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Abstract. In this paper, we present a novel splitting algorithm to solve a split variational inclusion prob-
lem by using inertial and correction terms, alongside a self-adaptive stepsize technique. The addition
of inertial and correction terms significantly accelerates convergence while ensuring weak convergence
under some conditions. Numerical experiments demonstrate that our method outperforms existing al-
gorithms in terms of performance and efficiency. Furthermore, we apply our algorithm to solve split
feasibility problems and give applications to image recovery and data classification.
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1. INTRODUCTION

The study of variational inclusion problems has become a central theme in optimization, equi-
librium theory, and mathematical programming due to its applicability in modeling complex
systems. Fundamentally, this framework generalizes several mathematical problems, includ-
ing saddle point problems, variational inequalities, complementarity problems, and fixed-point
problems, making it a powerful tool for addressing diverse practical applications; see, e.g.,
[1, 4, 5, 7, 14, 17, 28, 29]. In practical terms, split variational inequality problems (SVIP) are
beneficial in are two Hilbert spaces, H1 and H2, with the aid of a bounded and linear operator
A. For example, SVIP are relevant in fields where solutions must align with different functional
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constraints across multiple domains, such as signal processing, image reconstruction, and data
science; see, e.g., [2, 9, 13, 21, 26, 27].

The concept of the SVIP was first defined by Censor et al. [7] expanding split feasibility
problems (SFP) into variational inequality problems. The framework presents a variational
inclusion on two Hilbert spaces: given a convex and closed subset C⊂H1, a mapping f : H1→
H1, and a linear operator A : H1→ H2, the objective is to identify a point x∗ ∈C such that

〈 f (x∗),x− x∗〉 ≥ 0, ∀x ∈C

and simultaneously, that the transformed point y∗ = Ax∗ ∈ H2 satisfies

〈g(y∗),y− y∗〉 ≥ 0, ∀y ∈ Q,

where Q⊂H2 and g : H2→H2 are similarly defined. This formulation enables coupling of two
variational inequality problems via A, the associated operator. Censor et al. [7] employed pro-
jection and resolvent operators within an averaged operator framework and the Krasnosel’skii-
Mann theorem to guarantee weak convergence of their algorithms under specific conditions.

In 2011, Moudafi [19] introduced the split monotone variational inclusion problem (SMVI),
which generalizes the SVIP by using maximal monotone mappings B1 : H1 → 2H1 and B2 :
H2→ 2H2 . The problem is now to find a solution x∗ ∈ H1 such that

0 ∈ f (x∗)+B1(x∗) and 0 ∈ g(Ax∗)+B2(Ax∗).

In 2011, Byrne et al. [4] developed an iterative scheme for solving the SVIP in Hilbert spaces.
Their iterative was defined as follows:

xn+1 = JB1
β
(xn− γA∗(I− JB2

β
)Axn),

where JB
β
(x) = (I +βB)−1(x) for each x ∈ H1 and β and γ are real positive numbers.

In 2019, Kesornprom and Cholamjiak [16] considered an inertial scheme for the SVIP frame-
work, inspired by acceleration methods from dynamical systems and Nesterov’s optimization
method. Their inertial technique leads to the following iterative form:

xn+1 = JB1
β
(xn +θn(xn− xn−1)− γA∗(I− JB2

β
)Axn),

where θn ∈ [0,1) is the inertial parameter that controls the contribution of past iterations. Ke-
sornprom and Cholamjiak [16] demonstrated that, under suitable monotonicity conditions, the
inertial scheme can achieve weak convergence.

Another recent development is the self-adaptive stepsize, which introduced by López et al.
[18]. The self-adaptive stepsize reads as follows: γn = ρn f (xn)

‖∇ f (xn)‖2 , where ρn ∈ (0,4), f (x) =
1
2‖(I−PQ)Ax‖2, ∇ f (x) = A∗(I−PQ)Ax, and PC and PQ are the orthogonal projections on C
and Q, the convex and closed sets, respectively. This stepsize enables the scheme to ensure
convergence even when operator norms are not known.

In 2024, Izuchukwu et al. [15] proposed a proximal point algorithm with inertial terms and
two correction terms as follows: For w−1 = w−2, x0,x−1 ∈ H, set n = 0 and then compute{

wn = xn +α(xn− xn−1)+δ (1+α)(wn−1− xn)−αδ (wn−2− xn−1),

xn+1 = JB
β
(wn),
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where 0 ≤ α < ε

1+ε
, (1+ε)α

1+αε
< δ < 1 for some ε > 0. The inertial term α(xn− xn−1) and two

correction terms δ (1+α)(wn−1− xn) and αδ (wn−2− xn−1) are added to the iterative scheme
to improve on the convergence speed of algorithm.

In order to further improve on the convergence speed of the splitting algorithm with inertial
and correction terms for solving SVIP with the following contributions:

- We introduce a new splitting method with corrected and inertial terms and self-adaptive
stepsizes for solving the SVIP. Weak convergence of the generated sequence are given under
assumptions.

- We present numerical experiments to support the efficiency of our new algorithm.
- We give applications of our results to split feasibility problems arising from image deblur-

ring and date classification.

2. PRELIMINARIES AND LEMMAS

In this section, we provide some basic definitions and lemmas which are used in the sequel.
Let H be a real Hilbert space. We use the symbol ⇀ stands for the weak convergence. Recall
that a mapping T : H→ H is said to be

(1) nonexpansive if, for all x,y ∈ H, ‖T x−Ty‖ ≤ ‖x− y‖;
(2) firmly-nonexpansive if, for all x,y ∈ H,〈T x−Ty,x− y〉 ≥ ‖T x−Ty‖2;
We note that if T is firmly-nonexpansive, then I−T is also firmly-nonexpansive.
(3) L-Lipschitz continuous if there exists a constant L > 0 such that ‖T x−Ty‖ ≤ L‖x− y‖

for all x,y ∈ H.
A set-valued mapping B : H→ 2H is called monotone if, for all x,y ∈ H

〈u− v,x− y〉 ≥ 0, ∀u ∈ Bx and v ∈ By.

For a set-valued mapping B, graph(B) is defined as graph(B) := {(x,u) ∈H×H : u ∈ B(x)}. A
monotone mapping B : H→ 2H is said to be maximal if the graph(B) is not properly contained in
the graph of any other monotone mapping. Let B : H→ 2H be a set-valued maximal monotone
operator. The resolvent operator JB

β
: H→ H associated with B is defined by

JB
β
(x) = (I +βB)−1(x), ∀x ∈ H,

where β > 0. It is well known that the resolvent operator is single-valued and firmly non-
expansive.

In order to study the SVIP, we recall some lemmas which are needed in our proof. We denote
by B−1(0) = {x ∈ H : 0 ∈ Bx}, D(T ) the domain of T and Fix(T ) the fixed point set of T , that
is, Fix(T ) = {x ∈ H : x = T x}.

Lemma 2.1. (Demiclosedness Principle [12]) Let C be a convex, closed, and nonempty subset
of a real Hilbert space H and let T : C→ C be a nonexpansive mapping. If xn ⇀ x ∈ C and
limn→∞ ‖xn−T xn‖= 0, then x = T x.

Lemma 2.2. [3] Let H be a real Hilbert space and B : H→ 2H be a set-valued maximal mono-
tone mapping for each x,y ∈ H, each z ∈ B−1(0), and each β > 0. Then

(i) 〈x− JB
β

x,z− JB
β

x〉 ≤ 0;
(ii) ‖JB

β
x− JB

β
y‖2 ≤ 〈JB

β
x− JB

β
y,x− y〉;

(iii) ‖JB
β

x− z‖2 ≤ ‖x− z‖2−‖JB
β

x− x‖2.
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Lemma 2.3. [8, 20] Let H be a real Hilbert space and B : H → 2H be a set-valued maximal
monotone mapping. Then

(i) JB
β

is a single-valued and firmly nonexpansive mapping for each β > 0;
(ii) D(JB

β
) = H and Fix(JB

β
) = {x ∈D(B) : 0 ∈ Bx};

(iii) ‖x− JB
β

x‖ ≤ ‖x− JB
γ x‖ for all 0 < β ≤ γ and for all x ∈ H;

(iv) If B−1(0) 6= /0, then ‖x− JB
β

x‖2 + ‖JB
β
− x∗‖2 ≤ ‖x− x∗‖2 for each x ∈ H, x∗ ∈ B−1(0),

and β > 0.
(v) If B−1(0) 6= /0, then 〈x− JB

β
x,JB

β
x−w〉 ≥ 0 for each x ∈ H, w ∈ B−1(0), and β > 0.

The next lemma gives a crucial characterization of the solution sets of the SVIP and the fixed
point sets of the resolvent operator.

Lemma 2.4. [8] Let H1 and H2 be real Hilbert spaces and A : H1→H2 be a bounded and linear
operator. Let β > 0, γ > 0, B1 : H1→ 2H1 , and B2 : H2→ 2H2 be set-valued maximal monotone
mappings. For any x∗ ∈ H1,

(i) if x∗ is a solution to (SVIP), then JB1
β
(x∗− γA∗(I− JB2

β
)Ax∗) = x∗;

(ii) if JB1
β
(x∗− γA∗(I− JB2

β
)Ax∗) = x∗ and the solution set of (SVIP) is nonempty, then x∗ is a

solution to (SVIP).

Lemma 2.5. [8] Let H1 and H2 be real Hilbert spaces, A : H1 → H2 be a bounded linear
operator, and β > 0. Let B : H2→ 2H2 be a set-valued maximal monotone mapping. Define a
mapping T : H1→ H1 by T x := A∗(I− JB

β
)Ax for each x ∈ H1. Then

(i) ‖(I− JB
β
)Ax− (I− JB

β
)Ay‖2 ≤ 〈T x−Ty,x− y〉 for all x,y ∈ H1;

(ii) ‖A∗(I− JB
β
)Ax−A∗(I− JB

β
)Ay‖2 ≤ ‖A‖2 · 〈T x−Ty,x− y〉 for all x,y ∈ H1.

We also need the following tools in convergence analysis.

Lemma 2.6. [23] Let an+1 ≤ (1+ cn)an + bn, where {an}, {bn}, and {cn} are real positive
sequences. If Σ∞

n=1cn <+∞ and Σ∞
n=1bn <+∞, then limn→+∞ an exists.

Lemma 2.7. (Opial theorem [22]) Let C be a nonempty subset of a real Hilbert space H and
{xn} be a sequence in H that satisfies the following properties:

(i) limn→∞ ‖xn− x‖ exists for each x ∈C;
(ii) every sequential weak limit point of {xn} is in C.
Then {xn} converges weakly to a point in C.

3. MAIN RESULTS

In this section, we present a splitting algorithm with inertial and correction terms for solving
the split variational inclusion problem. Let H1 and H2 be real Hilbert spaces. We define A :
H1 → H2 as a linear and bounded operator and denote A∗ by the adjoint operator of A. Let
B1 : H1→ 2H1 and B2 : H2→ 2H2 be maximal monotone operators. We denote the solution set
of SVIP by Ω, where Ω is nonempty. We assume that

(I) 0 < liminfρn ≤ limsupρn < 2;
(II) Either αn = 0, ∀k ≥ 0 or −1 < d1 ≤ αn ≤ αn+1 ≤ d2 < 0.
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Algorithm 3.1. Let ρn ∈ (0,2), αn ∈ (−1,0], δ ∈ [0,1) and {βn} be a sequence in (0,∞). Take
arbitrarily w−1,w−2,x−1,x0 ∈ H1 and λn,γn > 0. Set n = 0 and define

wn = xn +αn(xn− xn−1)+δ (1+αn)(wn−1− xn)−αnδ (wn−2− xn−1) (3.1)

yn = wn− γnA∗(I− JB2
βn
)Awn)

xn+1 = JB1
βn
(yn−λnA∗(I− JB2

βn
)Ayn)

where

λn =
ρn‖(I− JB2

βn
)Ayn‖2

‖A∗(I− JB2
βn
)Ayn‖2

and γn =
ρn‖(I− JB2

βn
)Awn‖2

‖A∗(I− JB2
βn
)Awn‖2

.

Lemma 3.2. The sequences {wn} and {xn} generated by Algorithm 3.1 are bounded.

Proof. Let x∗ ∈ Ω. Then x∗ ∈ B−1
1 (0) and Ax∗ ∈ B−1

2 (0). Moreover, we have JB2
βn

Ax∗ = Ax∗.
Define

zn = xn +δ (wn−1− xn). (3.2)

It follows that xn =
1

1−δ
zn− δ

1−δ
wn−1. Thus

xn− zn =
1

1−δ
[zn−δwn−1− zn +δ zn]

=
δ

1−δ
[(xn +δ (wn−1− xn))−wn−1]

= δ (xn−wn−1).

Using Lemma 2.2(iii), we obtain

‖xn+1− x∗‖2 = ‖JB1
βn
(yn−λnA∗(I− JB2

βn
)Ayn)− x∗‖2

≤ ‖yn−λnA∗(I− JB2
βn
)Ayn− x∗‖2−‖xn+1− yn +λnA∗(I− JB2

βn
)Ayn‖2

≤ ‖yn− x∗‖2−2λn〈yn− x∗,A∗(I− JB2
βn
)Ayn〉+λ

2
n ‖A∗(I− JB2

βn
)Ayn‖2

−‖xn+1− yn +λnA∗(I− JB2
βn
)Ayn‖2.

(3.3)

Using Lemma 2.5(i), we have

〈A∗(I− JB2
βn
)Ayn,yn− x∗〉= 〈(I− JB2

βn
)Ayn,Ayn−Ax∗〉

= 〈(I− JB2
βn
)Ayn− (I− JB2

βn
)Ax∗,Ayn−Ax∗〉

≥ ‖(I− JB2
βn
)Ayn‖2.

(3.4)

Observe that

〈A∗(I− JB2
βn
)Awn,wn− x∗〉 ≥ ‖(I− JB2

βn
)Awn‖2. (3.5)
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From (3.3), (3.4), and definition of λn, we obtain

‖xn+1− x∗‖2 ≤ ‖yn− x∗‖2−2λn‖(I− JB2
βn
)Ayn‖2 +λ

2
n ‖A∗(I− JB2

βn
)Ayn‖2

−‖xn+1− yn +λnA∗(I− JB2
βn
)Ayn‖2

= ‖yn− x∗‖2−ρn(2−ρn)
‖(I− JB2

βn
)Ayn‖4

‖A∗(I− JB2
βn
)Ayn‖2

−‖xn+1− yn +λnA∗(I− JB2
βn
)Ayn‖2.

(3.6)

From (3.2), we have

zn−1 = xn−1 +δ (wn−2− xn−1). (3.7)

From the definition of the sequence {wn}, we obtain

wn = xn +αn(xn− xn−1)+δ (1+αn)(wn−1− xn)−αnδ (wn−2− xn−1)

= xn +δ (wn−1− xn)+αn[(xn +δ (wn−1− xn))− (xn−1 +δ (wn−2− xn−1))]. (3.8)

Replacing (3.2) and (3.7) in (3.8), we obtain

wn = zn +αn(zn− zn−1). (3.9)

From (3.5), we see that

‖yn− x∗‖2 = ‖wn− x∗‖2−2γn〈wn− x∗,A∗(I− JB2
βn
)Awn〉+ γ

2
n‖A∗(I− JB2

βn
)Awn‖2

≤ ‖wn− x∗‖2−2γn‖(I− JB2
βn
)Awn‖2 + γ

2
n‖A∗(I− JB2

βn
)Awn‖2

= ‖wn− x∗‖2−
2ρn‖(I− JB2

βn
)Awn‖4

‖A∗(I− JB2
βn
)Awn‖2

+
ρ2

n‖(I− JB2
βn
)Awn‖4

‖A∗(I− JB2
βn
)Awn‖2

= ‖wn− x∗‖2−ρn(2−ρn)
‖(I− JB2

βn
)Awn‖4

‖A∗(I− JB2
βn
)Awn‖2

. (3.10)

Combining (3.6) and (3.10), we obtain

‖xn+1− x∗‖2 ≤ ‖wn− x∗‖2−ρn(2−ρn)
‖(I− JB2

βn
)Awn‖4

‖A∗(I− JB2
βn
)Awn‖2

−ρn(2−ρn)
‖(I− JB2

βn
)Ayn‖4

‖A∗(I− JB2
βn
)Ayn‖2

−‖xn+1− yn +λnA∗(I− JB2
βn
)Ayn‖2.

(3.11)

We see that ‖zn−wn−1‖2 = (1−δ )2‖(xn−wn−1)‖2, which together with 3.2 yields that

‖xn− x∗‖2 = ‖ 1
1−δ

(zn− x∗)− δ

1−δ
(wn−1− x∗)‖2

=
1

1−δ
‖zn− x∗‖2− δ

1−δ
‖wn−1− x∗‖2 +

δ

(1−δ )2‖zn−wn−1‖2

=
1

1−δ
‖zn− x∗‖2− δ

1−δ
‖wn−1− x∗‖2 +δ‖xn−wn−1‖2. (3.12)
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Adding ‖xn− x∗‖2 in equation (3.11) and using (3.12), we have

‖xn+1− x∗‖2−‖xn− x∗‖2

≤ ‖wn− x∗‖2− 1
1−δ

‖zn− x∗‖2 +
δ

1−δ
‖wn−1− x∗‖2−δ‖xn−wn−1‖2

−ρn(2−ρn)
‖(I− JB2

βn
)Awn‖4

‖A∗(I− JB2
βn
)Awn‖2

−ρn(2−ρn)
‖(I− JB2

βn
)Ayn‖4

‖A∗(I− JB2
βn
)Ayn‖2

−‖xn+1− yn +λnA∗(I− JB2
βn
)Ayn‖2. (3.13)

From (3.9), we also obtain

‖wn− x∗‖2 = (1+αn)‖zn− x∗‖2−αn‖zn−1− x∗‖2 +αn(1+αn)‖zn− zn−1‖2. (3.14)

Replacing (3.14) in (3.13), we obtain

‖xn+1− x∗‖2−‖xn− x∗‖2

≤ (1+αn)‖zn− x∗‖2−αn‖zn−1− x∗‖2 +αn(1+αn)‖zn− zn−1‖2

− 1
1−δ

‖zn− x∗‖2 +
δ

1−δ
‖wn−1− x∗‖2−δ‖xn−wn−1‖2

−ρn(2−ρn)
‖(I− JB2

βn
)Awn‖4

‖A∗(I− JB2
βn
)Awn‖2

−ρn(2−ρn)
‖(I− JB2

βn
)Ayn‖4

‖A∗(I− JB2
βn
)Ayn‖2

−‖xn+1− yn +λnA∗(I− JB2
βn
)Ayn‖2

= (αn−
δ

1−δ
)‖zn− x∗‖2−αn‖zn−1− x∗‖2 +αn(1+αn)‖zn− zn−1‖2

+
δ

1−δ
‖wn−1− x∗‖2−δ‖xn−wn−1‖2

−ρn(2−ρn)un−ρn(2−ρn)vn

−‖xn+1− yn +λnA∗(I− JB2
βn
)Ayn‖2,

where

un =
‖(I− JB2

βn
)Awn‖4

‖A∗(I− JB2
βn
)Awn‖2

and vn =
‖(I− JB2

βn
)Ayn‖4

‖A∗(I− JB2
βn
)Ayn‖2

.

Thus

‖xn+1− x∗‖2−‖xn− x∗‖2

≤ (αn−
δ

1−δ
)‖zn− x∗‖2−αn‖zn−1− x∗‖2 +αn(1+αn)‖zn− zn−1‖2

+
δ

1−δ
[(1+αn−1)‖zn−1− x∗‖2−αn−1‖zn−2− x∗‖2

+αn−1(1+αn−1)‖zn−1− zn−2‖2]−δ‖xn−wn−1‖2−ρn(2−ρn)un

−ρn(2−ρn)vn−‖xn+1− yn +λnA∗(I− JB2
βn
)Ayn‖2,

(3.15)
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which implies that

‖xn+1− x∗‖2− (αn−
δ

1−δ
)‖zn− x∗‖2−αn(1+αn)‖zn− zn−1‖2

≤ ‖xn− x∗‖2 +(
δ (1+αn−1)

1−δ
−αn)‖zn−1− x∗‖2

+
δαn−1(1+αn−1)

1−δ
‖zn−1− zn−2‖2− δαn−1

1−δ
‖zn−2− x∗‖2

−δ‖xn−wn−1‖2−ρn(2−ρn)un−ρn(2−ρn)vn

−‖xn+1− yn +λnA∗(I− JB2
βn
)Ayn‖2

= ‖xn− x∗‖2 +(
δ

1−δ
+

δ (1+αn−1)

1−δ
−αn)‖zn−1− x∗‖2

+
δαn−1(1+αn−1)

1−δ
‖zn−1− zn−2‖2− δαn−1

1−δ
‖zn−2− x∗‖2

−δ‖xn−wn−1‖2−ρn(2−ρn)un−ρn(2−ρn)vn

−‖xn+1− yn +λnA∗(I− JB2
βn
)Ayn‖2.

It follows that

‖xn+1− x∗‖2− (αn−
δ

1−δ
)‖zn− x∗‖2− δαn−1

1−δ
‖zn−1− x∗‖2−αn(1+αn)‖zn− zn−1‖2

≤ ‖xn− x∗‖2− (αn−
δ

1−δ
)‖zn−1− x∗‖2− δαn−1

1−δ
‖zn−2− x∗‖2−δ‖xn−wn−1‖2

−ρn(2−ρn)un−ρn(2−ρn)vn +
δαn−1(1+αn−1)

1−δ
‖zn−1− zn−2‖2

−‖xn+1− yn +λnA∗(I− JB2
βn
)Ayn‖2.

Since αn−1 ≤ αn, we obtain

‖xn+1− x∗‖2− (αn−
δ

1−δ
)‖zn− x∗‖2− δαn

1−δ
‖zn−1− x∗‖2−αn(1+αn)‖zn− zn−1‖2

≤ ‖xn− x∗‖2− (αn−1−
δ

1−δ
)‖zn−1− x∗‖2− δαn−1

1−δ
‖zn−2− x∗‖2−δ‖xn−wn−1‖2

−ρn(2−ρn)un−ρn(2−ρn)vn +
δαn−1(1+αn−1)

1−δ
‖zn−1− zn−2‖2

−‖xn+1− yn +λnA∗(I− JB2
βn
)Ayn‖2

= ‖xn− x∗‖2− (αn−1−
δ

1−δ
)‖zn−1− x∗‖2− δαn−1

1−δ
‖zn−2− x∗‖2

−αn−1(1+αn−1)‖zn−1− zn−2‖2 +
αn−1(1+αn−1)

1−δ
‖zn−1− zn−2‖2−δ‖xn−wn−1‖2

−ρn(2−ρn)un−ρn(2−ρn)vn−‖xn+1− yn +λnA∗(I− JB2
βn
)Ayn‖2.

(3.16)
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Define

an = ‖xn− x∗‖2− (αn−1−
δ

1−δ
)‖zn−1− x∗‖2− δαn−1

1−δ
‖zn−2− x∗‖2

−αn−1(1+αn−1)‖zn−1− zn−2‖2.

It follows from (3.16) that

an+1 ≤ an +
αn−1(1+αn−1)

1−δ
‖zn−1− zn−2‖2−δ‖xn−wn−1‖2

−ρn(2−ρn)un−ρn(2−ρn)vn−‖xn+1− yn +λnA∗(I− JB2
βn
)Ayn‖2. (3.17)

Hence an ≥ 0 since αn ∈ (−1,0] and δ ∈ [0,1). Furthermore, from (3.17), one sees that
limn→∞ an exists and {an} is bounded. Hence, {xn} is bounded. �

Lemma 3.3. Let {xn} be generated by Algorithm 3.1. Then limn→∞ ‖xn−wn‖= 0.

Proof. From (3.17) and ρn ∈ (0,2), we have

lim
n→∞

‖(I− JB2
βn
)Awn‖

‖A∗(I− JB2
βn
)Awn‖

= 0. (3.18)

Note that
‖A∗(I− JB2

βn
)Awn−A∗(I− JB2

βn
)Ax∗‖ ≤ ‖A‖2‖wn− x∗‖.

So {‖A∗(I− JB2
βn
)Awn‖} is bounded. From (3.18), we obtain limn→∞ ‖(I− JB2

βn
)Awn‖ = 0, this

is,

lim
n→∞
‖Awn− JB2

βn
Awn‖= 0. (3.19)

We also have

lim
n→∞
‖Ayn− JB2

βn
Ayn‖= 0. (3.20)

Since αn ∈ (−1,0], we consider two cases as follow.
Case I. Set αn = 0 in (3.17). From (3.1), we see that wn = xn+δ (wn−1−xn). If δ ∈ (0,1) in

(3.17), then limn→∞ ‖xn−wn−1‖= 0. Thus

lim
n→∞
‖wn− xn‖= δ lim

n→∞
‖xn−wn−1‖= 0

If δ = 0, we find from (3.2) zn = xn and hence

lim
n→∞
‖wn− xn‖= lim

n→∞
‖xn +δ (wn−1− xn)− xn‖= 0.

It follows that limn→∞ ‖wn− xn‖= 0.
Case II. Set −1 < d1 ≤ αn ≤ αn+1 ≤ d2 < 0 in (3.17). If δ ∈ (0,1), then limn→∞ ‖zn−1−

zn−2‖ = 0 and limn→∞ ‖xn−wn−1‖ = 0. If δ = 0, then limn→∞ ‖xn−wn−1‖ = 0. Thus, from
δ ∈ [0,1), we obtain limn→∞ ‖xn−wn−1‖= 0, which together with (3.2) yields

lim
n→∞
‖zn− xn‖= δ lim

n→∞
‖wn−1− xn‖= 0.

From (3.8), we have
lim
n→∞
‖wn− zn‖= lim

n→∞
|αn|‖zn− zn−1‖= 0.
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Thus

lim
n→∞
‖xn−wn‖ ≤ lim

n→∞
‖xn− zn‖+ lim

n→∞
‖zn−wn‖= 0. (3.21)

Therefore, we can conclude that limn→∞ ‖wn− xn‖= 0. �

Theorem 3.4. The sequence {xn} generated by Algorithm 3.1 converges weakly to a solution
in Ω.

Proof. From the definition of yn and (3.19), we have

lim
n→∞
‖yn−wn‖= lim

n→∞
γn‖A∗(I− JB2

βn
)Awn‖= lim

n→∞

ρn‖(I− JB2
βn
)Awn‖2

‖A∗(I− JB2
βn
)Awn‖

= 0.

From (3.19), (3.21), and definition of yn, we have

lim
n→∞
‖yn− xn‖= lim

n→∞
‖wn− γnA∗(I− JB2

βn
)Awn− xn‖

≤ lim
n→∞
‖wn− xn‖+ lim

n→∞
γn‖A∗(I− JB2

βn
)Awn‖

= 0.

(3.22)

From definition of xn+1, (3.20), and (3.22), we have

lim
n→∞
‖xn+1− JB1

βn
xn‖= ‖JB1

βn
(yn−λnA∗(I− JB2

βn
)Ayn)− JB1

βn
xn‖

≤ lim
n→∞
‖yn−λnA∗(I− JB2

βn
)Ayn− xn‖

≤ lim
n→∞
‖yn− xn‖+ lim

n→∞
λn‖A∗(I− JB2

βn
)Ayn‖

= 0.

(3.23)

From (3.17), we have

lim
n→∞
‖xn+1− yn +λnA∗(I− JB2

βn
)Ayn‖= 0. (3.24)

In view of (3.20), one obtains limn→∞ λn‖A∗(I− JB2
βn
)Ayn‖= 0, which together with (3.24) im-

plies limn→∞ ‖xn+1− yn‖= 0. Note that (3.23) further yields

lim
n→∞
‖yn− JB1

βn
xn‖ ≤ lim

n→∞
‖yn− xn+1‖+ lim

n→∞
‖xn+1− JB1

βn
xn‖= 0.

This together with (3.22) implies

lim
n→∞
‖xn− JB1

βn
xn‖ ≤ lim

n→∞
‖xn− yn‖+ lim

n→∞
‖yn− JB1

βn
xn‖= 0. (3.25)

From Lemma 2.3 (iii), we obtain limn→∞ ‖xn−JB1
β

xn‖ ≤ limn→∞ ‖xn−JB1
βn

xn‖= 0. From (3.19)
and Lemma 2.3 (iii), we have

lim
n→∞
‖Awn− JB2

β
Awn‖ ≤ lim

n→∞
‖Awn− JB2

βn
Awn‖= 0.



A SPLITTING ALGORITHM WITH INERTIAL AND CORRECTION TERMS 11

It follows from (3.21) that

lim
n→∞
‖Axn− JB2

β
Axn‖

≤ lim
n→∞
‖Axn− JB2

β
Axn−Awn + JB2

β
Awn‖+ lim

n→∞
‖Awn− JB2

β
Awn‖

= lim
n→∞
‖(I− JB2

β
)Axn− (I− JB2

β
)Awn‖+ lim

n→∞
‖Awn− JB2

β
Awn‖

≤ lim
n→∞
‖Axn−Awn‖+ lim

n→∞
‖Awn− JB2

β
Awn‖

≤ lim
n→∞
‖A‖‖xn−wn‖+ lim

n→∞
‖Awn− JB2

β
Awn‖

= 0. (3.26)

Let x̂ be a weak cluster point of {xn}. Then, there exists a subsequence {xnk} of {xn} such that
xnk ⇀ x̂ ∈ H1. Since A is a bounded linear operator, we have Axnk ⇀ Ax̂. By (3.25), (3.26),
Lemma 2.1 and Lemma 2.3 (ii), we have x̂ ∈ Ω. From Lemma 2.7, we can conclude that the
sequence {xn} converges weakly to a point in Ω. This completes the proof. �

4. NUMERICAL EXPERIMENTS

In this section, we present numerical experiments to show the efficiency of Algorithm 3.1 and
compare with algorithms of Dey [11] and Zhang and Wang [29]. All numerical experiments
were conducted on MacBook Pro M1 with ram 8 GB and were implemented in Matlab R2022b.

Let H = Rk, f = ZT Z, where Z = (zi j)k×k with randomly generated zi j ∈ [1,100]. It is well-
known that f is monotone and Lipschitz continuous with L = ‖ f‖2. We take the initial points
w−1,w−2,x0 = (di) ∈ Rk, and x1 = (ei) ∈ Rk, where di,ei ∈ [0,1] are generated randomly. Let
A be an upper triangular k× k matrix with all entries one. It is obvious that A is maximally
monotone.

We set the parameters for Algorithm 3.1: ρn = 0.01, δ = 0.01, and αn =− 1
10(n+1) .

For Algorithm 3.1 in [29], we set the parameters: γ = 0.3 and λn =
n

(2n+1)L .

For Algorithm 1 in [11], we set the parameters: γ = 0.3, λn =
1

2L , α = 0.3, τn =
1
n2 , ηn =

1
5n+1 ,

and θn = 0.8−ηn.
Setting MSE = ‖xn+1− xn‖ ≤ ε as the stop criterion, we obtain the results with the number

of iterations, CPU time and different ε in Table 1.

TABLE 1. Comparison results on Algorithm 3.1 and the algorithms of Dey [11]
and Zhang and Wang [29] for different ε with k = 500

ε
Algorithm 3.1 [29, Algorithm 3.1] [11, Algorithm 1]

Iterations CPU time Iterations CPU time Iterations CPU time
10−5 18 0.1496 37 0.0996 42 0.1136
10−10 35 0.1631 79 0.2242 93 0.2207
10−15 51 0.2183 115 0.2914 138 0.3198
10−20 69 0.1773 158 0.3353 192 0.6059

In Table 1, for different ε , we see that Algorithm 3.1 has the number of iterations and CPU
time less than Algorithms of Dey [11] and Zhang and Wang [29]. Therefore, it can be concluded
that Algorithm 3.1 performs better than other algorithms for each ε .
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Next, we show the graphs of MSE plotting for each ε .

(A) ε = 10−5 (B) ε = 10−10

(C) ε = 10−15 (D) ε = 10−20

FIGURE 1. Graph of MSE for each algorithm with k = 500

5. APPLICATIONS

In this section, we present applications in image recovery and data classification. In the first
part, we consider special cases of the split variational inclusion problem to the split feasibility
problem. The second part presents image deblurring and the third part presents the hypertension
prediction in data classification problems.

5.1. Application to the split feasibility problem. Consider the following split feasibility prob-
lem (SFP) suggested by Censor and Elfving [6]

find x∗ ∈C such that Ax∗ ∈ Q, (5.1)

where C and Q are convex and closed subsets of real Hilbert spaces H1 and H2, respectively,
and A : H1→ H2 is a linear and bounded operator.

The definition of the subdifferential ∂g for a proper lower semicontinuous convex function
g : H→ (−∞,∞) is defined by ∂g(x) = {z ∈H : g(x)−g(y)≤ 〈z,x−y〉, ∀y ∈H} for all x ∈H.

Let C be a nonempty, convex, and closed subset of H, and let iC be the indicator function of
C which is defined as follows:

iC(x) =

{
0 if x ∈C,

∞ if x /∈C.
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Further, the normal cone NCu of C at u ∈C is defined as

NCu = {z ∈ H : 〈z,v−u〉 ≤ 0, ∀v ∈C}.

It is known that iC is a proper, lower semicontinuous, and convex function on H. Hence, the
subdifferential ∂ iC is a maximal monotone operator. Thus the resolvent, J∂ iC

β
for each β > 0,

can be defined as J∂ iC
β

(x) = (I + β∂ iC)−1(x) for all x ∈ H. It is known that, for any x ∈ C,

∂ iCx = NCx. Putting y = J∂ iC
β

x = (I +β∂ iC)−1(x), β > 0, we obtain

x ∈ y+β∂ iC(y) ⇔ x− y ∈ β∂ iCy

⇔ 〈x− y,z− y〉 ≤ 0 ∀z ∈C

⇔ y = PCx.

Consequently, we have the following algorithm.

Algorithm 5.1. Choose ρn ∈ (0,2) and αn ∈ (−1,0], δ ∈ [0,1). Let w−1,w−2,x−1,x0 ∈ H be
chosen arbitrarily and λn,γn > 0. Set n = 0

wn = xn +αn(xn− xn−1)+δ (1+αn)(wn−1− xn)−αnδ (wn−2− xn−1)

yn = wn− γnA∗(I−PQ)Awn)

xn+1 = PC(yn−λnA∗(I−PQ)Ayn),

where

λn =
ρn‖(I−PQ)Ayn‖2

‖A∗(I−PQ)Ayn‖2 and γn =
ρn‖(I−PQ)Awn‖2

‖A∗(I−PQ)Awn‖2

5.2. Application to image recovery. In this section, we present numerical experiments to an
image recovery and compare with the algorithm of Dong et al. [10] and the algorithm of Suantai
et al. [24] where these works study the split feasibility problem. Let C = [0,255]D with D =
M×N, where M is the pixels of width and N is the pixels of height of color image. Consider
the constrained minimization problem:

min
x∈C
‖Ax− y‖2. (5.2)

Therefore, the problem (5.1) can be reduced to (5.2) when Q = {y} and C = [0,255]D. We will
compare the following methods with w−1,w−2,x−1 =(1,1,1, ...,1)∈RN and x0 =(0,0,0, ...,0)∈
RN . We set parameters by

Algorithm 1 of Dong et al. [10]: θ =−0.9, γ = 1, and α = 0.1;
Algorithm 1 of Suantai et al. [24]: αn = min{0.9, 1

n1.1‖xn−xn−1‖2}, σ = 0.5, ρ = 0.5, µ = 0.5,
and γ = 1;

Algorithm 5.1: γ = 1.9, δ = 0.01, and αn =− −1
10(n+1) .

We consider motion blur with motion length of 45 pixels and motion orientation 180◦, the
image size 320×266 for grey image.

To measure the restored images, we use the peak-signal-to-noise ratio (PSNR) [25] defined
by PSNR = 10log10

( 2552

MSE

)
, where MSE= ‖xn− x‖2 with x being an original image. We also

use structural similarity index measure (SSIM) [27] for measuring the similarity between the
original and blurred images. From definitions, it is clear that the high PSNR and SSIM values
show the quality of restored images. We obtain numerical results following Table 2
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(A) (B)

FIGURE 2. (A) The original image and (B) Motion blurred image

TABLE 2. The comparison of PSNR, SSIM and CPU time of the restored images

Algorithms PSNR SSIM CPU time
Algorithm 5.1 23.1401 0.9002 36.7033

[10, Algorithm 1] 20.1578 0.8524 44.0284
[24, Algorithm 1] 20.8107 0.6567 25.1830

From Table 2, we observe that our Algorithm 5.1 has more efficient than others since PSNR
and SSIM values of Algorithm 5.1 have the highest number in the experiment for 500 iterations.

We next show the figures of restored images.

(A) PSNR=23.1401 (B) PSNR=20.1578 (C) PSNR=20.8107

FIGURE 3. (A),(B), and (C) are the restored images by Algorithm 5.1, Algo-
rithm 1 of Dong et al. [10] and Algorithm 1 of Suantai et al. [24], respectively
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(A) PSNR plotting

(B) SSIM plotting

FIGURE 4. Graphs of PSNR and SSIM for each algorithm

In Figures 3 and 4, it is shown that Algorithm 5.1 outperforms other algorithms in terms of
PSNR and SSIM.

5.3. Application to the hypertension prediction. In this section, we apply Algorithm 5.1 for
data classification by using the extreme learning machine (ELM).

Consider a training set {(xn,yn) : xn ∈RN ,yn ∈RM,n = 1,2,3, ...,W}, where W is the distinct
samples, xn represents an input training data, and yn is a training target. In the context of ELM
with a single hidden layer, the output at the i-th hidden node is defined as: hi(x) =U(〈ai,x〉+
bi), where U is an activation function, ai and bi are the weight and the bias at the i-th hidden
node, respectively.

The output function of single-hidden layer feed forward neural networks (SLFNs) with L
hidden nodes is defined as: On = ∑

L
i=1 ωihi(xn), where ωi is the optimal output weight at the

i-th hidden node. The hidden layer output matrix A is defined as follows:

A =

U(〈a1,x1〉+b1) · · · U(〈aL,x1〉+bL)
... . . . ...

U(〈a1,xW 〉+b1) · · · U(〈aL,xW 〉+bL)


The main aim of ELM is to compute an optimal weight ω = [ω1, ...,ωL]

T such that Aω = χ ,
where χ = [t1, ..., tW ]T is the training target data. A model used to find the solution ω can be
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transformed into a constraint minimization problem as follows:

min
ω∈C

1
2
‖Aω−χ‖2, C = {ω|‖ω‖1 ≤ ξ}, (5.3)

where ξ is a positive constant. In particular, if C = {ω|‖ω‖1 ≤ ξ} and Q = {χ}, then (5.3) can
be considered as the SFP.

We employ the binary cross-entropy loss function in conjunction with the sigmoid activation
function defined by

Loss =−1
J

J

∑
j=1

v j log v̂ j +(1− v j) log(1− v̂ j),

where v̂ j and v j are the j-th scalar value in the model output and the corresponding target value,
respectively. The number of scalar values in the model output are defined by J.

The precision and recall can justify performance evaluation in classification. Recall (Rec)
also known as the True Rate, measures the accuracy of predictions in positive classes and rep-
resents the percentage of correctly predicted positive observations. Accuracy (Acc), prediction
(Pre) and F1-score can be calculated using the equation below:

Pre =
TP

TP+FP
×100%

Rec =
TP

TP+FN
×100%

Acc =
TP+TN

TP+FP+TN+FN
×100%

F1-score =
2× (Precision×Recall)

Precision+Recall
,

where a confusion matrix for original and predicted classes are shown in terms of TP = True
Positive, TN =True Negative, FP = False Positive and FN= False negative.

In this numerical experiments, We utilized hypertension data from the Sriphat Medical Cen-
ter, Faculty of Medicine, Chiang Mai University. This dataset includes information from 15,342
patients who accessed medical services, comprising 7,671 individuals without hypertension and
7,671 individuals diagnosed with hypertension. The dataset consists of 9 attributes: Sex, Age,
Temperature (Temp), Pulse, Respiratory Rate (RR), oxygen saturation (O2Sat), Body Weight,
Height, and BMI, along with one outcome variable. We show visualization of hypertension
dataset in Table 3.

In particular, we apply our algorithms to optimize weight parameter in training data for ma-
chine learning by using 5-fold cross-validation in extreme learning machine (ELM). We start
computation by setting the activation function as sigmoid, hidden nodes L = 20, and the param-
eter is ξ = 5. We compare Algorithm 5.1 with other traditional machine leaning method, and
the results are reported in Table 4.

In Table 4, we observe that Algorithm 5.1 performs the best accuracy, F1-score, Recall and
Precision. This shows that our algorithm has the highest probability of classifying for hyperten-
sion data.

Next, we compare the performance of each algorithm for 200 iterations with Algorithm
of Dong et al. [10] and Algorithm of Suantai et al. [24]. For comparison, we set x−1 =
x0 = (1,1,1, ...,1), θ = −0.9, γ = 0.2 and α = 0.1 in Algorithm 1 of Dong et al. [10].
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TABLE 3. Overview of all attributes used in training the models

Attributes Mean SD CV Min Max
Sex 1.42 0.49 0.34 1 2
Age 59.05 14.10 0.23 21 97
Temperature 36.42 0.31 0.008 34.01 38.5
Pulse 79.51 12.03 0.15 51 109
Respiratory Rate 18.94 1.04 0.05 15 22
Oxygen saturation 97.80 0.95 0.009 96 99
Body Weight 63.17 11.59 0.18 32 91.90
Height 159.91 8.34 0.05 137.10 181.89
BMI 24.56 3.71 0.15 15.01 39.56

SD: Standard deviation; CV: Coefficient of variation.

TABLE 4. The performance in comparison of Algorithm 5.1 with traditional
machine learning methods

Machine leaning method Precision (%) Recall (%) F1-score (%) Accuracy (%)
Logistic regression 67.7 62.8 65.1 66.5
K neighbors 60.4 60.0 60.2 60.4
Support vector machine 70.1 58.7 63.9 66.9
Random forest 68.3 60.7 64.2 66.3
Decision tree 70.2 55.7 62.1 66.1
ELM (Algorithm 5.1) 81.3 99.9 89.6 81.3

In Algorithm 1 of Suantai et al. [24], we set x−1 = (1,1,1, ...,1), x0 = (0,0,0, ...,0), αn =
min{0.9, 1

n1.1‖xn−xn−1‖2}, σ = 2, ρ = 0.1, µ = 0.3 and γ = 0.2.

In Algorithm 5.1, we set w−1,w−2,x−1,x0 =(1,1,1, ...,1), γ = 1.8, δ = 0.9 and αn =− −1
10(n+1) .

The numerical results are reported in Table 5.

TABLE 5. The performance of each algorithm for 200 iterations

Algorithms Precision (%) Recall (%) F1-score (%) Accuracy (%)
[10, Algorithm 1] 81.2099 100 89.6308 81.2099
[24, Algorithm 1] 81.2099 100 89.6308 81.2099

Algorithm 5.1 81.3514 99.9498 89.6967 81.3525

In Tables 5, we show that our algorithm obtain the best accuracy at 200 iterations. We observe
that Algorithm 5.1 has a better accuracy than other algorithms.

Next, we show the performance with the highest accuracy of each algorithm for prediction.
The comparison are presented in Table 6.

From Table 6, we observe that Algorithm 5.1 has more accuracy than Algorithm 1 of Dong
et al. [10] and Algorithm 1 of Suantai et al. [24]. This shows that our algorithm has the highest
probability of classification for the hypertension data from the Sriphat Medical Center, Faculty
of Medicine, Chiang Mai University compared to other algorithms.
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TABLE 6. The performance of each algorithm

Algorithms Accuracy (%)
[10, Algorithm 1] 81.2099
[24, Algorithm 1] 81.3728

Algorithm 5.1 81.3830

6. CONCLUSIONS

In this study, we introduced a novel splitting algorithm that effectively solves the split varia-
tional inclusion problem by incorporating inertial and correction terms. The proposed method
accelerates convergence while ensuring weak convergence under some conditions. Through
the numerical experiments, we demonstrated that our algorithm outperforms existing methods.
Moreover, the applications to the split feasibility problem provided promising results, particu-
larly in real-world tasks such as image recovery and data classification.
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