,T*], kg, = max(Kng) , Ky, = max(Kng) , and Ky, = max(Kng) ,j=1,2,3.

Definition 4.4. VOFF-BEP models (3.4) is called Ulam-Hyers stable if there exists a constant
Py, > 0 such that, for every ki, > 0 and for every solution Zy € X of (4.1), there exists a solu-
tion U € X, of (3.5) with | Zy (&) — U(§)| < Py, ke, where & € [0, T*] and Py, = max (P, )7,
i=1,2,3.

Definition 4.5. VOFF-BEP models (3.11) is called Ulam-Hyers stable if there exists a constant
Py, > 0 such that, for every kw, > 0 and for every solution Zy € X, of (4.2), there exists
a solution V € Xj of (3.12) with |Zy(§) —V(&)| < Py, ky,, where & € [0,T*] and Py, =
max(CI)ng_)T, i=1,2,3.

Definition 4.6. VOFF-BEP models (3.18) is called Ulam-Hyers stable if there exists a constant
Py, > 0 such that for, every ki, > 0 and for every solution Zy € X3 of (4.3), there exists a
solution W € X3 of (3.19) with |Zwy(§) —W(&)| < &g, Ky, , where & € [0,T*] and Py, =
max(CI)gWi)T, i=1,2,3.



14 C. PLEUMPREEDAPORN, S. PLEUMPREEDAPORN, C. THAIPRAYOON, J. KONGSON, W. SUDSUTAD

Definition 4.7. VOFF-BEP models (3.4) is called generalized Ulam-Hyers stable if there ex-
ists a function Py, € €([0,T*],R") via Py (0) = 0 such that, for every kg, > 0 and for
every solution Zy € X of (4.4), there exists a solution U € X of (3.5) with |Zy (&) —U(&)| <
Py (Kg,), where § € [0,T*], and Py, = max(@gUi)T, i=1,2,3.

Definition 4.8. VOFF-BEP models (3.11) is called generalized Ulam-Hyers stable if there
exists a function Py, € €([0,T*],R") via P4, (0) = 0 such that, for every ki, > 0 and for
every solution Zy € X, of (4.5), there exists a solution V € X; of (3.12) with |Zy () — V(&)| <
Py, (K, ), where € € [0,T], and Py, = max(@gvi)T, i=1,2,3.

Definition 4.9. VOFF-BEP models (3.18) is called generalized Ulam-Hyers stable if there ex-
ists a function Py, € €([0,T*],R*) via P4, (0) = 0 such that, for every ky,, > 0 and for every
solution Zyy € X3 of (4.6), there exists a solution W € X3 of (3.19) with |Zw(§) —W(&)| <
P (Kg, ), where & € [0,T*], and Py, = max(@gwi)T, i=1,2,3.

Definition 4.10. VOFF-BEP models (3.4) is called Ulam-Hyers-Rassias stable with respect to
Py, € €([0,T*],R") if there exists a constant Qg > 0 such that, for every ki, > 0 and for
every solution Zy € X of (4.4), there exists a solution U € X of (3.5) with |Zy(&) —U(&)| <
Qy, Ky, P4, (E), where & € [0,T7], Qy = maX(QgMi)T, and Py, = max(ﬁgmi)T, i=1,2,3.

Definition 4.11. VOFF-BEP models (3.11) is called Ulam-Hyers-Rassias stable with respect
to P4, € € ([0,T*],R") if there exists a constant Qg, > 0 such that, for every ki, > 0 and for
every solution Zy € X, of (4.5), there exists a solution V € X; of (3.12) with |Zy () — V(&)| <
Qy, kg, P4,(), where & € [0,T], Qg = maX(ngi)T, and Py, = max(ﬁgvi)T, i=1,2,3.

Definition 4.12. VOFF-BEP models (3.18) is called Ulam-Hyers-Rassias stable with respect to
Py, € €(]0,T*],R") if there exists a constant Qg,, > 0 such that, for every ky,, > 0 and for ev-
ery solution Zyy € X3 of (4.6), there exists a solution W € X3 of (3.19) with |Zw (&) — W(&E)| <
Q. Kegyy P, (), where & € [0,T], Qg = max(QgWi)T, and Py, = max(@%vi)T, i =
1,2,3.

Definition 4.13. VOFF-BEP models (3.4) is called generalized Ulam-Hyers-Rassias stable
with respect to Py, € €([0,T*],R") if there exists a constant Qg > 0 such that, for ev-
ery solution Zy € X of (4.7), there exists a solution U € X; of (3.5) with |Zy (&) —U(§)| <
Qy, P4 (&), where § € [0,T*], Qg = max(QgUl_)T, and Py, = max(@gUi)T, i=1,2,3.

Definition 4.14. VOFF-BEP models (3.11) is called generalized Ulam-Hyers-Rassias stable
with respect to Py, € €([0,T*],R") if there exists a constant Qg, > 0 such that, for every
solution Zy € X, of (4.8), there exists a solution V € X; of (3.12) with |Zy(§) —V(§)| <
Qy, Py, (E), where & € [0,T*], Qg, = max(Qng_)T, and Py, = max(@gvi)T, i=1,2,3.

Definition 4.15. VOFF-BEP models (3.18) is called generalized Ulam-Hyers-Rassias stable
with respect to Py, € €([0,T*],R") if there exists a constant Qg > 0 such that, for every
solution Zyy € X3 of (4.9), there exists a solution W € X3 of (3.19) with |Zw(§) —W(&)| <
Qy., P4, (E), where & € [0,T*], Qg = maX(QgWi)T, and Py, = max(g@gwi)T, i=1,2,3.

Remark 4.16. Zy € X, Zy € X5, Zw € X3 be solutions of (4.1), (4.2), and (4.3), respectively,
if and only if there exist yy € X, xv € Xy, xw € X3 such that yy(0) =0, xv(0) =0, xw(0) =0,
with the following properties
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(1) |10(E)] < g, with zy = max ()7 (1 =1,2,3). for Kz, >0, and §PDG P (&) =

9(8,U(c)) +xu(8).
(B2) |17(8)] < Kz with 2y = max ()T (i = 1,2,3). for Kz, >0, and EED Py () =

G(8,V(8))+xv ().
(%3 |1w(&)| < K. with xryy = max (gw,)7 . (1= 1,2,3), for K, >0, and FMDG Py ()

=94(6,W(S)) +xw(&)-

Remark 4.17. Let Zy € Xy, Zvy € X,, Zw € X3 be solutions of (4.4), (4.5), and (4.6), re-
spectively, if and only if there exist Yy € X1, yy € X,, and yyy € X3 such that the following
properties

(@) [yu(8)] < kg Py (&), wu = max(yy,)", Py, = max(Pg, )", for i =1,2,3, and
FPogOPOu(E) =9/, U(E)) + yu(®).

(62) |y (8)| < Ky, P4,(E), Wy = max(l//vl.)T, Py, = max(@%i)T, for i = 1,2,3, and
g OOy (E) = 9(£,V(8)) + ().

(@3) lyw(E)| < Ky Pz, (§), Wi = max(yiw,)", P, = max(Pg,, ), fori=1,2,3, and
FpE PO (E) =9, W(E)) + yw(E).

4.2.1. Ulam-Hyers stability. First, we show some essential results that are required for consid-
ering Ulam’s stability for VOFF-BEP models (3.4), (3.11), and (3.18).

Lemma 4.18. Let Zy € X| be a solution to (4.1). Then
B (T*)* P 1r(B)

’ZU(€>_gZU(€)| < F((X*—f—ﬁ*) Keys
where
_ B(&) 5sﬁ(s)—1 OO 7 (s
%Zw(é)—ZUO%—r(a(g))/o (€ — )01 (5, Zuy(s) )ds. (4.10)

Proof. Suppose that Zyy is the solution to (4.1). By applying (%)) as in Remark 4.16, we have

{ Igm»@g(é)ﬁ@zw(g) =9(8,Zu(8)) + xu(8),
ZU(O) = ZUO > 0.

Then, the solution of problem (4.11) can be written as

3
Z0E) = B+ s [P E =) Zu(9)as

(4.11)

_|_

B(&) ésB(s)f 01y () ds
Farey ) ©O O o
This yields that
3
Zy(&) — 4, (8)| < Fféfg»/o BEOT(E — @O |y (s)| ds

_ BT TR
I +B7)
Thus inequality (4.10) is required. U

KgU .
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Theorem 4.19. If (<)) and Lemma 4.18 hold, then VOFF-BEP models (3.4) is Ulam-Hyers
stable.

Proof. Let kg, € R* and Zy be a solution to (4.1). Assume that U € X is a unique solution to
the considered problem. Then,

Z0(8) - Vo~ oL [* P01 g — )14 505 s

/oé POTNE =071 (5, Zy(5))ds

- ’ZU@‘ZW ey

/ $B(s) Y41 (s, Zy (5)) — 4 (s, U(s))| ds
.

(:«%+z%|zu<é>—w<é>r).

By choosing a constant

_ BT ) (g )
BT D (1_ [(a”+B7) g%)’

one sees that |Zy(§) —U(E)| < Py, ky,. Hence, VOFF-BEP models (3.4) is Ulam-Hyers
stable. O

By choosing a function Py (§) = &y Ky, with P4 (0) = 0 in Theorem 4.19, we obtain
that VOFF-BEP models (3.4) is generalized Ulam-Hyers stable.

Lemma 4.20. Let Zy € X, be a solution of (4.2) then

S
28~ (&)~ Gross) [ PO (5.2 )

BrEl T (1—a) o (T
= ( Mo M(ar) )

where

ng(g) :ZV0+ (57ZV(§)) 4.12)

Proof. Suppose that Zy is the solution of (4.2). By applying (%,) as in Remark 4.16, we have

{ D PO 7y (E) =9 (&, Ty (&) + xv (&), (4.13)

Zwy(0) = Ziy, > 0.
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Then, the solution of problem (4.13) can be written as

Zy (&)
_ B(E)EPE-1(1-a(é)) 55) J’:Sﬁ(é)—l o To(s
= Ty + e (6. T / Y (5. Z(5))d
BEEFO M1 —aE)) B
T M(a(8) /
which yields that
a(E)BE) 5 g
B0(§) =426~ Gy [, P0G Tl
BE)EPO1(1—a(é)) a(§)BE) 5 pier1), i
< e O g ) PO el
BrEb (1—a) ot (THF
Thus (4.12) is required. UJ

Theorem 4.21. If (o/5) and Lemma 4.20 hold, then VOFF-BEP models (3.11) is Ulam-Hyers
stable.

Proof. Let kg, € R* and Zy be a solution of (4.2). Assume that V € X, is a unique solution of
the considered problem. Then,

| Z(§) = V(5)]
o B a()) OB 5 561y
< |Z0(&)- Vo e Ve Sy IV
a(§)BE) [°

< ZV(&)_gZV(g) ( (é))/() SB 1%(S,Zv(8))ds

BEEPO (1 —a(d)) _

+ M(a (5)) 19(8,Zv(8)) —9(5,V(§))|

+SUEIBLE) 29000 5, 24(6) 9. V(5)

* ﬁ_*—l . *\B*

. (ﬁ ém&[(éﬁ) o), Nﬁl‘a; (s, + L, 120(6) - V(E)] ).
By taking

(B ) @\ (e e e, )
q’%'_< M) oMy )T My T e [ )

one sees hat
|Zv(§) = V(§)| < Py, K
Hence, VOFF-BEP models (3.11) is Ulam-Hyers stable. U
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By choosing a function Py, (§) = Py, kg, With Py, (0) = 0 in Theorem 4.21, we obtain
that VOFF-BEP model (3.11) is generalized Ulam-Hyers stable.

Lemma 4.22. Let Zvwy € X3 be a solution to (4.3). Then

20~ %) - 45 =i 19 (5, Zon(s))ds
g <ﬁ*€£:nl(1—a*) *B mr*)“ +B 1r<ﬁ ))K
= AB(a) AB(a)(ar+p7) )

where

BEEPE (1-a(),,
AB(«(E))

Proof. Suppose that Zyy is the solution to (4.3). By applying (%43) as in Remark 4.16, we have

%ZW(};) :ZW0+ (€7ZW(€)) 4.14)

{ EMDy P 2y (8) = 9. 2w (§)) + 2w (8), “1s)
Zw(0) = Ly, 2 0. .
Then, the solution of (4.15) can be written as
Zw(8)
_ 13(5)5’3(5)*1(1 —a(8))
e 7Y (5, Zy (5))ds
B(é)é‘ﬁ ( (5)) BE
e o [P =9 s,
which yields that

AB(a(€))T(
B(E)EPE-1(1—a(E)) £
< i) )T B
B bmin (1 =) | o (D) P IT(p) |
AB(ar*) AB(a*)[ (o + B%) -

g
‘ZW(g)_gZW(é)_ a(g)ﬁ(g)(é))/o Sﬁ(g)il(é_S)a(é)ilg(S,ZW(S))dS

gﬁ(é) F PO (E U ()| ds

Thus (4.14) is obtained. L]

Theorem 4.23. If (o) and Lemma 4.22 hold, then VOFF-BEP model (3.18) is Ulam-Hyers
stable.
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Proof. Let Ky, € R* and Zyy be a solution to (4.3). Assume that W € X3 is a unique solution
to the considered problem. Then,

|Zwr (§) = W(S)]

D), BEEFO 1 —a(@)

AB(a(&))

PO (1-a(§) .
+ et (€. T () 4 (&, W(E))
+AIB r(é) / P A=V (5, Zw (5)) — % (5, W(s))|ds

<

ﬁéﬁin <1—a*> o (T*)* B 11 ()
( AB(a) | AB(a)T(a + ) )(’%JF%W‘ZW@_W(@‘)'

By choosing a constant

ﬁ*é,g;*l(l*a*) n a*ﬁ*(wﬂ‘*)a*H?**lF(ﬁ*)

by = AB( ) AB(o" )T (" +B7)
W ﬁ * *_ Y
B* 5mm (l a*) * B (T +B*—1(B*
L= ( AB(@) T . iIBE(a’)‘)F(a*+ﬁ*()B )> Ligy

one sees that |Zw (&) —W(&)| < dy, kyg,. Hence, VOFF-BEP model (3.18) is Ulam-Hyers
stable. O

By choosing a function Py, (§) = ®g,, kg, With Py (0) = 0 in Theorem 4.23, we obtain
that VOFF-BEP model (3.18) is generalized Ulam-Hyers stable.

4.2.2. Ulam-Hyers-Rassias stability results. Next, we give another assumption that are needed
in the sequel.
(A1) For any & € [0, T*], there exists an increasing function Py, € X and Ay, > 0 such that

FIF g 0P gy (8) < Aigy Pig (8.
(#4) For any 5 € [0, T*], there exits an increasing function Py, € X; and Ay, > 0 such that
B()

TR PO 2y, (8) < Aeg, P, (E)
(763) For any & € [0,T"], there exist an increasing function P, € X, and Ay, > 0 such that
t

L EOP0 3,0 (2) < gy P £).

Lemma 4.24. Let Zyy € X be a solution of (4.7) then |Zy(&) — %z, (&)| < kg Ay, Py, (&),
where 9z, (§) is given by (4.10).

Proof. Assume that Zy; is the solution to (4.7). By using (%7) as in Remark 4.17, we have

{ Igwgg(é)ﬁ(é)zm(g) =9(&,Zy(&)) +yu(§),

(4.16)
Ziy(0) = Zy, > 0.
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Then, the solution of problem (4.16) can be solved as

Zy(§)

# DL [0 g =)0 5 (o)

B(&) 5ﬁ(s)f als)— .
e | =9 ()

which implies that

S
208) ~ 42, (6)] < chies [P G =) o) ds < i, P 6,

This completes the proof. U

Theorem 4.25. If (o)), (91) and Lemma 4.24 hold, then VOFF-BEP models (3.4) is Ulam-
Hyers-Rassias stable.

Proof. Let kg, € R™ and Zy; be a solution to (4.7). Assume that U € X is a unique solution of
the considered problem. By applying Lemma 4.24 with (7)), and (Z;), we have

3
Zus(E) — Ug — ﬁ(é)) 0 B _ @0 -1g(5 T(s))ds

)
BE) [ pis)- u(s)—
< ‘Z’U(é _ZUO - F((X(é)) 0 Sﬁ( ) 1(6 _S) () lg(S,ZU(S»dS

)
BE) _ [° 811 (& _ 01 (g5, Zus(5)) — (5, U(s)) ds

I'(a(8)) Jo
o+ —1 *
< Kgmz'%}'@%}(g)"i"ﬁ (Tr)(a* +B*§<ﬁ )

Zu(§) -U(E)] <

_|_

Ly, |Ty(8) —U(E)].

~1
. * ey HBF -1 *
By setting a constant Qg 1= Ay, (1 _B (Tr)(aurﬁ*)r(ﬁ Lf%) , one has |Zy(&) —U(S)| <

Qg Ky, Pg4,(E). Hence, VOFF-BEP models (3.4) is Ulam-Hyers-Rassias stable. O

By taking kg, = 1 into |Zy(§) —U(§)| < Qg Ky, P, (E) as in Theorem 4.25, we obtain
that VOFF-BEP models (3.4) is generalized Ulam-Hyers-Rassias stable.

Lemma 4.26. Let Zvy € X, be a solution to (4.8). Then

¢
Zﬂé)—%ﬁé)—% /0 PG (5,7 (5))ds| < kg Ag, P, (E),  (4.17)

where 47,,(&) is given by (4.12).

Proof. Assume that Zy is the solution of (4.8). By using (%>) as in Remark 4.17, we have

{ gmgg(é),ﬁ(é)zv(g) =9 (&, Zvy(E))+wy (&),
Zy(0) = Zy, = 0.
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Then, its can be solved as

g, BEPE

—a(f)) a(8)B(E) [ pe)-1
Z(&) = L, e Sz + SEBEL 0614 2y (5)as
B(E)EPET(1-a(E)) a(8)B(E) 5s[5(g)1 s
+ M(a(E)) ‘Vv(é)ﬂLM(a(é)) A Wy (s)ds,
which implies that
a(&)BE) [° pe)-
ZV@_%"@_M/O PO (5, Ty (s))ds
B(§EPST1-a(f)) a(S)B(E) [° BE-1 1y ()l ds
< i) WO S P el
< Ky Ay, P, (6).
Thus (4.17) is obtained. UJ

Theorem 4.27. If (#5), (2) and Lemma 4.26 hold, then VOFF-BEP model (3.11) is Ulam-
Hyers-Rassias stable.

Proof. Let kg, € R* and Zy be a solution to (4.8). Assume that V € X is a unique solution of
the considered problem. By applying Lemma 4.26 with (.2%), and (%), we have

|Zv(8) = V(E)]

BE-1(1 —
Zy(&)—Vo— B(é)éM(a((g))
:

Zy(§) — Y2, (&) — ﬁf;%)))/o sPE1G (s, 7y (s5))ds

BE)EPE (1 —a(§))
M(a(&))

a(8)B(S) /‘5 sPE1 g (s, Zy (5)) — (s, V(s))|ds

(@)
Br—1 . *\B*
< K%%%V@H(ﬁ o ) o) )zngw;) V).

4
a(g))%(é,wé))—%/o sﬁ(é)_lg(&V( ))d

IN

+ 19(8,2Zv(8)) —9(8,V(E))|

B*-1 -1
By setting a constant Qg := Ay, (1 — (B S M(a(l) %) + Mg( )) ) fgv) , one sees that that

Zy(§) = V(E)| < Qg kg, P4, (E). Hence, VOFF-BEP model (3.11) is Ulam-Hyers-Rassias
stable. U

By taking kg, = 1 into |Zy(§) —V(§)| < Qg, kg, P4, (E) as in Theorem 4.27, we obtain
the VOFF-BEP model (3.11) is generalized Ulam-Hyers-Rassias stable.

Lemma 4.28. Let Zwy € X3 be a solution of (4.9). Then

|Z(8) G2, (8)] < gy Mgy Py (), (4.18)
where 97, (&) is given by (4.14).
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Proof. Assume that Zyy is the solution of (4.9). By using (43) as in Remark 4.17, we have
EM PO 7 (8) = 9 (&, Zw(E)) + ww (£),
Zw(0) = Loy, 2> 0.

Then its solution can be solved as

Ty (&)
B B(E)EPE-1(1—a(£))
= Zw,+ AB(a(E)) 9(&,Zw(E))
§)B(E) S B(E 1
_|_ )F(OC ) A k) g(s ZW( ))d
+[3(§)§3 ©)-1(1 a(é))ww(§)+ a(8)B(S) ésﬁ(é)—l(g_s)a(é)_lllfw(s)ds,

AB(a(S))

which implies that

AB(a(6))I(«(5)) Jo

&
Z) ~ 92 (8) o) s [P ) s )

BEPO(1-a(Z)) a(©BE) (% per1p _ pate)-
< B W @ b 9" Iyl ds
< ngz"gw'@gw(é)

Thus (4.18) is obtained. O

Theorem 4.29. If (#3), (23) and Lemma 4.28 hold, then VOFF-BEP model (3.18) is Ulam-
Hyers-Rassias stable.

Proof. Let Ky, € R* and Zyy be a solution of (4.9). Assume that W € X3 is a unique solution
of the considered problem. By applying Lemma 4.28 with (.273), and (Z3), we have

Zn (&)~ W(E)|
B&)-1(1 _
< [zw(e)-2m, - B b2y 20
_a(8)B(E) ‘5Sﬁ(.§)71 0O T (Vs
AB(a@) @) b © 7 L)
< [ -6 - il - [P 14 (s, Zan())ds
BEEFO1(1 — (&)
HLER eSO e ) -9 € W)
a©BE)  [F e L
n (& = )1 (G (5, Loy (5)) — D s, W(s))| ds
AB(a())T () Jo
BEL T (1—on)  aB*(TH)™+F'T(B")
< ngﬂgwggw(i)Jr( IX}B(OC*) + AB (@ )T+ B") >$%W|ZW(§)—W(§)\-
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-1

By ) | alp (TP g )

By setting a constant Qg = Ay, (1 — AB() AB(a (@ 157

sees that |Zw(§) —W(E)| < Qg Ka,, P4, (§). Hence, VOFF-BEP model (3.18) is Ulam-
Hyers-Rassias stable. 0

By taking ki, = 1 into |Zyy (&) —W(&)| < Qg Ka,, P4, (§) as in Theorem 4.29, we obtain
that VOFF-BEP model (3.18) is generalized Ulam-Hyers-Rassias stable.

5. NUMERICAL SCHEMES FOR THE VOFF-BEP MODEL

In this section, we apply Lagrangian piece-wise interpolation [31] to generate numerical
schemes for VOFF-BEP model via power law (2.1), exponential decay (2.2), and generalized
Mittag-Leffler kernels (2.3).

5.1. Adams-Bashforth method for the power law kernel. Taking the fractal-fractional inte-
gral (2.5) into both sides of (3.7), we have the following equations:

SH(E) ( 5 / sPG — )l (5, .7 B EF)ds,  (5.1)
BE) = B+ (/3 g) / sP& —5)* &)1y (5, 7% B EF)ds,  (5.2)
EXNE) = &+ B ) / sP© —5)* &)l (s, 7% B E)ds, (5.3)

where ¥;(&,.7*, B*,&*) are defined by (3.1)-(3.3), respectively. Next, we will derive the nu-
merical results of the above model at § = &, 1, the equations (5.1)-(5.3) can be written

&n
n*+1 — y0*+L§’1)/ Hsﬁ(fnﬂ (5 =) (5n+1)“%(s,fn*,@;,gn*)ds,(5.4)

I'(a(Sn)) Jo
. e B / S B(Er)— (Eoir)-1 - g o
= %O+F((X(§n)) ;S L —5)? (s, Sy, B, E)ds, (5.5)
T (D) /5”“ B(Enir)— a(Enir)—1 o gk o
= 65+ F(a(&) Jo L1 —5)? G(s,.-Sy, By, 6y )ds. (5.6)
Hence, the approximation of system (5.4)-(5.6) is provided below
* < éﬁ—l (&j41)—1 * * *
n+l = yO ( Si1) ‘j:: i+1 —S) TG (s,jﬂ '%],éa] )d Sy (5.7)
* = ﬁ Y B(&j+1)— _ -1 * o opk %
B, = Bp+ Tl Z )TNy — ) M) Gy (5, 77 B, 67 )ds,  (5.8)
* ﬂ < 61“ (&jr1)—-1 * * *
n+l = (é j+1 —S) s g3(s>y @jvé{)j )d (5.9)
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We apply the Lagrangian piece-wise interpolation in a finite interval [,, &, || to approximate

the kernal inside the integrals as follows:

gzy(s) _ S_gj 1€ﬁ 5/ (S y* %* éa*)

J éj_éj 1 J 7T
_gj—_ijj 11513 G-l (o ST E,

P7(s) = g.—ijj 11515 91y s, 7 B8
g—ééj 11513 G0 -1gg (s, S B E),

9%>=5§%ﬁ”%%w”%@v
_gj__ijj 11513 G-l o S TE).

Substituting (5.10)-(5.12) into (5.7)-(5.9), we have

" nooriv N o
= oo [ G- G 2 (syas
n =175/

I(a(6n))
* L B(&) & o (&)1
ntl = @o+m§/j (Ejo1 —9)H )L 22 (),

* _ * ﬁ(&n) C é:jH . o(Gj+1)—
w1 = 6 +W;/j (Ej1 —8)* e 28 (5),

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

The following numerical scheme was achieved by calculating the right-hand sides of the

integral equations (5.13)-(5.15). We have the following formulas

(&)
n*—i—l — y0*+ﬁ(§n)(A‘S) Z [é:ﬁ(é]) gl(é],y* éa )G)l(n ])

Iw@HmFl 7%
g @hylyﬂﬁ>@mﬂ

n+1 = ‘930+ F((X(én)+2) ]:21[5 %(51,5” ‘%j’éaj)®l(n7]>
g @hynyﬂﬁ>@mﬂ
B(En)(AS

l’l*+1 = g() ( (én)l’z ;[ 5/ g?)(g]?y* ‘@j?gj*)@)l(n?])

G S B 6 )8,
where

®1(n, j) = (n+ 1= )™ (n—j+2+a(&)) — (n— j)*&) (n— j+2+2a(8))

(5.16)
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and
@2 (n, j) = (n4+1—j)¥&- 04— (n— @&V (n— jr 1+ a(Ey)), (5.17)

and A& is the step size.

5.2. Adams-Bashforth method for the exponential decay kernel. Taking the fractal-fractional
integral (2.6) into both sides of (3.14), we have the following equations:

y(é) - yo+ M((X(é)) gl(§7y7‘%7(g))

—)/ POl (s,. 7% B E%)ds (5.18)

#E) = Fit

+06(§ B(&) ’gsﬁ(g)q%(&y* B*.E4Vds, (5.19)

)
G R Gl Ul GIPARPAP S

_’_(X(g)ﬁ(f)) gsﬁ(f)—1g3(s,y*,,@*,5*)dS, (5.20)

where ¥;(&,.7*, %*,&*) are defined by (3.1)-(3.3), respectively. Next, we set & = &, 1, and
equations (5.18)-(5.20) are led to the following results

C e BEEPST 1 — (&) e o
n+1 = <SpO_i_ ( (én)) gl(énvyna'%mgn)

(gn)ﬁ(én) St B(&r1)—1 5 * x gk
e / G (s, 7" B, E)ds, (5.21)

%nJrl = %04— ( (gn)) gZ(gmynV%mgn)

(&) B(En) éan B~ (s % B* ©\ds
" M(ex (én))/ (s, By, 6, )ds, (5.22)

c e BENEPSTN 1~ aEy) o
b = G T ey e T A )

LQEIBED 5 e 1gp g o g g
M(a(én)/o G3(8,77 Py, 6y )ds (5.23)
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Hence, the approximation of system (5.21)-(5.23) is as below

yn*+] _ y()*‘i‘ B(én)én i ( _a(€n>)gl(§n,yn*7<@2,éan*)

M(a (&)
a(én)ﬁ(gn) . gjﬂsﬁ(é +1)—1 s * * ok
+—M(a(€n)) J;/j G (5,7, B, 5 )ds,
n)—1
& W M
c e BEEST - a(g) e e o
éan+1 - 50_'_ ( (én)) g3(€n7yn7’%7gn)

§j+ 1
Z/ S ~legy (s, % BE,EVds

I’l

By applying the Lagrange polyn0m1a1 piece-wise interpolation, we achieve

yn-ﬁ-l = «yo—f— ( (én)) gl(gnay %nagn)

Z EAL §j7<5ﬂ?",%’;f7é3*) Ea(j )gl(éj 17‘5/ '%}k lag* 1)]7

,1:

L BEEPE T 1 —a(g) o o
<@n—i-l - ‘@O+ ( (én)) gZ(gnvyn%@nv(”ﬁn)

Z gZ éjayﬁ'%ja@@;)_E’Z(j)gZ(gj—b‘yG* 17’@;< 17050))< 1)]7

1
S = (fo*+ﬁ(i")é"M(a(g))‘“(‘5")@3(5”,%*,%;,5:)

[E’](]‘)gﬂéﬁ’yy*?'%jﬂg;) Ea(J )g3(51 17y ’%j 175)k 1)]7

-

—

+
J

where

S - o(E)B(E)
B 1) (B + 1) (AOM((E)

< L6 (208 (Enr) — &1] — XS [(AE)B(Enr1) &5 1] )

and

) (&)B(E)
B (B + 1) (AEM(a(E,)
&l +

{51[1? ) [(A&)B(&ns1) — 5 (nr1) +1}
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5.3. Adams-Bashforth method for the generalized Mittag-Leffler kernel. Taking the fractal-
fractional integral (2.7) into both sides of (3.21), we have the following equations:

AB( (&)
s —1 * * *

5)/0 $B) G (5,5, B, E%)ds, (5.24)

B

e %8+B(§)§Aﬁ(agé))a@))%(é PR
Z g 5) / $BE Ol (s,. 7%, B, E%)ds, (5.25)

-1
) / $B(E O-1ag,(s,.%, B*,&)ds, (5.26)

where ¥(§,.7*, 9%, &*) are defined by (3.1)-(3.3), respectively. By setting & = &,,1, the
equations (5.24)-(5.26) becomes

B(&n)—1 1 _
S =5 + Bl r,lAIB%(oc((éi)) a@"))%(én,yn*,@;k,é"n*)
a(&:)B (&) é”HSﬁ(gnH)—l _ 02 -1g (s 7t B &V ds
+AE<a<§n>>r<a<5n>>/o (&nt1—9) %(,yﬂ,@n,md@,m)

B(&n)—1
B\ — B+ B(&n)én (1 _a(g’l))ffz(én,fn"‘,%,éﬁ)

AB(a(En))
a(&n)B (&) T BE)-1 (e L @) —lag (s ot g o
* AT (a(E) b (S )T RS T S )d(s "
and .
5n+1 - 50 + ( (én)) g3(€nvyn >'%nvgn) (5.29)
o (Sn)B (Sn) S B -l(g @)l (s o B £ ds
+ B(a(én))r(a(€n>)/0 (§n+1 ) g3( 7‘?11"@1’176011 )d .
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Then, the approximate of the above equations (5.27)-(5.29) is

En _
n+1 yo ﬁ(én)én (1 a(én))gl(énayn*w%* éo*)

( (én)) e
§J+1
én
n+1 %O+B(§n)§n ( ((én)) (éﬂ))gz(én,y* %;lk,gn*)
n n S+l ir1)— a(Gjy1)— * * %
i AB(Zéifr(fa)@ ) 2 | PN g ) 0N 5,77 5,67 )ds
En
n+1 gO B(én)én ( ((én)) (én))g.%(én?yn*"%;k’gn*)
‘gj+
" AB(a Eg Z/ G =) SN s, I B 6 )ds
By applying the Lagrange polynomlal piece-wise interpolation, we achieve
&)1
‘a <BE§ §>( f)<5n>+2>2 & 00,757 8]
~& T (5,7, B0, 67000, ),
(&n)—1/1 _
- @6+ﬁ(§n)5n e ((;))Ot(ﬁn))%(gmy* B &)
B 35 e [ e 50
~E T s S B 6O ).
B(&n)—
n*—H _ (g)o*+ﬁ(§n)§n (1_a(€n))g3(€n7y* %7::75”*)

AB(a (én))

B(5,)(a5)™ v [eBC g (o ot 6904 (n, )
a BT o L[ 75 80100

-1 *
T (s, 260000 ).
where ©;(n, j), (i = 1,2), are given by (5.16)-(5.17), respectively.

6. GRAPHICAL ILLUSTRATIONS FOR THE VOFF-BEP MODEL

We show the graphical illustrations to analyze the dynamic behavior of the suggested dimen-
sionless nonlinear VOFF-BEP model with all the different kernels mentioned above, which
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are separated into three subsections. Here, we consider kinetics utilizing sugar concentrations
frequently used in ethanol synthesis, ranging from 100 to 250 g/L. The parameter values and
initial conditions are applied in every subsection as follows: ¥ = 0.3388,,/.n01/ 8biomass: Hmax =
0. 333}171 bﬁf =0.00916n~ ! Y‘@ =3. 817gethanol/gbzomass’ Ty ’9 =0. 054gbzomass/gethanol’ ‘%/63 -

0.048Lgsupstrate / Sothanol> S = 0 0328ubstrate /L, 7§ = 100 Ay = 0.5, and &; = 0.3. The
other parameter values are as follows: bz« = bp/lUmax = 0.0275, Y| = Hp K = 1.5, 75 =
Y Umax/-F = 10.5, 1 = ’}’Y,g =6.2593, and 3 = T/’T} = 0.2061. The investigation of how

the evolution of .(t), A(t ) and &(t) change in perlod time are discussed to determine the
fairness and make a comparison in this section.

6.1. The VOFF-BEP model via the power law kernel. In this subsection, we split the study
into three cases to see the dynamical behavior of the three groups of the VOFF-BEP model
under the power law kernel for various values of a(z) and B(z). As seen in Figure I, we
set a(t) = 0.985+ g5 |cos (r + %) | and B (¢) varies as 0.92,0.94,0.96,0.98, 1.00. It can be ob-
served in the beginning that the substrate concentration decreases very rapidly while the biomass
concentration quickly increases and then decreases. The ethanol concentration increases very

fast before rising a little further, and all three groups become oscillatory stable finally. In

Figure 2, we set o(t) varies as 0.992,0.994,0.996,0.998,1.000 and B(¢) = 0.98 + 1/ 155
We see the dynamic behavior for the substrate, biomass, and ethanol concentration behaving
similarly to their behavior in Figure 1, but the graphics do not oscillate, which is the differ-
ence. However, all of them achieve stability smoothly as time passes. In Figure 3, we set
2555 @) = 0.985+ 5/ sin(t + ),

a(t) = 0.995 + lz_’jléoo, 0(1) = 0.995 4 551/ 155 10g (1 + 1), and e(t) = 0.988 + —£=55 varies
and B(t) = 0.985+ 155/ cos(f + Z)|. In this case, the dynamic behaviors of the three groups are
still the same as in the other two instances discussed before. As time pass, they reach stability
but are more complex and oscillatory.

more complicate variable order as o (f) = 0.990 +

(A) (B) (©)

FIGURE 1. Dynamic behavior of (.#(t), %(t),& (t)) for the VOFF-BEP via the
power law kernel when a(t) = 0.985 + 155 cos(f + %)| and J(t) increases.

6.2. The VOFF-BEP via the exponential decay kernel. In this subsection, we study the dy-
namical behavior of the three groups of the VOFF-BEP model under the exponential decay
kernel for various values of o/(¢) and (7). In the same way, we separate the study into three
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Bt
)

(A) (B) (C)

FIGURE 2. Dynamic behavior of (. (t), %(t),& (t)) for the VOFF-BEP via the

power law kernel when o(7) increases and 3(r) = 0.98 + t—i%()()‘

1 . L L . 0 . ' i i e
0 10 20 30 40 50 60 70 8 9 100 0 10 20 3 40 50 60 70 8 9 100 0 10 20 3 40 5 60 70 8 90 100
t t t

(A) (B) ()

FIGURE 3. Dynamic behavior of (.7 (¢), %(t),& (t)) for the VOFF-BEP via the
power law kernel when o(z) varies and B(r) = 0.985 + ﬁ |cos(t + 7).

cases and set the value of o/(z) and (7) the same as in the previous subsection. Figure 4 shows
the dynamic behavior of the substrate, biomass, and ethanol concentration for a(¢) = 0.985 +
ﬁ| cos(t+%)| and B(r) € {0.92,0.94,0.96,0.98,1.00}. We observe that the behavior of the
substrate concentration rapidly decreases and then stays oscillatory stable. The biomass concen-
tration quickly increases from the start day to the peak values and then decreases until stable and
does not oscillate. The ethanol concentration rapidly increases and then rise again a little more
until it stable smoothly. However, we notice that their behaviors in this subsection are similar to
the previous subsection in the case-by-case, but they take longer to reach a stable state. Figure 5
shows the dynamical behavior of the system for a(¢) € {0.992,0.994,0.996,0.998,1.000} in-

creases and f3(¢) = 0.98 +/ 550 +100 It can be seen that the behaviors of all groups from the start
day until they reach a stable state are the same as in the previous case but do not oscillate, and
when « is close to 1, all graphs are very close. Figure 6 shows the dynamical behavior of .7 (¢),

2A(t) and &(t) concentration for a(r) = 0.990 + \/ﬁ, o(t) = 0.985+ ﬁ, /| sin(t + %)l
a(t) = 0995+ 1, () = 0.995+ 55/ i log (¢ + 1), and ax(r) = 0.988 + 55

and () =0.985+ ﬁ| cos(t + 7)|. For this case, the behaviors of all groups from the begin-
ning until they reach a stable state are the same as in the previous case, but all of them are

varies



VARIABLE-ORDER FRACTAL-FRACTIONAL DERIVATIVES 31

oscillating stable. Additionally, although they behave similarly to the other two cases, they take
longer to stabilize.

(A)

FIGURE 4. Dynamic behavior of (. (¢),%(t),&(t)) for the VOFF-BEP via
the exponential decay kernel when o(t) = 0.985 + 55| cos( + )| and B (t) in-
creases.

FIGURE 5. Dynamic behavior of (#(t), %(t),& (t)) for the VOFF-BEP via the

exponential decay kernel when «(¢) increases and () = 0.98 + 4/ tj%.

FIGURE 6. Dynamic behavior of (.7 (t),%(t), & (t)) for the VOFF-BEP via the
exponential decay kernel when o(¢) varies and f(¢) = 0.985 + 155 cos(t + Z)|.
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6.3. The VOFF-BEP via the generalized Mittag-Leffler kernel. Similar to the other sub-
sections, in this one we investigate the dynamical behavior of the three groups of the VOFF-
BEP model for different values of () and B(z) under the generalized Mittag-Leffler ker-
nel. We set o(r) = 0.985 + ﬁ|cos(t+ Z) and B(r) € {0.92,0.94,0.96,0.98,1.00} in Fig-

ure 7, set o(t) € {0.992,0.994,0.996,0.998,1.000} and B(r) = 0.98 + tj% in Figure 8,
and in Figure 9 we set a(r) = 0.990 + ,/ ﬂi;lt()()’ a(t) = 0.985 + g4/ | sin(t + Z)|, a(r) =
0.995 + 5 a(t) = 0.995 + 551/ g log (1 + 1), and a(r) = 0.988 + —¢ 5 Varies and
B(t) = 0.985 + 5| cos(t + Z)|. The dynamic behaviors of all groups in Figure 7 to Figure
9 are similar: the substrate concentration decreases quickly from the beginning until it reaches
a stable state as oscillatory. The biomass concentration speedily increases and decreases before
going to a steady state. The ethanol concentration rapidly increases and gains further until it
achieves stable oscillation as time passes.

(A) (B) (©)

FIGURE 7. Dynamic behavior of (.7 (t),%(t),&(t)) for the VOFF-BEP via the
generalized Mittag-Leffler kernel when o(t) = 0.985+ 15| cos(¢ + Z)| and S (¢)
increases.

(A) (B) (C)

FIGURE 8. Dynamic behavior of (.7 (1), #4(t),&(t)) for the VOFF-BEP via
the generalized Mittag-Leffler kernel when () increases and (r) = 0.98 +

et
t+100°

For the discussion, after studying the VOFF-BEP model under the three kernels, we discov-
ered that the system behaves somewhat differently when the fractional order has a tiny variation.
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B(t)

/
/

0O 10 20 30 40 50 60 70 80 90 100 0 10 20 30 4 5 60 70
t t

%0 100 0 10 20 30 4 5 60 70 80 90 100
t

(A) (B) (C)

FIGURE 9. Dynamic behavior of (. (), #4(t),&(t)) for the VOFF-BEP via

the generalized Mittag-Leffler kernel when o(z) varies and B(r) = 0.985 +
1 T

ool cos(t + 7)I.

Variable order has an important role in the smoothness or oscillation of the graphical simulation.
One notice is when the values of o are integers, all graphs in this setting do not oscillate and
reach a steady state when time passes, as seen in Figures 2, 5, and 8. Another notice is when o
and f3 are in variable order, the graphs in each subsection oscillate stably over time, as seen in
Figures 3, 6, and 9.

7. CONCLUSIONS

It is known that bio-ethanol is a vital renewable and alternative energy instead of fossil fuels.
Moreover, fractional differential equations have been applied to alleviate better some defects
associated with the system’s dynamic behavior in mathematical models than differential equa-
tions with integer order. In this paper, a numerical scheme based on the Adams-Bashforth
method interpolation was suggested to obtain numerical solutions for the bio-ethanol model
with variable-order fractal-fractional equations involving a power law, an exponential decay
law, and Mittag-Leffler kernels. We accomplished the main aim by constructing the designed
models via different triple kernels. Then, for each model, we proved the existence and unique-
ness of the solutions using Banach’s fixed point theorem. We verified the stability analysis by
utilizing the various types of Ulam’s stability to guarantee the current results. Finally, some il-
lustrations were provided with the help of the Adams-Bashforth method to analyze the dynamic
behavior. These graphic simulations and numerical results reveal that the proposed models un-
der these three kernels produce similar outcomes with minor differences depending on the given
variable orders. For future-work suggestions, it will be possible to examine real-world situations
by using various mathematical models that employ variable-order fractal fractional operators.
One may also apply the proposed or other bio-ethanol models in the context of other fascinating
fractional operators. It would be very successful if this work would assist researchers in various
applied sciences and engineering fields to enrich the works of literature in this area of study.
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