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Abstract. It is an open problem whether a homeomorphism on a compact metric space satisfying that
each proper pair is either positively or negatively Li-Yorke, called completely Li—Yorke chaotic, can have
positive entropy. In this paper, an affirmative answer to this question is given. Indeed, for each homeo-
morphism 7 with positive entropy such that each proper pair is not two-sided asymptotic, a completely
Li-Yorke chaotic homeomorphism with positive entropy associated with the given homeomorphism can
be constructed.

Keywords. Li-Yorke chaos; Proximal; Topological entropy.

2020 MSC. 37B05, 37B40.

1. INTRODUCTION

A pair (X,T) is called a ropological dynamical system (t.d.s. for short) if X is a compact
metric space with a metric dy and T : X — X is a homeomorphism. A proper pair of X is a pair
(x,y) € X x X with x # y. Below we state our main results and the ideas of the construction.

1.1. Main results. Chaotic phenomenon is one of the most important subjects in the study of
dynamical systems. Li and Yorke [7] first introduced the notion of Li—Yorke chaos. Let (X,T)
be at.d.s. A pair (x,y) of X is called a positively proximal pair for T if iminf, . dx (T"x, T"y) =
0, and called a positively asymptotic pair for T if lim, . dyx(T"x,T"y) = 0. A proper pair is
called a positively scrambled pair (or Li—Yorke pair) for T if it is a positively proximal pair for
T but not a positively asymptotic pair for 7. A t.d.s. is called Li—Yorke chaotic if there exists an
uncountable scrambled set S C X, that is, for any two distinct points x,y € S, (x,y) is a positively
scrambled pair.

Now we give a short list of works related to the study of scrambled sets. Li and Yorke
[7] showed that a map on a closed interval with a periodic point of period three is Li—Yorke
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chaotic. Misiurewicz [10] proved that there is a continuous map on a closed interval such that
it has a scrambled set with full Lebesgue measure. Mai [9] constructed a continuous map on
the non-compact space (0, 1)” such that the whole space becomes a scrambled set. Huang and
Ye [5] showed that there is a t.d.s. such that the whole space becomes a scrambled set, called
positively completely scrambled. Such an example can be given by using the graph covers; see
Shimomura [11] or by considering the so-called almost equicontinuous systems with a unique
minimal point; see Glasner and Weiss [3]. Answering some question asked in [5], Boronski,
Kupka, and Oprocha [2] showed that, for any integer n > 1, there exists a topological mixing
homeomorphism on an n-dimensional continuum, which is positively completely scrambled.

Another question posed by the authors in [5] is whether a positively completely scrambled
homeomorphism can have positive entropy. As a by-product the question was answered nega-
tively by Blanchard, Host and Ruette [1] who proved that positive entropy implies the existence
of a proper positively asymptotic pair. This result shows that if the whole space is a scrambled
set, that is, all the proper pairs are positively scrambled pairs, then the map should have zero
entropy.

This leads us to consider the natural question for positive Li-Yorke pairs or negative Li-Yorke
pairs. There are examples that have positive entropy and also have the following property: there
is no proper pair which is both positively asymptotic and negatively asymptotic, see for example
the work by Lind and Schmidt [8].

A td.s. (X,T) is called completely scrambled or completely Li—Yorke chaotic if each proper
pair is either a positively or a negatively scrambled pair. This means that some of proper pairs
are positively scrambled pairs and the complement of them are negatively scrambled pairs.

Unlike the positively completely scrambled situation, we find out that a completely Li—Yorke
chaotic homeomorphism with positive entropy exists, which gives a positive answer to a prob-
lem in [6, Problem 1]. That is,

Theorem 1.1. There is a t.d.s. (X,T) such that it is completely Li—Yorke chaotic and has
positive topological entropy.

In fact, such an example can be constructed from any given t.d.s. with a mild condition, i.e.,
the system has positive entropy and has no proper pairs which are both positively and negatively
asymptotic.

For the system (X,7) in Theorem 1.1, if we take an ergodic T-invariant probability Borel
measure 1 on (X, 7) with positive measure-theoretic entropy, then the support of u is a transi-
tive subsystem of (X, T') with positive topological entropy, which is also completely Li—Yorke
chaotic. Thus we have the following corollary.

Corollary 1.2. There is a transitive t.d.s. such that it is completely Li—Yorke chaotic and has
positive topological entropy.

We remark that if we require that each pair in a t.d.s. (X, T) is either positively or negatively
recurrent, then the entropy should be zero, see the recent work by Hochman [4].

1.2. Main ideas. Our main idea is to construct a proximal system from a given one such that
this proximal system can carry the information of each orbit in the given system.

Namely, given a t.d.s. (X,T'), we construct a subsystem of (XZ, ), where X, is the space by
adding an isolating fixed point * to X and o is the left shift map. Choose a suitable subsequence
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{ni}7_, of N. For each ny, we divide the integer interval {0, 1,2,...,n; — 1} into two parts: the
“proximal part” and the “orbit part”. We put the fixed point * into the proximal part, and put
the orbit in X into the orbit part. And then we obtain a closed subset of XZ, which relies only
on n; coordinates. Finally, collecting all those points and their orbits under the left shift map,
we construct a proximal system ¥ C X depending on (X,T).

The proximal part is required to intersect with its translation, since every point must be prox-
imal to its shift when (Y, o) is a proximal system. On the other hand, the orbit part is needed
to be large enough so that (Y, o) preserves positive topological entropy. This means that the
proximal part should be small enough. We find out that such a partition exists for large enough
integer n (see Lemma 3.1). So we can show that the constructed system ¥ C XZ has positive
topological entropy when so does (X, T), and all the pairs in Y are positively proximal pairs for
both ¢ and 6.

Finally, choose a suitable system as (X,T), that is, a homeomorphism with positive topo-
logical entropy satisfying that all the proper pairs are positively non-asymptotic pairs for 7 or
T—!. Since the orbit part contains the information of orbits in X and all the proper pairs in X are
positively non-asymptotic pairs for T or 7!, we can show that it is same for (¥, o). Thus the
constructed system (¥, o) is completely Li—Yorke chaotic and has positive topological entropy.

2. PRELIMINARIES

For subsets A,B C Z and n € 7Z, we write
A+B:={a+beZ:acA,becB},

n+A:={n+acZ:acAlandnA:={nac€Z:acA}.

For a t.d.s. (X,T) and x € X, we denote by O, (x,T) the closure of the set {T"x : n > 0},
called the positive orbit closure for T of x. We denote by Oz (x,T) the closure of the set {7"x :
n € 7}, called the Z-orbit closure for T of x. A point x € X is called a fixed point if Tx = x. A
point x € X is called a minimal point if its orbit closure O (x,T) does not contain any proper
closed T-invariant subset. A fixed point is a minimal point.

For at.d.s. (X,T), we define the product space

X% .= {(x)iez :xi €X,i €7}
with the product topology, and the shift map & : X% — XZ by o(x) = (xiy1)iez for x = (x;)icz.
So (X%,0) is a t.d.s. For x = (x;)icz € X% and p < q € 7, we write
x|[p,q) = (xpaxp+17 s 7xq71)‘
For z € X, we write 77 := (2)jez € X% and 2V = (z,z,...,z) € XN for any integer N > 1.
2.1. Pairs in topological dynamical systems. In this subsection, we give some definitions
related to a t.d.s.
Definition 2.1. Let (X,7) be a t.d.s. A pair (x,y) € X x X is called
e positively proximal for T if liminf,_, ;o dx (T"x,T"y) = 0;
e negatively proximal for T if it is positively proximal for 7~ !;
e positively asymptotic for T if lim,,_, ;o dx (T"x,T"y) = 0;
e negatively asymptotic for T if it is positively asymptotic for 7~ !;
e two-sided asymptotic for T if it is both positively and negatively asymptotic for T';
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e a positively scrambled (or Li—Yorke) pair for T if it is positively proximal and

limsupdx (T"x,T"y) > 0;
n——oo
e a negatively scrambled (or Li—Yorke) pair for T if it is a positively scrambled pair for
T
e a scrambled (or Li-Yorke) pair for T if it is either a positively or a negatively scrambled
pair for 7.

Notice that a pair (x,y) is not two-sided asymptotic if and only if there is some & > 0 such
that #{n € Z : dx (T"x,T"y) > 0} = oo where #(-) stands for the cardinality of a set.

2.2. Topological entropy. In this subsection, we give some notations concerning topological
entropy.

Let (X,T) be a t.d.s. For € > 0 and integer n > 0, a subset E C X is called (n, €)-separated
if for any distinct x,y € E, there exists 0 < n’ < n such that dX(T”/x, T"/y) > €. Denote by
sn(X, T, €) the greatest number of all (n, €)-separated sets. The fopological entropy of (X,T) is
defined by

hiop(X,T) = lim lim supw = lim liminf M.

=0 oo n =0 n—oe n

2.3. Completely Li-Yorke chaotic homeomorphisms. In this subsection, we introduce some
basic properties of completely Li—Yorke chaotic homeomorphisms. The following is well
known.

Lemma 2.2. Let (X,T) be a t.d.s. If any pair (x,y) is either positively or negatively proximal
for T, then there exists a unique fixed point p for T. Moreover, p is the unique minimal point of
(X,T).

Proof. The proof is similar to Proposition 2.2 in [5]. Choosing any x € X , we have that (x, T'x)
is a positively or negatively proximal pair for 7. If (x,7x) is a positively proximal pair for
S € {T,T~'}, then we choose a sequence {n;} of positive integers such that S"x — p for some
p € X and limy_,., dx (S"x, 8™ 1x) = 0. Thus Tp = p, that is, p is a fixed point. If there exists
another minimal point x # p for (X, T), then p ¢ Oz(x,T). Thus

dx(p,0Oz(x,T)):= _inf dx(p,z)>0.
ZGOZ(X,T)
Hence, (x, p) is not a positively nor negatively proximal pair for T, a contradiction. O

Proposition 2.3. Let (X,T) be a t.d.s. If any (x,y) is either a positively or negatively proximal
pair for T, then all the pairs of X are both positively and negatively proximal pairs for T.

Proof. Fix any x # y € X, there exists a minimal point (z,z') € O ((x,y),T x T) for T x T. By
Lemma 2.2, the fixed point p € X is the unique minimal point. Then the fixed point (p, p) € X x
X is also the unique minimal point of (X x X,T x T). Thus (z,7') = (p,p) € O+ ((x,y),T x T),
and then (x,y) is a positively proximal pair for 7. By a similar argument, we see that (x,y) is
also a negatively proximal pair for 7. U
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3. INDUCE A PROXIMAL SYSTEM

In this section, we construct an induced proximal system from a given t.d.s. and show the
relationship between their topological entropy.

Let (X,T) be a t.d.s. Let X, = X U {x}, where % is a point which does not belong to X. We
can make X, to be a compact metric space by extending the metric dy on X to a metric dy,
defined as:

dx, (x,%) =0, dx, (x,y) = dx(x,y), dx, (x,x) = diam(X) + 1 for all x,y € X

where diam(X) is the diameter of X under the metric dx. Extend 7 to a homomorphism 7 :
X, — X, by
T.(x) = * and T (x) = T'(x) for x € X.
Then (X,, ) is also a t.d.s.
Next, we construct a proximal subsystem (Y, &) of (XZ, ¢) and show the relationship between
the topological entropy of (X,T) and (Y, ). To do so, the following lemma is needed.

Lemma 3.1. For any € > 0, there exists a positive integer N such that, for any n > N, there exists
a disjoint union {0,1,2,....,n—1} = AUB with 0,n— 1 € B satisfying the following statements:
(1) 2 <#A <ng;
(ii) for any integer 0 <i < n, there is a € A such thata+i € AU (n+A);
(iii) for any integer 0 <i <541, #((A+i)NB) > /5 — 1.

Proof. Fix € > 0. Choose N such that, for any n > N,

2
4§\/Eand\/j+§<£. (3.1)
2 n n
n n
p=[\5] maa= |

where [x] :=min{n € Z : n > x}. Thus n < 2pq and

n n
2—-1<—— —+1 2+1. 3.2
vn/ <2( _n/2+1)<q<2p+ <\/n/2+ (3.2)

Let n = kop + ro for some integers kg > 0 and 0 < rg < p. It follows that
2q—3=2(qg—1)—1<n/p—1<ko<n/p<2gq. (3.3)

Fix n > N and set

Let

A={12,....,p=1,p}U{p+r0,2p+r0,....qp+710,(g+ 1)p+ro}.
By the first inequality of (3.1) and (3.2), we know that 4 < g. By (3.3), we have kg > 2g—3 >
g+1.So (g+1)p+ry < kop+ro=n. Therefore, we have A C {0,1,2,....n—1}andn—1¢ A
by p > 1. Statement (i) holds since

D<HA< ptgt1 <2\/g+3 (by (3.2))

(V2)
= n —+—
n n

< n€. (by the second inequality of (3.1))
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Let B={0,1,2,...,n—1}\A. So0,n—1€B.
To prove (ii), we fix 0 <i < n. Let i = kp+ r for some integers kK and 0 < r < p. So
0 <k < ko <2q. There are two cases:

o 0<k<qg:if0<r<rythenwehavero—rcAandi+ro—r=kp+rocA.Ilfro <r<p,
thenp+ro—recAandi+p+ro—r=(k+1)p+ry€A.

o g<k<kyifr=0,then0<ko—k+1<gbyky<2q. Thus (k—k+1)p+ro€A
and (ko—k+1)p+ro+i=n+pe€A+nIfr>0,then 0 <ky—k < gby kg < 2q. So
(ko—k)p+ro€Aand (ko—k)p+ro+i=n+reA+n.

Combining with the above two cases, we prove that (ii) holds.

To prove (iii), we fix 0 < i < 5 + 1 and divide into two cases.

Casel: ifO<i< p,theni+ jp+roeBforall 1 <j<gq. Since jp+rocAforalll <j<gq,
we have

#((A+i)NB) > ¢ > \/g—l

where the last inequality holds by (3.2).

Case 2: if p <i < 5+ 1, by the first inequality of (3.1), p <5 —1and i+ p <n. Since i+1 >
p, then there exists at most one element of i+ {1,2,..., p} belongs to A. Since {1,2,...,p} CA,
we have

#(A+i))NB)>p—1> \/g—l.

Combining with the above cases, (iii) is proved. [

3.1. The construction. Fix a decreasing sequence {&};_, with 0 < &g < 1/2forall k > 0. By
the above lemma, we inductively define sequences {n;};"_o, {Px}7_o» and for k > 0, a disjoint
union {0,1,2,... 0y — 1} = A, UBy with 0,n; — 1 € By.

For k =0, by Lemma 3.1 for &), there exist an integer ng and a disjoint union {0, 1,2,...,n9—
1} =AoUBg with 0,n9 — 1 € By satisfying the (i), (ii), and (iii) in Lemma 3.1. For each integer
k> 1, by Lemma 3.1 for &, there exist an integer n > n;_ and a disjoint union {0,1,2,... n; —
1} = Ax UBy with 0,n; — 1 € By satisfying the (i), (ii) and (iii) in Lemma 3.1. Set p_; = 1 and
Pk = N Pk—1 for all k > 0.

Inductively for k > 0, assume that we have defined ny, py = ngpr—1 (Where p_; = 1) and a
disjoint union {0, 1,2,...,n; — 1} = A UBy with O,ny — 1 € By. Let b_; = 1 and by = #By, for
k>0.Lett:B;y—{0,1,...,b— 1} be astrictly increasing bijection. So, for all k > 0, we have
7%(0) =0, T(ng — 1) = by — 1 and |7 ' (i) — 7, ' (j)| > |i — j| for any i,j € {0,1,....b; — 1}.
For k > 0, we define f; : By — (—(by —2),0]NZ by

0, i=0,
Ji(i) = ¢ — bk =3), i=ne—1,
T (i) — (by —2), otherwise.

More explicitly, see Figure 1. So

JelBofom—13 : Bi\{0,mp — 1} — (= (b —2),0]NZ

is a bijection. Set b’ | =1, by = #Bo — 2, Iy = (—b}),0] N Z and Iy = fi(By)#l—1 + I for
k> 1. So each I = (—b},0]NZ is an interval of Z where b} = b; _,#fi(By) for k > 0. For each
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By e (—(bx—2),0|NZ
0=r1,'(0)
T{i(l) —(bk—3)
7 (2) —(bx—4)
r,:i(bk—3) ~1
T (bk—2) 0

m—1=1"(by—1)
FIGURE 1. The map f

b, j
k > 0, we define g; : By X X, — X, by gi(i,x) =T, k1)

the form is

x. If we list the g (i,x), i € By, then
—b_ (b3 —bl,_ (by—4 —2b) —b) —b,_, (=3
x, T, 1 (x )x, T, e (x )x, T T T g x, T -1 )x,
. . o —bl(b=3) 26, b, .
which we add the first point of the orbit 7, X, ..., T, x, T, x,x to the end of it,
and add the last point of the same orbit to the start of it. For k£ > 0, we set

O = {x= (xi)icz € X7 : xip,_, = gu(i.x0),i € By}
and
Po={x= (x)iez € X2 : xip, , = *,1 €A}
Then, for k > 0, P, and Qy are closed subsets of XZ since g is continuous. Noticing that for

x = (x;)icz. € Ok, points x;p,, ,, i € By belong to the orbit of xp, it is shown that one of points
Xip,_1» | € By 1s * if and only if so are all of them. LetY_; = X*Z. For k > 0,

Yo=Y 10 () " (PN Q)
nez

and
oo pk— 1

Y= U o "% (3.4)

k=0 r=0

Since Y}, is closed and o”*-invariant, ffol 0 "Y}, is closed and o-invariant. Then Y is closed
and c-invariant. So (Y,o|y) is a subsystem of (X%, o). Notice that +“ € Y. Now, we give
another point x = (x;);cz € Y, which shows the form of some points in Y.

Lemma 3.2. For any z € X, there exists x = (x;)icz, € r—o Yx with xo = z.

Proof. Fixze X andletx_| =xg=z€ X. For 1 <i < ny= pg, we set

*, i € Ao,
Xi = . .
g()(l,X()), i € By.
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Let x_,, € X such that go(no — 1,x_p,) = x_. For —ng <i <0, we set

*, i+ng € Ao,
Xi = . .
go(i+no,x—p,), i+ng € Bo.
Indeed, to ensure x € Yp, it is shown that, for any n € Z, all of x;,+;, 0 < i < ng are fixed if one
of xypy+i> | € By 1s defined. So, for any n € Z, whenever x,,,, have been defined, all of x4,

0 <i < pg are defined. Thus we have defined x|[_ Po.P0)" Similarly, to ensure x € Y1, for any
n € Z, all of xp, 1ip,» 0 < i <ny are fixed if one of x,,, +ip,, i € By 18 defined. So, for 1 <i<ny,

we set
*, i €A,
Xipg =

gl(i,XQ), i € By.
Let x_,, such that g;(n; — 1,x_p,) =x_p,. For —n; <i <0, we set

*, i+n €A,
Xipg = ; ;
gi(i+ny,x_p,), i+n; €By.

By defining x;,, for ipg € [—p1,p1), it has defined x;,,+; for 0 < j < pg and ipg € [—p1,p1),
and then we have defined x|_,,, ). Suppose that x|_,, ,  has been defined for some k > 0. To
ensure x € Y1, all of xpp,  +ip,» 0 <@ <y are fixed if one of xpp, | +ip,, I € By is defined.

So, for 1 <i < mnyyq, we set
*, [ € Agi1,s
Xipy =

8k+1 (i,xo), i€ Bk—H .

Letx_p,,, such that g; (g1 —1,x_p,,,) =x_p,. For —m <i <0, we set

*, I+ € Agst,
xipk - . .
Skt (I 11, X pyy); i+ ngg1 € By

By defining x;p, for ipy € [—pk+1, Pk+1). it has defined x;p, 4 j for 0 < j < py and ipy € [—pr+1, Pk+1),
and then we have defined x| [~ pii1.pesr)- BY the induction process, we have defined x = (xi)iez €

The following lemma shows the form of points in Y.

Lemma 3.3. Let x = (x;);ez € Y. If xp # * for some m € 7, then there exists a unique sequence
{ritv o with 0 < ry < py such that riy = mod py, k > 0 and

X e m o '*Y;.
k=0

Proof. Fix x = (x;)icz € Y with x,,, # * for some m € Z. Then there exists a sequence {r};
such that 0 < r; < p; and x € 6~ '+Y; for all kK > 0.

We prove the uniqueness of 0 < r; < py and ry1 = rr, mod py for kK > 0 by induction.

Step k = 0: First, we prove the uniqueness of rg. If there exist two distinct integers 0 <
ro # r(’) < po such that x € 67 "0Yy and x € 6" 6Y0. Without loss of generality, we assume
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that r{, > ro. Take mgy € Z with ro+mopo < m < ro+ (mo+ 1)po. Since 6"x € ¥, we have
m € ro+mopo + By and
=%, S r0+mOPO+A07
Xi . (3.5)
%%, 1 €ryg+mopo+ Bo.
In particular, X, 1mop, 7 * and Xy fmpotpo—1 7 *. Since ry+ (mo —1)po < ro+mopo < ry+
mopo and r, +mopo < ro+mopo~+ po — 1 < ry+ (mo+ 1) po, by o'0x € Y, we have

=%, i€ (ry+ (mo—1)po+Ao) U (ry+mopo+Ao),
X; (3.6)

# %, i€ (ry+ (mo—1)po—+Bo)U (ry+mopo+ Bo).

Depending on whether ry —rg < 72, there are two cases:
o ry—ro < 3 By (iii) of Lemma 3.1, (Ao +r(, — ro) N By # 0. So

(ro+mopo +Ao) N (ro +mopo+ Bo) = ro+mopo + (Ao +ro — ro) NBo # 0,

a contradiction to (3.5) and (3.6).
o ry— 19> 3 Then py — (ry —ro) < 3. By (iii) of Lemma 3.1, (Ao + po — (1 —r0)) N
By 7é @. So

(ro +mopo+Ao) N (1 4 (mo — 1) po + Bo)
=ry+ (mo — 1) po + (Ao + po — (ro — r0)) N By # 0,
a contradiction to (3.5) and (3.6).

So we can conclude that there exists a unique 0 < rg < po such that x € 6 '0Y,.

Step k = 1: We show that r; =rp mod pg and prove the uniqueness of r;. Sincex€ o~ "1Y] C
oY), by the uniqueness of ry, we have r| =rg mod py.

If there are two distinct 0 < r| < r’1 < pipsuchthatx e oY) and x € o Y|, thenr| = r’1 =
ro mod pg. Take m| € Z with ri +mp; <m < ry+ (m;+ 1)p;. And by ro+mopg < m <
ro+ (mg+1)po and r; = ry mod pg, we have [ro +mopo,ro+ (mg+1)po) C [r1 +myp1,r1 +
(my+1)p1) and ro +mopo € r1 +mip1 + po{0,1,2,...,n; — 1}.

belong to r| +mp; + poB1

[ ] ] 1 ] ] [
T T T

ri+mipi ro+mopory + (mo+ 1) po ri+ (my+1)p

BY Xy 4-mopy 7 *» We have ro +mopo € ri +mjp1 + poBp and

=%, [€r+mp;+poAi,
xi{ P P (37)

#%, [ €r +mpi+poBi.

In particular, Xy 1m p, 7 * and Xu  (m,11)p,—p 7 *- Since r| + (my — 1)p1 < rp+mypy <
i +mipr, ry+mipy < rp+ (my+1)pr—po < rj+ (my+1)py and r| = | = ry mod py,
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we have r| +mpy € rj{+ (m; —1)p1 +po{0,1,2,...,ny — 1} and ry + (m; + 1) py — po € 1} +
mip1+ pof{0,1,2,...,n; — 1}. So we have
=%, i€ (r{ 4 (m—1)p1+poA1)U(r] +mip1+ poAr), (3.8)
X .
| #* i€ (4 (mi—1)p1+ poB1) U (r +myip1 + poBy).
Depending on whether i; := % < ”7‘, there are two cases:
e iy < 7 By (iii) of Lemma 3.1, (A +i;) NB; # 0. So
(r} +mip1+ poA1) N (r1 +mipi + poBi) = ri +mp1 + po((A1 +i1) NBy) # 0,
a contradiction to (3.7) and (3.8).
e iy > 7 Then ny —i; < 4. By (iii) of Lemma 3.1, (A; +ny —i;) N By # 0. So
(r1 +m1p1+ poAr) N (ry + (m1 — 1)p1 + poB1)
=7} 4 (m1 —1)p1 + po((A1 +n1 —i1) N By) # 0,
a contradiction to (3.7) and (3.8).
So we can conclude that there exists a unique 0 < r; < p; such that x € 7 "1Y].

Step k+ 1: Suppose that, for some k > 1, we have proved that, forany 1 <K <k,0<rg < pg
is unique, rx = rg—1 mod px_1, rxk +mgpg <m < rg+ (mg +1)pg and X mypr 7 *. We
show that ri,; = r, mod p; and ry. is unique. Since x € 6 "*+1Y, | C ¢ "*+1Y;, by the
uniqueness of r, we have r; | = r; mod py.

If there exist two distinct 0 < ry 1 < r,’< 41 <Prt+1suchthatx € 6" 1Y;pandx € o 1Yy,
then ryy | = r,/H_1 =rr mod py. Take my | € Zsuchthat ri | +myp 1 prey <m<rppy+ (Mg +
D) prr1- By re+mgpr <m < rp+ (mg+ 1) pi and rp g = r;. mod py, we have

[rk +mypr, re + (Mg + 1) pr) C [res1 + M1 Pty Feer + (i + D i)

and ry +mpy € rip1 + M1 pir1 + pid0,1,2, . ngr — 1} BY Xy pmy p, 7 %, We have ry +
My Pk € Tk+1+ My 1Pir1 + PiBiry1 and

=%, €Iyl + M1 Prr1 + Prlirts
X . (3.9)
F# %, 1€ Iyl + M1 Pry1 + PiBiyt-
In particular, X, +m py 7 % a0 Xy 4 me, +1) prsy—pp 7 *- Since
Fep1 + My — D prit < et + My Pyt < gy + M1 Pt
Pt F M1 Prrt < Pt + (M1 + 1) prept — pie < regy + (M1 + 1) prgn
and r | =y, | =1 mod pg, we have
P + M1 Pt € gy + (Micer — D prer +pe{0, 1,2, gy — 1}
and
Pt + (Micp1 + 1) Pyt — P € Mgy +mici1pierr +pi{0,1,2, . me — 11
It follows that
=%, 1€ (P + (Mt — 1) prst + Prlis1) U (Pt + M1 Pt + Prlit 1), (3.10)
X .
| £ % i€ (Pl + (mrst — Dpryt + PiBry 1) U (P + i1 Pt + piBir)-

. . P11
Depending on whether iy := %kk“ < 2L there are two cases:
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e ipr < 5L By (iii) of Lemma 3.1, (Agy1 +ik+1) NBrp1 # 0. So

(F1/<+1 + i1 Pt + PrAk+1) O (Frs1 + Mi1 i1 + PicBir 1)
=11 M1 Pyt + Pr((Ake1 +ike1) N Bryr) # 0,
a contradiction to (3.9) and (3.10).

® iry > ”kTH: Then nyp1 — ik < r% By (iii) of Lemma 3.1, (Ak_|_1 + g1 — ik_|_1) N
Bk—|—1 %@ So

(P 1 + M1 Prs1 + PrAis1) O (Mg + (i1 — 1) prgt + piBier 1)
=rip 1+ (et — 1) prgr + pr((Akgr + nist — i) NBrgr) # 0,
a contradiction to (3.9) and (3.10).

Now, we have proved that the sequence {r;} is unique for 0 < ry < py, k >0, and ri | = 1y
mod py for all k > 0. U

By Lemma 3.3, for any x € Y with x,, # * for some m € Z, we can always assume that
x € g0 "¥Y; for some sequence {rx}; , with 0 < rx < pi and riqy = 1 mod py for all
k> 0.

3.2. Proximality of Y. In this subsection, we show that all pairs of ¥ are both positively and
negatively proximal. First, we need the following lemma.

Lemma 3.4. Let x = (xi)icz, € (ieo O "*Yi for some sequence {ry}y_, with 0 < ry < py and
rew1 = 1 mod py for all k > 0. Then, for any k > 0,

(W) {i€Z:xi=x}Dre+ piZ+ pr1As;

(11) if Xy 4np, = * for some n € Z, then Xy, 4 pnp,+i =*, i=0,1,2,... . pp — L

Moreover,

[e)

{i€Z:x; =} D> |J(rk + PkZ+ pr—1Ak+ [0, pr1) NZ). (3.11)
k=0
Proof. We prove by induction. For k = 0, we have 6"°x € Yy C (),,e7 6"P°Fy. So, for any n € Z,
Xrg+npo+i = * for all i € Ag. Therefore, {i € Z : x; = *} D ro+ poZ + Ao. Moreover, by ¢"0x €
Yo CNpez 6" (PoNQp), if Xyy4np, = * for some n € Z, then x,,1npy+i =*,i=0,1,2,..., po— L.
So (1) and (ii) hold for k = 0.

Suppose that (i) and (ii) hold for some k > 0. Since o'*1x € Y| C (,ez 0"P% Pty for
any n € Z, then Xy 1np;.,+ip, = * for all i € Agyy. Since (ii) holds for k and ry 1 +npgy +
ipk € 1k + pxZ by ri 1 = e mod py, we have Xy, 4np,+ipe+j = * forall i € Ay and j =
0,1,2,..., px — 1. Therefore, we have

{i€Z:xi =%} D riy1 + prer1Z+ prAiy1 + [0, pr) N Z.

Moreover, by c'%1x € Yii1 C ez 6P (Pey1 N Okt1)s if Xpy, 4np,., = * for some n € Z,
then x,, | 4 npy, +ip, = * forall i =0,1,2,...,n — 1. So (i) and (ii) hold for k+ 1.
Combining with (i) and (ii) for all k > 0, (3.11) is proved. ]

In Lemma 3.4, by (3.11), we also have

[e)

{i €L :xi# *} C m (rk+ka+pk_1Bk+ [07pk—1) QZ) (3.12)
k=0
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Proposition 3.5. For any x,y €Y, (x,y) is both positively and negatively proximal.

Proof. Fix x = (x;)icz,y = (Vi)icz € Y. By Lemma 3.3, there exist sequences {ry};_, and
{r.}_ such that

X € ﬂ o *Y,andy € ﬂ oY,
k=0 k=0
Ifry, = r,’C for all k > 0, then by (3.11), (x,y) is both positively and negatively proximal. If there
exists some ko > 0 such that ry, # r,’CO. By rit1 = rx mod py and 1= r, mod py for all
k >0, we have ry # r; for all k > k.
Next, we show that, for any N > 0, there exist nt > N and n~ < —N such that
x|[n—fN,n—) = y|[n—fN,n—) = x|[n+,n++N) = y|[n+,n++N) = *N’ (3.13)
which implies that (x,y) is both positively and negatively proximal. Fix N > 0 and choose
k > ko with p; > 2N. Without loss of generality, we assme that 0 < gy < r,’C 1 < Pik+1- Set
;’,’CJrl — 11 = apy + b for some integers 0 < a < ngy1 and 0 < b < pr. We divide b into two
cases.
Case 1: if 0 < b < p; /2, then by (ii) of Lemma 3.1, there exists a; € Ay, such thata; +a €
App1U(Agp1 +mpr). By (3.11),
{i€Z:yi=x} Driy + prr1Z+ape+[0,p) NZ
=riy1+prr1Z+ (a1 +a)pr+b+[0,pr) NZ
DI+ pry1Z+ (a1 +a)pr+[b,b+N)NZ
where the last statement holds by N < % Since aj +a € Ajr 1 U(Agr1 +mrq) and b+ N < py,

we have _
{i € Z:xi =%} Dris1+ pr1Z+ prArs1 + [0, pr) NZ - (by (3.11))

Dyt + prr1Z+ (a1 +a)pr+ [b,b+N)NZ
where the last statement holds by » < & and N < Z. So
{ieZ:xi=yi=%}Dri1+prr1Z+ (a1 +a)pr+ [b,b+N)NZ,

which implies (3.13).
Case 2: if p;/2 < b < pg, then 0 < py — b < pi/2. By (ii) of Lemma 3.1, there exists
as € Ap41 such that ap + (”k—i—l —1 —a) €A1 U (Ak—H —|—nk+1). So, by (3.11),

{i€Z:xi =%} Dris1+ pir1Z+axpr+ 0, pr) N Z
=re1 + P Z+ (ay +ngyy — L —a) pr+ (pe—b) + [0, pr) NZ
Oriyt + P Z+ (@ +ngy — 1 —a)pe+ [pr— b, pr —b+N)NZ

where the last statement holds by N < %. Since py —b+N < pr and ap +ng1 —1—a €
A1 U (Ak—i—l + g4 ), we have

{i € Z:yi =} Driy + i1 Z+ prArs1 +[0,p) NZ - (by (3.11))
Drip1 + Pks1Z4 (@ + 1 — 1 —a)pe+ [pk— b, pr —b+N)NZ
where the last statement holds by py —b < Z and N < . So
{ieZ:xi=yi=*} Dr +pks1Z+ (a2 +m1 — 1 —a)pi+[pc—b,pe —b+N)NZ,
which implies (3.13). ]
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3.3. Entropy of Y. In this subsection, we show the relationship between the entropy of X and
Y. In the proof of Lemma 3.2, we can see that x contains the orbit of xg. Indeed, this also holds
for any x € ;. For k > 0, let C, = By \ {0,n — 1}. So #Cy = by — 2, and fi|c, : Cx — (—(br —
2),0]NZ is a bijection. For convenience, we write fk_1 = (fle) ™' (= (bx —2),0|NZ — G
for all £k > 0. For K > 0, we set

K
Jx = 70100, px) N () (PkZ+ pr—1Ci+ [0, p—1)).-
k=0
SoJy=Cy. For K > 0,

K+1

Jk1 =200, px 1) N () (PrZ A+ pr—1Ce+ [0, pr—1))
k=0
K

=ZN (pxCx+1+10,px)) N () (PrZA+ pi—1Ci+ [0, pr—1))
k=0

K

=zn| U (pc+10,px)) | N[ (PkZ~+ pr—1Ck + [0, pr—1))
iCir k=0

K
= U (ipK—FZﬁ[O»PK)m ﬂ<_iPK+PkZ+PkICk+[07Pk1))>
iECK+1 kZO
K

=pkCr 1+ ZN0[0,px) O () (PkZ+ pr1Ci+ 10, p1)),
k=0
where the last equality holds by px € ﬂ,’;o PiZe. SO Jii1 = prCra1 + Ji for all kK > 0. Recall
that I;, = (—b;c,O] NZand I+ = fri1 (Bk—i—l)b;{ + I for k > 0.

Lemma 3.6. There exist strictly increasing bijections ¢y : Iy — Ji, k > 0 such that, for all k > 0,
(i) forany x €Yy, Xop(n) = T!xo, n € Iy, and
(ii) for any j € fis1(Brs1), G (b + 1) = iy ) prc+ T

Proof. Recall that f,~ b= filc,)~! for all k > 0. We prove by induction. For k = 0, define a
map ¢ : Ip — Jo = Cp by ¢o(n) = fo_l(n) for n € Iy. Then, for any x € Yy, by x € ¥y C Qo,
we have x4, = go(fy Y(n),x0) = T/xo for all n € Iy. Note that fo l'is a strictly increasing
bijection, so is ¢. Suppose that we have defined ¢ as required for some k > 0. Since #I; = b},
then the translations jb;C + 1, j € Z of I are disjoint. So we define a map ¢ : I | — Jx11 by

Oe1(n) = i ()P + G(n— jbl), n € jbi+ I, j € fir1(Birr).

Since @ () = J; C [0, px), P and f,;_ll are strictly increasing bijections, and J;. | = prCr1 +Jk,
we have ¢ is also a strictly increasing bijection and (ii) holds. Forany x € Y31 1,byx € Y| C
Y, we have ol Py ¢ Yy forall j € fio1(Bry1)- So, forall j € fii1(Byy1), by the induction
hypothesis,

_ n
Xl (Dot duln) = T Xpd (D (3.14)
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forallnel. Byx € Y1 C Okrts

Xyt (e = 81 (Fi (7):%0) = T 0 (3.15)

forall j € fiy1(Biy1)- By (3.14) and (3.15), we have x4, (,y = T"xo for all n € I 1. Therefore,
it ends the proof. ([l

By the relationship between the orbits in X and points in Y, we are able to estimate the
entropy of Y.

Proposition 3.7.
hiop(Y,0) > hiop(X,T) - TT(1 — 2&).
k=0
Proof. Since J; C [0, py) for all k > 0, by (i) of Lemma 3.6, the key is to estimate % = %. We
prove the following inequality by induction:
K
#Jg > p [J(1—2&), K > 0. (3.16)
k=0

For K > 0, #Jy = #Cy = po — #A49 — 2 > po(1 — 2&) by (i) of Lemma 3.1. Suppose that (3.16)
holds for some K > 0. Recalling that Jx, | = pxCk+1 + Jx, we have

#Jk 1 =#Cg 1 -#Jk

K
>(ng+1 —#Ag41—2) - pr [J(1—2&)

k=0
K
>ng4+1(1 —2¢€k41) px H(l —2¢g) (by (i) of Lemma 3.1)
k=0
K+1
=pk+1 | | (1-2&) (by pxi1 = ngi1pk)-
k=0

So (3.16) is proved. For any m > 0, there exists § > 0 such that dy(x,y) > & whenever
dx, (x0,y0) > 1 for any x = (x;)iez,y = (yi)iez € Y. By Lemma 3.2 and (i) of Lemma 3.6,
we have 5, (Y,0,0) > su, (X, T,n) for all K > 0. Since #Ix = #Jx, we have

1 Y,0,8) 1 Y,0,8) & 1 X, T K
OgSPK( » Oy ) > OgSPK( y O ) H(1—28k)2 OgS#IK( ) 7”)'1—1(1_28]()‘
Pk #lk k=0 il k=0
Let K — 0. By the arbitrariness of 17, we have the desired conclusion immediately. 0J

By the above lemma, if (X,T') has positive entropy, so does (¥,c) when we take {&};>,
satisfying [T (1 —2&) > 0.

4. COMPLETELY LI-YORKE CHAOTIC SYSTEMS WITH POSITIVE ENTROPY

In this section, we give a completely Li—Yorke chaotic system by the constructed system in
Section 3. We mainly show that each proper pair of Y is not two-sided asymptotic for ¢ where
Y is induced as in Section 3 by some system (X, 7). We divide the proper pairs of Y into three
cases, where the first two cases do not have any requirement for X, but the last one case does.

First, we show two typical cases for Y induced by an arbitrary t.d.s. (X,T).
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Lemma 4.1. Let (Y,0) be as (3.4) in Section 3. Then, for any x # x> € Y, (x,%%) is not a
two-sided asymptotic pair.

Proof. Choose m € Z such that x,,, # *. By Lemma 3.3, there exists a unique sequence {r};
such that 0 < rp < p, x € 67 '*Y} and ryy; = rp, mod p;. Fix any k£ > 0. By (3.12), m €
e + prli+ pr_1Bi + [O,pk_l) NZ. Letm € ri+mpy+ ixpr—1+ [0,pk_1) NZ for some my, € Z
and ix € By. Since x,, # *, by (ii) of Lemma 3.4, we have X, 4 p,+i,p,_; 7 *- Since 6'*x € ¥y,
Xptmypetipe, 7 * for all i € By. Since #By — o0 as k — oo, (x, *Z) is not a two-sided asymptotic
pair. 0

By Lemma 3.3, for any x € ¥ \ {*Z}, there exists a unique sequence {r;}7_, with 0 < r < py
such that x € 6~ "+Y; and ;| = r; mod py for all k > 0. So we can define maps ¢ : ¥ \ {+*} —
[0, px) NZ, k > 0, where ri(x) is as in Lemma 3.3 for all k > 0.

Lemma 4.2. Let (Y,0) be as (3.4) in Section 3. Then, for any x #y € Y \ {xZ}, if there exists
some K > 0 such that rg(x) # rx(y), then (x,y) is not a two-sided asymptotic pair.

Proof. Fix x = (xj)icz # Y = (yi)iez, With rg(x) # rg(y) for some K > 0. By Lemma 3.3,
i1 (x) = re(x) mod py for all k > 0, which is same for y. So ri(x) # ri(y) for all kK > K. Fix
k > K. Without loss of generality, we assume that 0 < r¢(x) < ri(y) < pr. We next show that

#{n € Z: dy, (xp,yn) = dx. (X, %)} > %—1. 4.1)
Set ri(y) — ri(x) = apy_1 + b, where 0 < a < n; and 0 < b < p;_1. We divide a into two cases.

e Case 1: if 0 < a < %, choose m € Z with x,, # *. By (3.12), we have m € ri(x) +
mypx + ixPr—1 + [0, px—1) N Z for some my, € Z and iy € Bi. By (ii) of Lemma 3.4, we

have X, (o) g pytinpe; 7 *- Since o )My € O and iy € By, we have

Xy () +mypy-rip_, 7 * for all i € By. 4.2)
Then for any i € (Ax+a+1)N By,
1e(X) + mgpi 4 ipr—1
=ri(y) —apk—1 —b+mpr +ipi_1
=ri(y) +mpr+(i—a—1)pr_1+pi_1—0b.

Byi—a—1€Ag pr1—b€0,pr—1) and G.11), ¥y, (x)4-muptipe, = *- S0 by (iii) of
Lemma 3.1 and (4.2),

#n € 2 i o) = . (X, 00} 2 (g +at )08 > %1

o Case 2: if 5 < a < ny, choose m' € Z with y,y # *. By (3.12), we have m’ € ri(y) +
m px + i, px—1 + [0, px—1) N Z for some mj, € Z and i, € By. By (ii) of Lemma 3.4, we

have y, () = x. Since G’k(Y)+m§<pky € Qk and i} € By, we have

+m) pr+ip pr—1

Yr(y)+mpitipey 7 * for all i € By. (4.3)
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Then if 0 < b < py_1, fori € (ny —a+Ayx) N By,

r(y) + myp+ ip—
=r(x) +apx—1 +b+mpr+ipi_1
=rr(x) + (mfc + 1) pi+ (i — (nk — a)) pe—1 + b.

By i—(ny—a) € Ay, b€ [0, pr_1) and (3.11), Are(y)
3.1 and (4.3),

#{neZ:dx, (xp,yn) =dx,(X,%)} > #((Ax + (g —a)) N By) > \/g— 1.

If b= py_1, then a < ny—1by ri(y) = ri(x) +apx_1+b. Sofori € (ng—a—1+
Ak)ﬁBk,

il pyripy = *- S0 by (iii) of Lemma

ri(y) +mypr+ipe—1 = ri(x) + (mp + Dpr+ (i — (e —a— 1)) pr_1.
Since i — (ny —a—1) € Ay and (3.11), we have Xr(y) = x. So by (iii) of

Lemma 3.1 and (4.3),

+my prt-ipe—i

#{n € Z:dx, (xn,yn) =dx,(X,%)} > #((Ax+ (nk —a—1))NBy) > 4/ % —1.
To sum up, (4.1) is proved. Since n; — o as k — oo, it ends the proof. 0

Finally, for the last case of x # y with the same sequence {r;};>_,, we will show more about
points in Y. Recall that G, = By \ {0,nx — 1}, filc, : Ck — fi(Bi) is a bijection and fk_1 :
fi(Bx) — Ci is the inverse of the bijection fi|c, .

Lemma 4.3. Let (Y, 0) be as (3.4) in Section 3, and k > 0. For any x = (x;)icz,y = Vi)icz € Y,
we have

(i) if xo = yo, then xg ) =y
(i) for any i € By, (Gipkflx)“

[07[7]()"

= (Gf]:l(fk(i))pk_lx)|[0,pk,1)-

Proof. We prove (1) by induction. For k =0, let x,y € ¥y. So we have x; = x = y; for i € A, and
X; = T*fO(l)xo and y; = T*f(’(’)yo for i € By. So (i) holds for k = 0.
Suppose that (i) holds for some k > 0. For any x,y € Y1 with xo = yo, we have x;,, = * =yip,

fori € Ag11, and x;p, = T*b"fk“(i)xo and y;,, = T*b"fk“(i)yo fori € Byt 1. So xjp, = yip, for 0 <i<

ny1. Since 6'Pkx, 6'Pry € ¥y, by the induction hypothesis, we have x|, (i41)p) = Yliipe.(-41)p0)
for 0 <i < ngyq. So (i) holds for k+ 1.
For any x € Y; C Oy, noticing that f; o f,:1 = Idy,p,) is the identity of fi(By), we have

= Tbiflfk(")xo = Xip,_, fori € By. Then by (i), (ii) is proved. ]

0,pk—1)

Y i) P

To prove the last case, we also need the following t.d.s.

Theorem 4.4. [8, Example 3.4] There is a t.d.s. (X,T) such that hop(X,T) > 0 and all the
proper pairs are not two-sided asymptotic pairs.

If we take (X, T') be as in Theorem 4.4 and construct (Y, o) as in Section 3, then we can show
that all the proper pairs of (Y, o) are not two-sided asymptotic pairs.
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Proposition 4.5. Let (X,T) be a t.d.s. satisfying that all proper pairs of (X,T) are not two-
sided asymptotic pairs, and define (Y,0) as (3.4) in Section 3. Then for any x #y €Y, (x,y) is
not two-sided asymptotic.

Proof. Fix x = (x;)icz # Y = (Vi)icz € Y. By Lemma 4.1 and Lemma 4.2, we can assume that
x,y €Y\ {+2} and x,y € (o0 "*¥; for the same sequence {ry};_, with 0 < ry < p; and
ree1 = 1 mod py for all k > 0. Without loss of generality, we assume that x,, # * and x,,, # y,
for some m € Z. By (3.12), m € ry+ piZ + px—1Br + [0, px—1) NZ for all k > 0. For each k > 0,
there exist unique my € Z and unique iy € By such that

m € ry +mgpi+ixpk—1 + [0, px—1) NZ C ri +mypi + [0, pr) N Z.

The integer my, is also unique such that m € r + mypy + [0, pr) N Z.
Next, we show by induction that for all £k > 0,

k

m=re+mpe+ Y, ivpu_1- (4.4)
K=0

For k =0, m = ro +mopo +io by p—1 = 1. Suppose that (4.4) holds for some k& > 0. Since

M Ergi1 + M1 Prt1 + k1 Pk + [0, pr) N Z

Ti+1 —

Tk .
=r+ (mk+1nk+1 + T + lk+1) Pk +[0,p) NZ

where X Pk Uil ¢ 7, by Tkr1 =1y mod py, we have ryy | +mygy1 prr1 +ikr1 Pk = e + mgpy by the
uniqueness of my. So by the induction hypothesis,

k kt1
m=rg+mp+ Y iwPy-1 =gl + M1 Pt + Y i Pr—1;
K'=0 K=0

that is, (4.4) holds for k+ 1.
Let S={k>0:71/(i) € {0,1,by —2,b; — 1}}. The rest of proof is divided into two cases.
Case 1: #S = co. In this case, we show that x,, and y,, appear infinitely many times at the
same coordinate of x and y, respectively. Notice that, for i € 7, 10,1,b, —2,b; — 1}, fi(i) has
two fi-preimages. For k € S, let ij # iy be a fi-preimage of fi(i). By (ii) of Lemma 4.3,

(GrkerkPkaqux) (Grk+mkpk+lkpk 1x)

’[Ovpk l) [O>Pk71)'

In particular, x,, = x,,«) Where m®) = m+ (i — ix) pr—1. Similarly, y, =y, . Since #S = oo
and |m%) —m| = |i, —ix|px_1 > pr_1 — o as k — oo, (x,y) is not two-sided asymptotic.

Case 2: #S < . In this case, we show that x and y contain the Z-orbit of x;,, and y,,,
respectively. First, we find another integer m’ instead of m. For k € S, since file, 1 G —
By is a bijection, there is ij € Cy such that fi(i}) = fi(ix). For k ¢ S, we set ij =i € C\

{t. (1), 7, (b —2)}. Let
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So, for K > 0,

m =m~+Y (i} —ix) pr—1
(=0

0o K
=rk+mgpxk+ Y, (g —i)pe—1+ Y, ixpi—1  (by (4.4))
k=K+1 k=0

€rg + pxZ+ixpx—1+10,pxk—1)NZ

where the last statement holds since #; < n for all k and then the sum Zsz_ol i Pk—1 < px—1. For
K > 0, we set

— s .\ Pk-1
my =mg+ Y, (l;(—lk)p—. 4.5)
k=K+1 Pk
So
K
m = FK+m/[(pK+ Z i;cpk,1 S rK+m/1(PK+ i/](pK—l + [0,p1(71) NZ. (4.6)
k=0

We claim that x,, = x,,y and y,, = y,s. Let K = max § and x(0) = ¢"& 17"k 1Pk 1 Hik 1Pk x € Ye.
So i = i;( for k > K. Since x(0) ¢ Yy, by (i1) of Lemma 4.3, we have

(Gikpk—lx(o)) O ) = (Gi’%pk_lx(O))’[O,plg,l)‘ 4.7)
Let x(1) = g/#P&-1x(0) € Yp_,. Again, by (ii) of Lemma 4.3, we have
(Gik_lpk_z)c(l)) Opes) = (Gikilpl?—;x(l))’[07171272). (4.8)

So . .
(o' kPR Tk 1Pk (0))

[O>p]€72)
ioPp 0
:(G KpK?lx( ))|[i1%—1pl%—2a(i1%—1+1)l’1€—2)
1
=Xl b e+ 1pey  (BY (A7)

—(o'k-1Pk-2x 1)y

[0,]7[%,2)
=( kPRt PR x0)

0.p¢_,) (by (4.8)).
Similarly, for 1 <k < K, we have x0) = Gi%fkﬂpk*"x(k_l) €Yp_, and

K . K p
(O-Zk/:g_k ’k/l’kulx(k)) | OLK—R—k l;dpk’flx(k))

0.0 ) = 0.4 )"

Therefore, we have (625:0 wPe-1x0)) ) = (0-25:0 iuPv-1x(0)) that is, x,, = X,y. Replacing x by
y, we also have y,, = y,y by the same arguments. Now we have found m’ instead of m such
that x,,y # %, X,y # yuy and for all k > 0, m" € ry +m} pr + i} px—1 + [0, px—1), where i} € Cy. So
m' — (ry+mypy) € Ji for all k > 0, noticing that for any k > k' > 0,
k
m' — (re+mpr) = Y iwprr—1 € prZ+igpr—1+10,pp_1) NZ.
K'=0

Finally, we show that points x and y contain the Z-orbit of x,,; and y,,, at the same coordinate,

respectively. To show this similarity, fix z = (z;)icz € {x,y}. Fork >0, let o = ¢, ' (m’ — (rx.+
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mipi)). Since 6"z € Yy, by (i) of Lemma 3.6, We have 2,y +,(n) = T4'Zrm p, for all
n € I.. In particular,

n' = Lrtml prr g (og) = T*akzrk+m§<l’k
So for all £ > 0,
Lrtmp pit+- @ (n+og) — Tz for all n € Iy — 0. 4.9)

We next show that, for any integer N > 1, there exists k > 0 such that
Ii— o DO (—N,N)NZ. (4.10)

Fix integer N > 1 and choose k > maxS§ such that #I;,_; > N. Since k > maxS§, we have
i =ir€ G\ {r, (1), 7, (b —2)}. So w(if) € {2,3,...,by — 3} and n fi(i}) € {—(bx —
4),...,—2,—1}. By (ii) of Lemma 3.6, o € fic(i} )b}, +1Ix—1 since m' — (r+mj py) € i} pr—1+
Jr—1. Since [ = fk<Bk)b;<_1 + I and fk(Bk) = {—(bk - 3), ceey—2, —1,0}, we have

Ii—o; DI, U (b;cfl +Ik_1) = (_b;cfl?b;cfl] NZ.

By b, =#lt_1 > N, (4.10) is proved.

Now we have proved that, for any z € {x,y}, (4.9) holds, and for any N > 1, there exists
k > 0 such that (4.10) holds. Therefore if y,; = *, (x,y) is not two-sided asymptotic by x,,, # .
In the case of y,, # *, since all the proper pairs of (X,T) are not two-sided asymptotic, so is

(x,y). O

By Proposition 4.5, the existence of homeomorphisms with positive topological entropy such
that all the proper pairs of (X,T) are not two-sided asymptotic implies the existence of com-
pletely Li—Yorke chaotic homeomorphisms with positive topological entropy. So by Theorem
4.4, we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. By Theorem 4.4, we choose a t.d.s. (X,T) such that A, (X,T) > 0 and
all the proper pairs of X are not two-sided asymptotic. And then choose a decreasing sequence
{ex}r such that 0 < g < 1/2 for k > 0, and [T (1 —2¢&) > 0. Let (Y, o) be defined as (3.4)
in Section 3. By Proposition 3.7, hp(Y,0) > 0. By Proposition 3.5 and Proposition 4.5, all the
proper pairs are either positively or negatively scrambled pairs, which ends the proof. 0
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