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Abstract. An adaptive regularisation algorithm using cubics (ARC) in association with the line search
filter technique for solving nonlinear equality constrained programming is proposed in this paper. In
each iteration, the trial step providing sufficient descent is generated by solving a corresponding ARC
subproblem. Then, the step size is decided by backtracking line search together with the filter technique
to obtain the next iteration point. The advantage of this method is that resolving ARC subproblem many
times to determine a new iteration point can be avoided and hence the expensive computation can be
lessened. And the difficult decisions in regard to the choice of penalty parameters in the merit functions
can be avoided by using the filter technique. Second order correction steps are introduced in the proposed
algorithm to overcome Maratos effect. Convergence analysis demonstrates that fast local convergence
can be achieved under some mild assumptions. The preliminary numerical results are reported.
Keywords. Cubic regularization; Line search filter; Local convergence; Nonlinear constrained optimiza-
tion.

2020 MSC. 49M37, 65K05, 65K10, 90C30.

1. INTRODUCTION

Trust region methods and line search methods are two common strategies to guarantee the
global convergence of algorithms for various nonlinear optimization problems [1-4]. Adaptive
regularization algorithms using Cubics (ARC) were initially proposed in [5] for solving uncon-
strained optimization problems. ARC has been demonstrated to have excellent convergence
properties and iteration complexity [6]. For some recent methods (variations) based on ARC
for unconstrained optimization, we refer to [7—17] and some methods [18-22] were designed to
solve or use ARC subproblems more efficiently. Meanwhile, some impressive algorithms based
on ARC framework were also employed to solve constrained optimization problems; see, e.g.,
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[23-26]. However, like trust region methods, we have to resolve ARC subproblem many times
to determine a new iteration in ARC methods. This can increase computation cost.

Based on the method in [27], where line search filter techniques were used to avoid the
difficulty of choosing an appropriate penalty parameter in merit functions methods, we pro-
pose another line search filter sequential adaptive cubic regularization algorithm for nonlinear
constrained optimization with global convergence and focus on analysing local convergence.
In each iteration, we use composite step methods to compute the trial step. To this end, we
compute a normal step and a tangential step. The normal step is responsible for reducing the
constraint violation. The tangential step is used to provide sufficient reduction of the model. It
is computed by solving a standard ARC subproblem which is transformed from the ARC sub-
problem with linearized constraints via reduced Hessian methods, which is different from [27]
where the projective matrix is used. After the trial step is computed, the step size is decided
by backtracking line search together with filter technique to obtain the next iteration point. The
advantage of this method is that resolving ARC subproblem many times to determine a new iter-
ation point can be avoided and hence the expensive computation can be lessened. Furthermore,
the difficult decisions in regard to the choice of penalty parameters in the merit functions can be
avoided by using filter technique. In addition, ARC mechanism has a potential advantage that
it can avoid difficulties resulting from the incompatibility of the intersection of linearized con-
straints with trust-region bounds in trust region methods for solving constrained optimization.
Since filter methods may also suffer from the Maratos effect [28], we introduce second order
correction steps to overcome that. Convergence analysis shows that fast local convergence can
be achieved under some mild assumptions.

The remainder of this paper is organized as follows. In Section 2, we present the development
of the algorithm in detail. The local convergence analysis is reported in Section 3. Numerical
results are reported in Section 4. The concluding remarks are presented 5, the last section.

Notation: Throughout this paper, we denote the transpose of a vector v by v/ and denote
the transpose of a matrix A by A”. Norms || - || denote the Euclidean norm and its compatible
matrix norm. We denote by O(#;) a sequence {v} satisfying ||v¢|| < Bz for a constant § > 0
independent of k, and by o(#) a sequence{ vy} satisfying ||vi|| < Bt for some positive sequence
{Bk} with Bk — O(k — 00).

2. DEVELOPMENT OF THE ALGORITHM

Consider the nonlinear constrained optimization problem
minimize f(x)
R (2.1)
subjectto ¢(x) =0,
where the objective function f : R” — R and the equality constraints ¢ : R" — R are suf-
ficiently smooth functions. Define the Lagrangian function for this problem by £ (x,A4) :=
f(x) — ATc(x). We use A(x) to denote the Jacobian matrix of ¢(x), namely,

A(x)T = [Vei(x),Vea(x), ..., Ve (x)],

where c;(x) is the ith of vector c¢(x). The first-order optimality optimization conditions of equal-
ity constrained problem (2.1) are that there exist an x* and a vector of Lagrange multipliers A*
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for which V,.Z(x*,A*) = 0 and ¢(x*) = 0. Analogy to the idea of sequential quadratic pro-
gramming (SQP) methods, we consider the following cubic regularization subproblem with
linearized constraints in each iteration
L def r, L. 1 3
d) = d+ —d" Hyd + - oy ||d
minimize mi(d) = fr+grd+ 7 kd + 3 |||
subjectto Axd+c; = 0.

Here fi = f(xx), gk = V.f(xx), Ax = A(xx), cx = c(xx), Hy denotes the Hessian V.% (xy, Ax) or
its approximation, and o, € R™ is an adaptive parameter. In the iteration x; of the algorithm, in
order to calculate the next iteration x; |, we decompose the overall step as the sum of normal
step and tangential step in each iteration using the idea of the composite step approach [? ]. The
overall step is decomposed into d; = ny +t;, where n; is called as a normal step which provides
feasibility, and #;, is called as a tangential step which is used to obtain sufficient reduction of the
objective function’s model, i.e., Agn; + ¢ = 0. Assuming that A has full column rank. We can
compute the normal step ny as following:

(2.2)

me = —Al(A4AD) gy (2.3)
Moreover, to ensure sufficient decrease in model function, we also assume that
) B2 1
nll < ﬁlmln{l, — (2.4)
I 5 7o

where B; € (0,1],8, > 0and B3 € (0,1). If (2.4) does not hold, the algorithm goes to a feasibility
restoration phase, which is discussed later. First, we consider the case that (2.4) holds. Having
obtained the normal step, we turn to the tangential step. Let the column of Nj be an orthonormal
basis for the null-space of A;. The tangential step #; is approximately expressed as

fe = Nitl, (2.5)

where t,iv is the solution(or its approximation) of the following problem

minimize f(x;) + (e)7 " + %(IN VTHNN + %GkHtN 13, (2.6)
where
gy := N[ (g + Hymy) and HY := N{ HyN;. (2.7)
After computing t,iv , we define from (2.5) that
m() = £+ (@) + S Y + o P
r, L7 1 3
= f(ue) + (g + Hione) " 15+ 51 Hide + 5 0| (2.8)

To obtain the next iterate point x;,;, we use a backtracking line search procedure combin-
ing filter method where a decreasing sequence of step sizes oy ; € (0,1](I = 0,1,2,...) where
lim;_,., o ; = O is tried until some acceptance rules are satisfied and the trial point is acceptable
to the current filter. These acceptance rules are described in details as follows.

Let h(x) := ||c(x)||. The same definition of a filter is the same as in [29] where the filter is
defined as a set .%; C [0,o0) x R containing all prohibited (A(x;), f(x;)) pairs in iteration k. At
the beginning, we can set %y = {(h, f) € R? : h > h(xp)}. A trial point x is acceptable for the
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filter .#; only if

h(x) < (1—=m)h(x;) or f(x) < f(x;) = ¥rh(x;) (2.9)
holds for all (h(x;), f(x;)) in % with fixed constants y,,yr € (0,1). This measure gives a
mechanism whereby a sequence {x;} is forced towards feasibility if {f(x;)} is monotonically
decreasing and bounded below. Nevertheless, this type of sequence {x;} could still be accepted
even if it converges to a nonoptimal point. In order to avoid this case, the following condition

f(x) < f(x) + pfmy(di) —m(0)] (2.10)

is employed to be the acceptance criterion whenever the following conditions

mi(0) — my(dy) > 0 and (my(0) — my (di))® (Qsv/0%) " > (b))
2.11)

follows for the current trial step, where k, >0, 0 < ¢ < % and T > 1 are all fixed constants.
It remains to consider another problem called cycling that may occur between two points that
satisfy one of the conditions in (2.9) and fail the other. Fortunately, filter method can avoid this.
Define .%; C [0, +o0] x R including all prohibited (A, f)-pairs in iteration k. Thus a trail point x
is acceptable to the filter if (h(x), f(x)) ¢ .Z}. At first, initialize the filter as .%o = {(h, f) € R?:
h > hmax } for some hyax > h(xg). If the accepted trial step does not satisfy condition (2.11), the
filter is augmented for a new iteration by employing the update formula

Fis1 = FxU{(h,f) €R*:h > (1—p)h(x) and f > f () — yrh(x)}
(2.12)

if the accepted trial step size does not satisfy condition (2.11).

To deal with the situation where (2.4) does not hold and to ensure that the backtracking
line search procedure terminates after a finite number of trial steps, we employ a feasibility
restoration phase. It could be any iterative algorithm with the goal of finding a less infeasible
point, and different methods could be used at different stages of the optimization procedure.
In order to detect the situation where no admissible step size can be found and the feasibility
restoration phase has to be invoked, we set a threshold for the trial step sizes. If the current
trial step oy ; is still large enough that the switching conditions (2.11) holds for some o <
0y 1, we will not switch to the feasibility restoration phase because there is still the possibility
that a shorter step length might be accepted by the condition (2.10). Otherwise, the decision
whether to switch to the feasibility restoration phase depends on (2.9). From (2.11) and the
linear approximations of f(xx+ ady) and h(x; + ady), we set a threshold ™" in each iteration
k as follows. If —g!'dj — 1dF Hydy — Yoi||di||* > 0 and —gT dy > 0,

min min | ?Zﬁk) - [hgmcgd\k/f?lr } if d{ Hydy > 0,
o = Uo - . Yrh(xi) Kh[h(xk)]¢@l—r . (2.13a)
min 4 %, —gldy’ (8/{dk§dkTdek§6klldk|3)f} otherwise.
Otherwise,
o™ = Uah. (2.13b)

When o ; < a,?“i“, we can deduce that the algonthm turns to feasibility restoration phase. Fol-
lowing this rule, if (2.11) holds for a step size @ < ay ;, we can ensure that the algorithm does
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not switch to the feasibility restoration phase and that the backtracking line search procedure
is finite, namely, it eventually either delivers a new iterate point x; | or reverts to the feasibil-
ity restoration phase. Filter methods can also suffer from the Maratos effect which can result
in poor local convergence. Therefore, we use a second order correction step wy to overcome
Maratos effect as follows.

wi = AN (AAD) e+ dy). (2.14)

Now we give the full description of our algorithm (see Algorithm 1).

Algorithm 1: Line search filter sequential adaptive cubic regularization algorithm

0. Initialization.

—

. If my(0) — my(dy) > 0, compute py =

(i) Given starting point xp, constants Gmax > Omin > 0, an initial oy > 0 such that

Omin < 00 < Omax, an initial symmetric matrix Hy.

(ii) Setconstants 0 < Y <Y <1<, 0< M <M < 1, B1 € (0,1], B2 > 0; B3, B, K, Vi
Yr€(0,1);0<¢<051t>1,0<7 <<

(iii) Set the filter .%o = {(h, f) € R? : h > hmax > h(x0)} and the iteration counter k = 0.

. Compute fy, gk, h(xk),Ax, Ni.
. Stop if x; is a stationary point of optimization problem (2.1).
. Compute ny by (2.3). If (2.4) holds, compute #; by (2.6) and set dy = ny + #;. Otherwise, go

to Step 7.

. Line search filter with second order correction steps.

4.1 Compute ™™ by (2.13). Set o) = 1 and [ = 0.

421f oy < a,gnin, go to step 7. Otherwise, compute a second order correction step wy by
(2.14) and set the new trial point X1 = x; + 04 ;dj + Ot,f Wk

A3 1f (h(Xgt1), f(Xks1)) € Fi, reject the trial step size and go to Step 4.7.

4.41f (2.11) holds for oy ; and dy, go to step 4.5. Otherwise go to Step 4.6.

45 1If f(ik—i-l) < f(xk) —|—,Ll[mk(dk) - mk(O)], set O = Ol 15 Xg+1 = Xit1 and go to Step 5.
Otherwise, go to Step 4.7.

4.6 If h(xk—i—l) < (1 — ’)/h>h(xk> or f(xk—i-l) < f(xk) - }/fh(xk) holds, set oy = O 1,

Xk+1 = Xr11, augment the filter using (2.12) and go to Step 5.

4.7 Choose 0y ; € [T1 0 1, T20% |, set I = [+ 1 and go back to Step 4.2.

SOa)=f(os1)
my(0)—my (dy)

[min{6k7Gmax}amin{YZGmeax}) if Pr <M,
Of+1 € 4 [min{¥i Ok, Omax }, min{ Ok, Omax})  if px € [M, M2),
(min{'yOGk» Gmax}amin{'}’l Ok, Gmax}] if pr > no.

Otherwise, set Oy € [min{ Ok, Omax }, Min{ Y20k, Omax })-

and set

. Compute Hy 1. Set k =k—+1 and go to Step 1.
. Feasibility restoration phase.

7.1 Compute a new iterate point x| by decreasing /(x) so that x; | satisfies both (2.9) and

(h(xks1)s f (Xky1)) & Fike
7.2 Determine Oy 1.

7.3 Augment the filter (for x;) and go to Step 6.
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It can be verified that the global convergence analysis in [27] is still valid with modification
of introducing second order correction steps. In this paper, we focus on the local convergence
analysis.

3. LocAL CONVERGENCE RATE

Assumptions L. Algorithm 1 generates an infinite sequence x; of iterate points that remain
in a closed, bounded domain X C R", regularisation parameter O, < 0y < Opmax for some
constants Opin, Omax > 0.

(L1) x — x4 and x, is a KKT point of problem (2.1).
(L2) Hy, 1s semipositive definite on the null space of the Jocabian A,{ for each k.
(L3) There exist positive constants My and My such that, for all £,

Omin(Ar) > My, [[Hy|| < My, (3.1
where Opin(Ay) is the smallest singular value of Ay.

(L4) There exists a positive constant r such that 3 p! V2% (x,, A.)p > 2r||p||* if A(x,)Tp = 0.
(L5) (Hk - Wk)dk = O(HdkH), where H;, = H;, + GkHdkHI and

m . )
Wi i= V2.2 (0 ) = V2 () + Y AV2e0) ().
i=1
From (2.3) and Condition (L.3), one finds that there exists a constant k;, > 0 such that

lnell < Kah(xg)- (3.2)
Moreover, under Condition (L3), we can define
)Lk = _(AkA]Z>_1Akgk- (33)

First we give some preliminary results, LemmI-Lemma 9. The main local convergence
results is presented in Theorem 1.

Lemma 3.1. Suppose that k ¢ Fine, and t{ is the Cauchy step for (2.8), Then, for all k > 0,

lggll . ) llexll Hgk I
6v2 L || H|” 2

flxe) — mk(fk) > —

Proof. From (2.8) and the definition of the Cauchy step #;, one finds that
ty = =By (8k+ Hini) and B = argﬁnel]qumi(—ﬁ (gk+ Hyny,)).- (3.4)

Due to 8 > 0, the Cauchy-Schwarz inequality and (3.4) indicate that
f ) —mi(tx)
> flo) — mi(—B(gk+ Hin))
1 1
= Bllgc+Heml* — zﬁz(gk + Hymy) " Hi(gi+ Hing) — §ﬁ36k||gk + Hing ||?

2.7 1 1
> Bligd IP(1 = 5BIIH] — 3B ol |)- (3.5)
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<2H k\|+\/4\| Al +3Gk||g§<\’||>

For B € [0, B¢, it follows that f(x;) > mi (1) provided that 1 — JB||Hy|| — 1 B%0x|gY|| > 0 and
B > 0. Denote

Let

1

O 1= : (3.6)
V2max {1+ [Hil,2¢/ocllg) ||}
Combining
\/IIHkII2 Jorlleill < || k“"‘\/— Gk||g’kvll
< 2max{ Il ol 1}
\/— k
< Vamax{ 1+ .24/l
and
1
sl < VEmax {1+ ] 24 o]}
it follows that 0 < 6, < 31« Replacing f3 in (3.5) with 6 indicates that
g2’ II*(1 = 36¢|1Hill — 567 ol D
fla) —mi (1) k 2 S (3.7)

>
\/Qmax{l + HHkH72\/ Gngk ”}

From the definition of 6 in (3.6), we can deduce that 6||Hy|| < 1 and 670y ||gY || < 1. Therefore,
the numerator of (3.7) is bounded below by #||g¥||>. This result together with (3.7) yields that
(3.10) is true. O

Lemma 3.2. Suppose that (L2) holds. Then

I
el < V3 o k20 (3.8)
holds.
Proof. Suppose that
N
8
el > v/3 —HG’;H (3.9)

for k > 0. From (L2), one finds that

1 1
~tl Hyty + §GkHtk||3

mi () — f() = (gk+Hem) e+ 5
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2.7) 1
> —HtkllllgiVH+§6k||tk!|3-

Combining (3.9) and 1o |#||* — ||t |g¥ || > 0. one finds that m’ () — f(xx) > 0. However, the
above result contradicts (3.10). Thus the claim is true. O

Lemma 3.3. Suppose that Assumptions L hold. Then, for all k > 0,
h(x) = o(lloudel®) = o(lldel|*) (3.10)
if xi satisfies (2.11).

Proof. From (L2), (2.4) and (3.2), we can deduce that there exists a constant M > 0 such that,
for all , ||g¥ || < M holds. Therefore, together with (3.8), one finds that

_ B 1
Idell < lImell+ lall < min{¢3M+ﬁl,¢3M+ﬁlﬁzok 2 }ok '

It follows from this result, (2.11), and 1 — 7 < 0O that
-1 1 1 T =1
h(x) <K, °*(—ougfdi— EalgdkTdek - §“/§Gk||dk||3)¢ (0/0x)

-1 1 T T -1
<x,’ ||gk+§06kadk||¢ || ]| ® (0r/Ok) ?

(G.1) _1

1 _1\ @ | 1
<t (Mot M (VI 4 B0t ) (V4B ],

where M, oo maxex ||V f(x)|. Due to the last inequality, 0 < ¢ < 5 gives that
1
h(xe) = O(|ldl|?) = o([|de®).
Therefore, the conclusion (3.10) follows. ]

To prove the local convergence result, we introduce the exact penalty function

Yy (x) = f(x)+ vh(x) (3.11)
only as a technical device. Moreover, the following model of the penalty function
1 1
qv(d) = fu) +eld+ EdTdeﬂL §Gk”d||3 + V|[Akd + cill, (3.12)

is employed, where g, Hy, Ay, ci are defined same as in (2.2). From (2.14), it is easy to verify
that

wi = O([ldi[|*). (3.13)
Lemma 3.4. Suppose that Assumptions L hold. Then c(x; +di +wy) = o(||di|?).
Proof. Using the continuity of ¢(x), one finds that
chatdi+w) = clxtdi) + Al +di)wie+ O(||we|*)

CLY A — Ay +d))wi+ O(wil?)
= —(Ac— (A +O(|ldi])))we+O(||we]|)
= O(lldi]l[will) + Ollwel?)
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(3.13)
=7 o(llde]l?).

Thus the lemma is true. O

Lemma 3.5. Suppose that the Assumptions L hold. Then, there exists an integer Py such that,
forall k > Py,

qv (x:0) — gy (xi: dy) > rl|di||* > 0, (3.14)
with v > vo & | Al + (M + )k,

Proof. Since t,f’ is a solution of (2.6), one finds that
(N{ HiNi+ o1t 1Dty = —Ni| (ge + Hyng),

and then (t) )T NT HiNitl + o ||t || (¢) T2l = — (e} )T NJ (gx + Hing ). Due to 1, = Nitl¥, we can
see that

1 1
~(ge-+ Hiom) Tt~ o] Hyt = 3 () N HiNual + 0| ()T}

Using (3.2) and h(x;) — 0 if k — oo, it follows that n; — O if kK — c. Furthermore, one finds
that 6 > Opnin > 0. As a result, we can deduce that there exists an integer Py such that, for all
k> Py, ||ng]| < 1 and (2.4) hold. Since f(x) and c(x) are twice continuously differentiable, we
see that .Z’(x, A) is twice continuously differentiable. As a result, W, can be sufficiently close to
V2% (x., Ay) for all k > Py. Thus (L4) implies that 1 p” Wyp > 37| p||* if A(x;) p = 0. Condition
(L5) implies that, for all k > Py, if A(x;)p = 0, Hy can be sufficiently close to V2,.% (x., A.) such
that 1 p” Hip > r||p||*. Using the above results, one finds that

qv(x1;0) — gy (xx; dy)

1 1
= —(gx+Hom) t — <t Hity — =nf Heng + V| c|| = A e+ o(||di]|%)

2 2
> Y NT HNutl — Sl B+ (v = 12l el + ol )
> P+ v = el el 5] e+ o )
>l LD g+ o)
> il +o(lld])
> 2]
for k > Py. Hence, the desired claim immediately follows. O

Lemma 3.6. Suppose that Assumptions L hold. Then there exists an integer Py > Py (P is from
Lemma 3.5) such that, for all k > Py,

Py () =Wy (i + die+wi) = 6(qv (53 0) — gv (xi: i), (3.15)
with v > vy and g € (0,1).
Proof. Combining (3.11) and (3.12), we obtain that
Wy () — Wy (x +di +wi) — 6(qv (x130) — gv (s di )
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1 1
= fo— fou+det+we) + Vel — g(—gi di — EdkTdek - 5(kade|3 + vl[ekll)

1
—ghdi— EdkTVkadk — g(xe+di) i+ v|ekl|

1 1
—g(—ghdi— EdZdek - §Gk|!dk\|3 +V|lcell) +o(||di]|?)- (3.16)

From (2.14), one finds that
goutd) we = (a+O(|d])) wi
(2.14)
=7 giwito(lldel?)

(2.14),(3.3)
Z lch(xk—l—dk)‘i‘O(HdkHz)

Ly @) 7y2,.0 2

2 LAV di+ o).

=

Due to v > Vo = | A4 4+ (3Mp + 7)K;, it follows from the above equality and (3.16) that
Wy () =y (o + die+wie) = 6 (qv (5: 0) — gv (i)

1 1
= —gldi— EdkTdek +V|lexl| + EdkT (H— Ve (x, M) i

1
—g(—gi dr— zdkTdekJr Vlleel) +o(]|de]l?)

(L5) 1
= (1-¢)(~&ld— EdkTdeH vllexll) +o(lldl*)

(3.14)
>

1—g)r
a2+ o )

Hence, we can obtain that there exists an integer P; > Py such that, for all k > Py, (1 —
S)rlldi||* +o(||di]|?) > 0. Therefore, the claim (3.15) is true. O

Lemma 3.7. Suppose that Assumptions L hold. Then there exists an integer P, > P; (P; is from
Lemma 3.6) such that for k > P5,

1 1
fltde+wi) < fla) + p(gidi+ Edngdk + §Gk|!dk|!3)
whenever (2.11) holds.

Proof. Lemma 3.4, Lemma 3.5 and u € (0,1/2) indicate that there exists P such that

1
Py (0e) — P (o i+ wi) 2 (5 4 1) (Gv (43.0) = g (a3 i) (3.17)
follows for every kK > P;. Then, from (3.11) and (3.17), we can deduce that

1 1
F o) — f Qo+ di +wi) + p(gf di + EdlcTdek+ 56k||dk||3)

= Wy, () = Py (xx +di +wi) — vo(h(xx) — h(xk +di +wy))

1 1
(g di + EdkTdekJr §Gk|’dk|’3)
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(3.10)
>

1
+ 1) (qvy (k3 0) — v, (i di)) + 1 (gf di + EdkTdek) +o([|d||*)

(qvo (x4 0) — @y (s i) + pevollexl| +o (i 1)

—~

1
2

| =

(3.14)
> Z
> T
Thus there exists an integer P, > Py such that 37{|di||*> + o(||dx|*) > O for all k > P> and the
desired conclusion holds. 0J

p—

1d||* + o(||d|*).-

Lemma 3.8. Let Assumptions L hold. Then there exist constants Vi, Vo, V3 > 0 with
2mva < (14 1) (V2 —v1) =27, (3.18)
2v3 > (1+y)vi+ (1 +7)ve, (3.19)

such that v; is greater than vy for i = 1,2,3. Furthermore, for k > P> with P> in Lemma 3.7, we
have that

147 (3.14)

Py () =Py, (e +di+ o) 2 ——(gv (:0) — gy, (s de)) = 0 (3.20)
fori=1,2,3 and all choices of wy:

W, = Wy, (3.21)

O = Wy +diy1 + Wi 1, (3.22)

O = wi +dgr1 Wi +di2 + Wi, (3.23)

O = Wi+ diey1 + W1 Hdig2 +Wipa + diy 3 + Wi (3.24)

as long as x;11 = x;+d;+wy forl € {k,...k+ j} with j € {—1,0,1,2}, respectively.

Proof. Choose v| > vy with vy in Lemma 3.5, and define

S (Y 3y
=7 1=
Then, v,,Vv3 > Vi > Vg, (3.18), and (3.19) hold immediately. Due to % < 1, Lemma 3.6 and
Lemma 3.5 imply that (3.20) holds for @y in (3.21) when £ > P>, with P> in Lemma 3.7. From
Wy in (3.22), 1.e., O = wi +di1 + w1, as long as xi 1 is taken as x; + di + wy in Algorithm
1, we can obtain that

Wy (xx) — Py, (xx + di + )
= Wy, () — Wy, (o +die + Wi+ dir +wip1)
= Wy, () — Py, Ok + i +wie) + Py, (i + di +wy)
—Wy, (xx +di +wi +dps 1 + Wit 1)
= Wy, (xx) — Wy, (O +die +wi) + Py, (1) — o, (k1 F dier1 +wig1)
L+

, Va=(1=m)va—7r. (3.25)

> (qv; (3 0) = qv, (X3 dk)) + Py, (1) — P, (kg1 F i1 +wig1)-
Combining Lemma 3.6 and Lemma 3.5, one finds that

Wy, (xkg1) — Pvi (1 + i1 +wig1) > 6(qv, (4150) — qv; (kg 13dks 1)) >0
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sincek+1>k>P,> P > Pyand v; > V. It follows from results above that (3.20) holds for
@ in (3.22). Therefore, we can verify that (3.20) holds for @y in (3.23) and (3.24) in the same
manner. [

For brevity, we denote some notations. Due to x; — x. (k — o), we denote that
M = {x; : k> P, and Yy, (x) < ‘Pvl.(x*) +x}, (3.26)

where k > 0 is chosen so that, for all x;, € M, (h(xy), f(xx)) ¢ -Zp,. This is possible because
Hp, =min{h: (h,f) € Zp,} > 0 and max{h(x) : xx € M} — 0 when k — oo (see Subsection
14.5 in [30]). Furthermore, for k € N, we denote

Ge={(h,f) -h = (1= y)h(a) and f > f(x) = yrh(x)} (3.27)

as the filter building blocks, and index sets 1,1;2 ={l=ky,...ko—1:1€ o/} for k| < ky. Using
(2.12) and the definition of <7, one finds that

T, =T,V U 9. (3.28)
lel,fl2
holds for k1 < k».

Lemma 3.9. Let Assumptions L hold. Let 1 > P, (P is from Lemma 3.7) with h(x;) > 0. Then

1
S (40, (1:0) — gy (x13d))) for a given x € RY,

if Won ) = P () = —

then,

(h(x), f(x)) & 4, (3.29)
where v, is from Lemma 3.8.

1+
If \Pvz(x%) _lpvz(xk) > T}/h(qu(x%;df@) _qu(xP3;dP3)) forall x, € M,

then,

(h(xe), f (xe)) & by, (3.30)
where P is the first iteration after Py with xp, € M.

Proof. Due to vi > vy, Lemma 3.8 implies that gy, (x;;0) — gy, (x;;d;) > 0. Combining (3.12)
and A;d; + ¢; = 0, one finds that

Py 0) =Ty () 2 5 g (:0) g (v5d)
= L gy (x:0) — g, G + (v — ()

G14) | 4
> ZYh (V2 —vi)h(xs). (3.3D)

If f(x) < f(x;) — vrh(x;), the desired results holds. Otherwise, from /(x;) > 0, one finds that

G11.G3D |4+ x)— flx
> 3 Yh(\’z—vl)h(xz)'i'f—( ) S
%) V2

1+
o (2= h(x) = ()

h(xi) = h(x)

>
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(3.18)
> Mh(xp)-
Then the proof of (3.29) is complete.
(3.26) and x; € M indicate that (h(xy), f(xx)) ¢ #p,. Choose any [ € 1523. It follows from
(3.31) that

+ M

1
Py, (XP3) -y, (xx) >

Because xp, 1s the first point after P, with xp, € M, the definition of M in (3.26) together with
[ < P; implies that

(V2 — Vl)h(xP3)- (332)

(3.26)
Yvs (xl) > WY (Xp3)

= PYva(xp) + (V3 —Vv2)h(xp,)

(3.32) 1+ 1—
> ‘I’Vz(xk) + (V3 - 2%1 Vi — ZYh

V2)h(xp,)

(3.19)
> Wy, (). (3.33)

If f(xx) < f(x1) = vrh(x;), it follows that (h(xy),f(xx)) ¢ ¢ directly. Otherwise, f(x;) >
f(x1) — ¥rh(x;) together with (3.11) yields that

(3.33) 1 V3 + 3.28
M) < () + vah(x) = £0) < ) 2 (1= ph)
which implies that (h(x), f(xx)) & ¢;. Then, (3.28) implies that (3.30) holds. O

Theorem 3.10. Let Assumptions L hold. Then, for k sufficiently large, xj.1 = x; +di or Xg1 =
X+ di + wy are taken, and x; converges to x, superlinearly.

Proof. Firstly, we show that, for k > P; 4 2, the following statements follow

(ix) Wy, (x7) — Py, (xx) > %(qvi(xl;O) —qv,(x;5dp)) forie€ {2,3} and P3 <1 < k-2,

(iik) X €M,

(iiig) xx = Xp—1 +dx—1 +wi_1.

Next, we prove that, for k = P; + 2, these statements hold. Assume that xp, 4 dp, is not
acceptable for the filter. In this case, let Xp, 1 = xp, +dp, + wp,. It follows from (3.20) and
(3.21) with i = 3, k = P5, xp, € M that

Wy, (Xpy1) < Wy (xpy) < Wy (x0) + K
Then, the definition of M indicates that
Xpr1 €M. (3.34)

Using (3.20) with i = 2. (3.30) and (3.34), we see that (h(xp,41), f(xp,11)) ¢ Fp,. Meanwhile,
if (2.11) is satisfied, Lemma 3.7 implies that xp, .| = xp, +dp, +wp, is taken in the algorithm.
If (2.11) does not hold, then &(xp,) > 0. From (2.11) for i =2, k = P5, (3.21) and (3.29) for
[ = P, one finds that

h(xXpy1) < (1 —m)h(xp) or f(Xpy1) < f(xpy) — vrh(xp,).
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Therefore, xp, 1 = Xp,+1 = xp, +dp, +wp,. We now consider iteration P; + 1. It follows from
(2.11) for k = P; and (3.22) that

1+

Wy (xpy) = Py (epet T dpet Fwest) 2 =5 (qv, (23 0) — gy, (xp3dpy))
(3.35)
for i = 2,3. This result indicates that
_ def
Xp42 = xpyi1 +dpy1 +wp1 € M. (3.36)

Using (3.30), (3.35), and (3.36), one finds that (h(%p,42), f (¥p12)) ¢ Fp,. If Py ¢ I, from
(3.28), (h(Xp,+2), f(Xpy+2)) ¢ Fp,41 follows. Otherwise, (3.35) for i = 2 and (3.29) indicate
that (h(Xp,42), f(Xp,12)) ¢ ¥p,. Then, this result with (3.28) implies that (h(Xp,12), f(%p,42)) ¢
Zp,+1. Therefore, Xp, is accepted in step 4.3. Similarly, one finds that Xp, > is accepted in
Step 4.5 or Step 4.6. Thus xp, 2 = Xp, 42, Which proves (ip,+2) — (ilip;+2). Forall 5 +2 <1<k
with some k > P; 4 2, we assume that (i;) — (iii;) hold. Define %, | = x; + dj + wy. From (3.20)
with (3.22) for i = 2,3, one finds that
_ 1+
P (1) = ¥y (Fe1) 2 =57 (v (0-130) = qv, (13 dk-1)) 2 0. (3.37)

Then, we choose [ with P3 <[ < k— 1 and consider the following two cases.

Case (1). If k = P3+2, then [ = P;. Combining (3.20) and (3.24), we can deduce that, for
i=2,3,

_ 1+
‘Pvi('xl) - \Pvi(karl) 2 27h (qvi('xl;o) —4v; (xl;dl)) > 0. (3.38)

Case (2). If k > P;+2, (3.37) implies that Wy, (xx—1) > Wy, (%x+1). Hence, one finds that
(3.38) follows from (ig_1).

In either case, Wy, (¥x+1) < Wy, (xp,) follows directly from (3.38). Therefore, xp, € M implies
that

Xkr1 EM. (3.39)
Furthermore, it follows from (3.30), (3.38), and (3.39) when i = 2 and [/ = P; that

(h(Xkt1), f (Xks1)) & Fpy.-

Moreover, it follows from (3.38) when i =2 and [ = P3, (3.39) and (3.30) that (h(X;41), f (Xkr1))
¢ Fp,. Forle Ik3, we have from (3.37) and (3.38) with (3.29) that (h(Xxr1), f(Xks1)) € 4.
Therefore, (3.28) implies that X is not denied in Step 4.3. Thus we can verify that x|
is accepted in Step 4.5 or Step 4.6 in the same manner. Hence, x;,| = X, indicates that
(k1) — (iligs1)- X

Next, if we replace By by H in [31], (L5) can ensure that {x;} — x, with a superlinear
rate. 0

4. NUMERICAL RESULTS

In this section, we present the numerical results of Algorithm 1 which were performed on a
desktop with Intel(R) Core(TM) 19-12900K 3.20 GHz. Numerical testing was implemented as
a MATLAB code and run under MATLAB (R2022a).
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In our implementation, the parameters: € = 1075, B; = 0.1, B, = 100, B3 = 0.01, yy =y, =
1073, K, = 1074, ¢ =2.01,7=2,1n1 =0.01, N = 0.9. The computation terminates when

Res ;= max{||NkTgk||, e} <€

is satisfied. The numerical results are reported in Table 1. The test problems are from CUTEst
collection [32]. n denotes the number of variables. m denotes the number of equality con-
straints. NF and NC are the numbers of computation of the objective function and constraint
function, respectively. NIT denotes the numbers of iterations. The numbers of computation of
the objective function’s gradient is denoted by NG.

TABLE 1 Numerical results of Algorithm 1.

Problem 2MEMSION 1T NF ONC NG Res
AIRCRFTA 8 5 2 3 3 2 1593208
ARGTRIG 200 200 3 3 4 4 68423¢—07
AUG2D 703 300 3 4 4 3 9060le—12
BDVALUE 102 100 1 2 2 1 27664e—07
BOOTH 2 2 2 2 3 2 88818—16
BRATU3D 125 27 2 2 3 2 13946e-12
BROYDN3D 500 500 2 2 3 2 139%6e—12
BTI 2 1 6 8 7 6 62509%—10
BT2 31 6 6 7 6 5754512
BT3 5 3 3 3 4 3 50337¢—08
BT4 3 02 5 5 6 5 26930e—12
BTS 302 4 4 5 4 32447e—09
BT6 5 2 11 12 12 11 3.3946e—08
BT7 5 3 7 8 8 7 6800314
BTS 5 2 11 12 12 11 33717e—07
BT9 4 2 5 5 6 5 75925¢—09
BT10 2 2 2 2 3 2 20895¢—09
BT11 5 3 7 8 8 7 1.1500e—09
BT12 5 3 4 5 5 4 13465¢—09
BYRDSPHR 3 2 7 7 8 7 35170e—13
CLUSTER 2 2 5 9 6 5 32963¢—08
DTOC4 299 198 2 3 3 2 3.9938—10
DTOC5 19 9 0 1 1 1 0.0000e+00
GENHS28 10 8 4 4 5 4 89137e—07
GOTTFR 2 3 2 2 3 2 21823e-10
HAGERI 1001 500 3 4 4 3 94429¢—07
HAGER2 1001 500 3 4 4 3 73961e—07
HAGER3 1001 500 2 3 3 2 63420e—07
HATFLDF 3 3 3 4 4 3 5209e—07
HATFLDG 25 25 2 2 3 2 40736e—12
HEARTS 8 8 2 2 3 2 1.1043e—11



Table 1 continued
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Dimension

Problem . p NIT NF NC NG Res
HIMMELBA 2 2 1 1 2 1 5.3134e—07
HIMMELBC 2 2 2 2 3 2 2.8422e—13
HIMMELBE 3 3 1 1 2 1 7.4308e—07

HS06 2 1 5 11 6 5 3.0642e—13
HS07 2 1 5 5 6 5 4511310
HS08 2 2 2 2 3 2 24788e—13
HS09 2 1 9 53 10 9 28111e-07
HS26 3 1 I8 19 19 18 6.9635¢—-07
HS27 3 1 13 14 14 13 4.5717¢e—-09
HS28 3 1 3 4 4 3 1.9369¢—-08
HS39 4 2 8 9 9 8 6.4001e—07
HS40 4 3 3 4 4 3 1.7066e—10
HS42 4 2 5 5 6 5 1.0657e—11
HS46 5 2 18 19 19 18 4.8371e—-07
HS47 5 3 16 17 17 16 6.9164e—07
HS48 5 2 3 4 4 3 5.4963e—11
HS49 5 2 16 17 17 16 4.8668¢—07
HS50 5 3 9 10 10 9 4.4526e—13
HS51 5 3 2 3 3 2 1.4423e—08
HS52 5 3 2 3 3 2 3.1612e—10
HS56 7 4 10 11 11 10 5.5067e—07
HS61 3 2 6 6 7 7 6.3198e—07
HS77 5 2 10 11 11 10 2.3628e—08
HS78 5 3 8 9 9 8 2.7821e—07
HS79 5 3 5 5 6 5 6.7966e—10
HS100LNP 7 2 6 8 7 6 4.6236e—09
HSI111LNP 10 3 20 20 21 20 2.7174e—-07

HYPCIR 2 2 1 1 2 1 5.4209e—-07

INTEGREQ 5 5 3 4 4 3 3.8263e—07

MARATOS 2 1 3 4 4 3 1.5309e—-08
MWRIGHT 5 3 6 9 7 6 24979e—-10
ORTHREGB 27 6 7 8 8 8 1.1322e—-08
POWELLSQ 2 2 1 1 2 1 8.1584e—07
RECIPE 3 3 2 2 3 2 3.0306e—15
S235 3 1 13 15 14 13 1.0455e—08
S252 3 1 10 11 11 10 6.0873e—09
S265 4 2 1 1 2 1 3.9252e—17
S269 5 3 29 29 30 29 8.5895e—07
S316 2 1 2 2 3 3 4.8916e—08
S317 2 1 5 5 6 6 3.3780e—12
S318 2 1 5 5 6 6 3.2496e—-11
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Table 1 continued

Problem % NIT NF NC NG  Res
S319 2 1 7 7 8 8 63140008
$320 2 1 25 46 26 26 9.1824e—07
$321 2 1 17 35 18 18 2.9056e—07
$335 3 2 9 8 10 19 8.1612—11
$336 3 2 5 5 6 5 23466e—08
$338 3 2 6 6 7 6 1.8903e—09
S344 31 9 10 10 9 57431e—07
$373 9 6 10 9 11 10 84754e—11
$378 10 3 17 19 18 17 1.9417e—10
$394 20 12 9 14 10 9 47112—11
$395 50 1 8 9 9 8 6116le—12

ZANGWIL3 3 3 2 2 3 2 1209820

5. CONCLUSION

We introduced an adaptive regularization with cubics algorithm in association with back-
tracking line search filter technique for solving the nonlinear equality constrained program-
ming, where second-order correction steps were introduced. After the new step is computed,
we employed line search filter techniques to generate the next iteration point, which can help
us avoid the difficulty of choosing an appropriate penalty parameter in merit functions and the
possibility of solving ARC subproblem many times in one iteration in ARC framework. And
the cubic regularization presents a way to avoid difficulties resulting from the incompatibility of
the intersection of linearized constraints with trust-region bounds in constrained optimization.
Compared with algorithms based on line search frameworks, which require that the Lagrangian
Hessian or its approximation is uniformly positive definite on the null space of the Jacobian of
constraints to guarantee the descent property of the search directions, the proposed algorithm
only requires semi-positive definiteness of Lagrangian Hessian to ensure the global conver-
gence. In the local convergence analysis we demonstrated that Maratos effect can be avoided
and fast local convergence rate can be achieved. The preliminary numerical results were also
reported.
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