
J. Nonlinear Funct. Anal. 2025 (2025) 33 https://doi.org/10.23952/jnfa.2025.33

EXISTENCE RESULTS FOR THE EVOLUTION THERMISTOR PROBLEM WITH
DEGENERACY

HAKIMA OUYAHYA, MOHAMED RHOUDAF, HAJAR TALBI∗

Laboratory of Mathematics and their Interactions, Faculty of Sciences, Moulay Ismail University,
Zitoune, Meknes, BP 11201, Morocco
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1. INTRODUCTION

In this paper, we deal with a strongly nonlinear coupled system of the form
∂θ

∂ t
−A(θ)+

d

∑
i=1

bi(|θ |)
|θ |

θ =ρ(θ)|∇ψ|2 in Q,

−div(ρ(θ)∇ψ)+λψ =g in Q,
ψ = θ =0 on ∂Ω× (0,T ),
θ(·,0)=θ0 in Ω,

(1.1)

where Q = Ω× (0,T ) for T > 0, θ0 is a given function, λ > 0 (for the sake of simplicity we
assume that λ = 1, and the general case can be handled similarly without essential difficulties),
g is a non-negative and bounded source term, and ρ is the electric conductivity which is assumed
to be continuous. The operator A(θ) has the form

A(θ) =
d

∑
i=1

∂i
(
ai(x, t,θ)

bi(|∂iθ |)
|∂iθ |

∂iθ
)
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and is a Leray-Lions operator defined on W 1
0 LB(Q), with B = (B0, . . . ,Bd) where Bi,0≤ i≤ d

are N-functions such that Bi(s) =
∫ |s|

0 bi(σ)dσ .
Problem (1.1) can be considered as a generalization of the thermistor problem, where, con-

trary to the standard formulations, we introduce perturbations terms in both equations. We
note that, in [14], an existence result for a capacity solution to the elliptic problem associated
with (1.1) was established. In the present work, we aim to generalize these results to the evolu-
tion case.

The analytical difficulties of problem (1.1) arise from different issues. In particular, in addi-
tion to the fact that the source term ρ(θ)|∇ψ|2 is only in L1(Ω) for functions ψ in the energy
space, we work in the framework of inhomogeneous anisotropic Orlicz-Sobolev spaces with-
out assuming the ∆2-condition on the N-functions. Hence, these spaces, in general, are neither
reflexive nor separable and thus complicate the mathematical analysis of the problem a great
deal. It worth noticing that the notion of capacity solution was initially introduced by Xu [16] in
the context of a slightly different version of problem (1.1), and has subsequently been applied
to various modified problems. In particular, in [6, 7, 19 -21], the authors considered a weaker
version of (1.1), in which operator A is a nonlinear operator acting from a Sobolev space into
its dual. These results were later generalized in [12, 14–18] to a more generalized framework
involving Orlicz spaces.

In this paper, we study, under the assumptions given below, the existence of a capacity solu-
tion, In the sense of Definition 3.2, for the parabolic-elliptic perturbed system (1.1) in the con-
text of inhomogeneous anisotropic Orlicz-Sobolev spaces without assuming the ∆2-condition
on the N-functions. As capacity solutions are obtained by approximation, the proof of our re-
sults is generally based on the introduction of a smooth sequence of approximate problems,
and then we show that the sequence of solutions to these approximate problems converge, in a
certain sense, to a capacity solution.

The outline of this paper is as follows. In Section 2, we introduce the necessary concepts,
notations, and functional spaces together with some useful results concerning these spaces. In
Section 3, we specify the assumptions on the data of our problem and we introduce the concept
of a capacity solution to (1.1). Finally, in Section 4, we present the main existence result of
this paper and develop its proof by first proving an existence result of a weak solution to our
problem but under a less restrictive assumption on the data. Then we prove the existence of a
capacity solution to problem (1.1) in several steps.

2. PRELIMINARIES

We have carried out with the anisotropic Orlicz-Sobolev spaces, which are essentially based
on the N-function. So, we begin by recalling some definitions and properties of the concept
of the N-function and its conjugate, and then we introduce the definitions of both Orlicz and
inhomogeneous anisotropic Orlicz-Sobolev spaces (see [1, 2, 5, 9, 11, 15]).

2.1. N-functions.

Definition 2.1. A function B : R 7→ R which satisfies:
(i) B is continuous, even and convex function.

(ii) B(t)> 0 for all t ∈ R\{0} and B(0) = 0.
(iii) B(t)

t → 0 as t→ 0 and B(t)
t →+∞ as t→+∞.
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is called an NNN-function

An equivalent definition of such function is that the function B admits the representation [11]

B(t) =
∫ |t|

0
b(s)ds,

where b : [0,∞) 7→ [0,∞) is a right-continuous and a non-decreasing function with b(0) = 0,
b(t) > 0 for all t > 0 and b(t)→ +∞ as t → +∞. The complementary or conjugate function
to B, B̄, is also an N-function which is defined by

B̄(t) :=
∫ |t|

0
b̄(s)ds,

where b̄ : [0,∞) 7→ [0,∞) is given by b̄(s) = sup{l |b(l)≤ t}.
For all s, t ∈R, it yields (Young’s inequality) |ts| ≤ B(t)+ B̄(s). Notice that when t = b(s) or

s = b̄(t), the last inequality becomes an equality.
We recall that an N-function B is said to satisfy the ∆∆∆222-condition (resp. ∆2-condition near

infinity) if, for some γ > 0 and t0 > 0,

B(2t)≤ γ B(t) for all t ≥ 0 (resp. for all t ≥ t0 > 0).

2.2. Orlicz spaces. Let Ω be an open set in Rd,d ∈ N. The Orlicz class LB(Ω) is defined as

LB(Ω) :=
{

v : Ω 7→ R, measurable |
∫

Ω

B(v(x))dx <+∞

}
.

And we define the large Orlicz space LB(Ω) as

LB(Ω) :=
{

v : Ω 7→ R, measurable |
∫

Ω

B
(v(x)

µ

)
dx <+∞ for some µ > 0

}
.

This space, LB(Ω), is a Banach space under the norm (Luxemburg norm)

‖v‖B = inf
{

µ > 0 |
∫

Ω

B
(v(x)

µ

)
dx≤ 1

}
,

Also, we define the small Orlicz space EB(Ω) as

EB(Ω) :=
{

v : Ω 7→ R, measurable |
∫

Ω

B
(v(x)

µ

)
dx <+∞ for each µ > 0

}
.

The small Orlicz space EB(Ω) is identified to the large Orlicz space LB(Ω) if and only if the
N-function B satisfies the ∆2-condition (resp. ∆2-condition near infinity) according to whether
Ω has infinite measure or not. The dual space of EB(Ω) can be identified with the space LB̄(Ω)
by means of the duality pairing

∫
Ω

v(x)u(x)dx, and the dual norm on LB̄(Ω) is equivalent to
‖.‖B̄. In LB(Ω) we define the Orlicz norm ||v||(B) by

||v||(B) := sup
u∈EB̄(Ω)
||u||B̄≤1

∫
Ω

v(x)u(x)dx

The norms || · ||B and || · ||(B) are such that

||v||B ≤ ||v||(B) ≤ 2||v||B for all v ∈ LB(Ω). (2.1)
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And we recall the following Hölder inequality
∫

Ω
|v(x)u(x)|dx ≤ ‖v‖B‖u‖(B̄) for all v ∈ LB(Ω)

and u ∈ LB̄(Ω). From (2.1), we obtain∫
Ω

|v(x)u(x)|dx≤ 2‖v‖B‖u‖B̄ for all v ∈ LB(Ω) and u ∈ LB̄(Ω).

Therefor, if Ω has finite measure, we have LB(Ω)⊂ L1(Ω).
A crucial inequality in LB(Ω) is∫

Ω

B(v(x))dx≤ ||v||(B) for all v ∈ LB(Ω), such that ||v||(B) ≤ 1. (2.2)

Thus ∫
Ω

B
( v(x)
||v||(B)

)
dx≤ 1 for all v ∈ LB(Ω)\{0}.

Definition 2.2. A sequence (vm) ⊂ LB(Ω) is said to converge for the modular convergence in
LB(Ω) to v ∈ LB(Ω) if, for a certain µ > 0,∫

Ω

B
(vm(x)− v(x)

µ

)
dx→ 0 as m→ ∞.

From (2.2), we conclude that the convergence in the norm of LB(Ω) is stronger than the
modular convergence. However, we recall the following lemma.

Lemma 2.3 ([3, 4, 8]). Let (vn) ⊂ LB(Ω), v ∈ LB(Ω) and u ∈ LB̄(Ω) such that vn → v with
respect to the modular convergence. Then,

(1) vnu→ vu in L1(Ω). In particular,
∫

Ω

vnu→
∫

Ω

vu.

(2) Furthermore, if (un) ⊂ LB̄(Ω) is such that un→ u with respect to the modular conver-
gence, then vnun→ vu strongly in L1(Ω).

2.3. Inhomogeneous anisotropic Orlicz-Sobolev space. Let Ω ⊂ Rd be an open set, B =
(B0, . . . ,Bd), B̄ = (B̄0, . . . , B̄d), with Bν ,ν = 0, . . . ,d N-functions such that

B0(s)≤ Bν(s) for all ν = 1, . . . ,d. (2.3)

Remark 2.4. Condition (2.3) ensures that embedding LBν
(Ω) ↪→ LB0(Ω) is continuous for all

ν = 1, . . . ,d.

We define the anisotropic Orlicz space LB(Ω) (resp. EB(Ω)) by

LB(Ω) :=
d

∏
i=1

LBi(Ω) (resp. EB(Ω) =
d

∏
i=1

EBi(Ω)),

endowed with the norm ‖v‖= ∑
d
i=1 ‖vi‖Bi, v = (v1, . . . ,vd). For 0 < T < ∞,Q = Ω× (0,T ), we

define W 1,xLB(Q) and W 1,xEB(Q)) by

W 1,xLB(Q) := {v ∈ LB0(Q) |∇v ∈ LB(Q)}
and

W 1,xEB(Q) := {v ∈ EB0(Q) |∇v ∈ EB(Q)}.
Both spaces W 1,xLB(Q) and W 1,xEB(Q)) are Banach spaces under the norm

‖v‖1,B = ‖v‖B0 +‖∇v‖= ‖v‖B0 +
d

∑
i=1
‖∂iv‖Bi.
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Notice that W 1,xLB(Q) ↪→W 1,xLB0(Q), where W 1,xLB0(Q) is the inhomogeneous Orlicz-Sobolev
space defined by

W 1,xLB0(Q) := {v ∈ LB0(Q) |∇v ∈ LB0(Q)d}.
Both spaces, W 1,xLB(Q) and W 1,xEB(Q), may be identified to subspaces of Π = LB0(Q)×
LB(Q). The predual of Π is given by Π̂ = EB̄0

(Q)×EB̄(Q).
Also, we define the space W 1,x

0 EB(Q) as the (norm) closure of D(Q) (i.e. the space of
functions in C ∞(Q) with compact support in Q) in W 1,xEB(Q) and the space W 1,x

0 LB(Q) as the
σ(Π,Π̂)-closure of D(Q) in W 1,xLB(Q).

In the space W 1,xLB(Q) a Poincaré inequality also holds.

Lemma 2.5 ([8]). For T > 0, let Q = Ω×(0,T ) with Ω⊂Rd be a bounded and open set. Then,
for some constants κ0 and κ1 = κ1(Q),∫

Q
B0(θ)dx≤ κ0

d

∑
i=1

∫
Q

Bi(κ1∂iθ)dx for all θ ∈W 1,x
0 LB(Q).

Definition 2.6. We say that a bounded set Ω⊂Rd satisfies the segment property if there exist a
locally finite open covering {Θi} of ∂Ω and vectors {zi} ⊂ Rd such that, for all y ∈ Ω̄∩Θi and
any λ ∈ (0,1), y+λ zi ∈Ω.

Lemma 2.7 ([13]). For ∞ > T > 0, let Q = Ω× (0,T ) with Ω ⊂ Rd be an open set satisfying
the segment property, and let θ ∈W 1,x

0 LB(Q). Then, there exists a sequence (θm)⊂D(Q) such
that θm → θ with respect to the modular convergence in W 1,xLB(Q), i.e., there exists µ > 0
such that ∫

Q
B0

(
θm−θ

µ

)
+

d

∑
i=1

∫
Q

Bi

(
∂iθm−∂iθ

µ

)
→ 0 as m→ ∞.

Also, we introduce

W−1,xLB̄(Q) =

{
g ∈D ′(Q) |g =

d

∑
j=1

∂ jg j with g j ∈ LB̄ j
(Q), for all j = 1, . . . ,d

}
and

W−1,xEB̄(Q) =

{
g ∈D ′(Q) |g =

d

∑
j=1

∂ jg j with g j ∈ EB̄ j
(Q), for all j = 1, . . . ,d

}
.

Let T > 0 and Q = Ω× (0,T ) with Ω ⊂ Rd a domain which satisfy the segment property.
For a function θ ∈ L1(Q), we define the function θ̃ ∈ L1(Ω×R) by θ̃(x,s) := θ(x,s)χ(0,T )(s).
The time regularization of θ , θµ ,µ > 0, is given by

θµ(x, t) = µ

∫ t

−∞

θ̃(x,σ)exp(µ(σ − t))dσ .

Lemma 2.8 ([4]). (1) Let θ ∈ LB(Q). Then θµ ∈C ([0,T ];LB(Ω)) and θµ → θ as µ→+∞

in LB(Q) for the modular convergence.
(2) Let θ ∈W 1,xLB(Q). Then θµ ∈ C ([0,T ];W 1,xLB(Ω)) and θµ → θ as

µ →+∞ in W 1,xLB(Q) for the modular convergence.



6 H. OUYAHYA, M. RHOUDAF, H. TALBI

(3) Let θ ∈ EB(Q) (resp. θ ∈W 1,xEB(Q)). Then θµ ∈ C ([0,T ];LB(Ω)) and θµ → θ as
µ →+∞ strongly in EB(Q) (resp. strongly in W 1,xEB(Q).)

(4) Let θ ∈W 1,xLB(Q). Then ∂θµ

∂ t = µ(θ −θµ) ∈W 1,xLB(Q)

(5) Let (θn) ⊂W 1,xLB(Q) and θ ∈W 1,xLB(Q) such that θn→ θ strongly in W 1,xLB(Q)
(resp. for the modular convergence). Then, for all µ > 0, (θn)µ → θµ strongly in
W 1,xLB(Q) (resp. for the modular convergence).

Lemma 2.9 ([4]). Let Ω be a bounded domain of Rd which satisfies the segment property. We
consider the spaces Wi, 1≤ i≤ d, given by

Wi =

{
v ∈W 1,x

0 LBi(Q) | ∂v
∂ t
∈W−1,xLB̄i

(Q)+L1(Q)

}
.

Then the embedding Wi ⊂ C ([0,T ];L1(Ω)) is continuous.

Lemma 2.10 ([4]). Let 1≤ i≤ d. If G is bounded in W 1,x
0 LBi(Q) and

{
∂g
∂ t |g ∈ G

}
is bounded

in W−1,xLB̄i
(Q), then G is relatively compact in L1(Q).

Lemma 2.11 ([12]). For a bounded open set Ω ∈ Rd , let Bi, i = 1, . . . ,d, be N-functions with
the following representation Bi(s) =

∫ |s|
0 bi(σ)dσ such that bi(s)≥ s for all s≥ 0. We have, for

all i = 1, . . . ,d, the following continuous embeddings

LBi(Ω) ↪→ L2(Ω) ↪→ EB̄i
(Ω) ↪→ LB̄i

(Ω).

In particular, H1(Ω) ↪→W 1,xLB̄(Ω) and H−1(Ω) ↪→W−1,xLB̄(Ω). Thus, L2(0,T ;H1(Ω)) ↪→
W 1,xLB̄(Q) and L2(0,T ;H−1(Ω)) ↪→W−1,xEB̄(Q) ↪→W−1,xLB̄(Q)

Remark 2.12. Assume that, for all s≥ 0, bi(s)≥ s, i = 1, . . . ,d. Then,∫
Ω

u2 dx≤ 2
∫

Ω

Bi(u)dx, for all u ∈LBi(Ω). (2.4)

We recall the definition of the function Th as

Th(γ) = γ if |γ| ≤ h, Th(γ) = h
γ

|γ|
if |γ|> h.

3. ESSENTIAL ASSUMPTIONS AND DEFINITIONS

For T > 0, let Q = Ω× (0,T ) with Ω ⊂ Rd be a bounded and open set which is supposed
to satisfy the segment property. Let B(s) =

∫ |s|
0 b(t)dt be N-function such that s ≤ b(s) for all

0 < s. We consider the space

WWW =

{
θ ∈W 1,x

0 LB(Q) | ∂θ

∂ t
∈W−1,xLB̄(Q)

}
endowed with norm

||θ ||WWW = ||θ ||W 1,xLB(Q)+

∥∥∥∥∂θ

∂ t

∥∥∥∥
W−1,xLB̄(Q)

The differential operator A is of the form

A : W 1,x
0 LB(Q) → W−1,xLB̄(Q)

θ 7→ A(θ) =
d

∑
i=1

∂i
(
ai(x,θ)

bi(|∂iθ |)
|∂iθ |

∂iθ
)
.
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Let us now formulate the assumptions
(A1) The function ai : Q×R 7→ R, for i = 1, . . . ,d, is a Carathéodory function such that

η1 ≤ ai(x, t,s)≤ η2, for all i = 1 . . . ,d, (3.1)

where 0 < η1 < η2 are two real numbers.
(A2) We assume that ρ ∈C(R) and it satisfies

0 < ρ(t)≤ ρ̃ for some ρ̃ ∈ R and for all t ∈ R.
(A3)

θ0 ∈ L2(Ω).

Remark 3.1. Assume (A1). Then it is straightforward to show that, for a bounded set H ⊂ R,
and for ξξξ ,,,ξξξ

′′′ ∈ Rd with ξξξ 6= ξξξ
′′′ such that ξξξ = (ξ1, . . . ,ξd) and ξξξ

′′′
= (ξ ′1, . . . ,ξ

′
d),

• For a.e. (x, t) ∈Ω and all s ∈ R
d

∑
i=1

[ai(x, t,s)
bi(|ξi|)
|ξi|

ξi−ai(x, t,s)
bi(|ξ ′i |)
|ξ ′i |

ξ
′
i ](ξi−ξ

′
i )> 0. (3.2)

• For a.e. x ∈ Q and all s ∈ H
d

∑
i=1

[ai(x, t,s)
bi(|ξi|)
|ξi|

ξi−ai(x, t,s)
bi(|ξ ′i |)
|ξ ′i |

ξ
′
i ](ξi−ξ

′
i )→+∞. (3.3)

as |ξξξ | →+∞, uniformly in s.

Now, we are going to define a capacity solution to problem (1.1).

Definition 3.2. We say that a triplet (θ ,ψ,Φ) form a capacity solution to problem (1.1) if the
following conditions are fulfilled:
(A1) θ ∈W 1

0 LB(Q), ψ ∈ L∞(Q), and Φ ∈ L2(Q)d .
(A2) (θ ,ψ,Φ) verifies the system of differential equations in the sense of distributions

∂θ

∂ t
−

d

∑
i=1

∂i
(
ai(x, t,θ)

bi(|∂iθ |)
|∂iθ |

∂iθ
)
+

d

∑
i=1

bi(|θ |)
|θ |

θ =div(ψΦ)−ψ2 +ψg in Q,

−divΦ+ψ =g in Q.

(A3) For every S ∈ C 1
0 (R) (i.e. S ∈ C 1(R) with compact support in R), one has S(θ)ψ ∈

L2(0,T ;H1
0 (Ω)), and

S(θ)Φ = ρ(θ)[∇(S(θ)ψ)−ψ∇S(θ)]. (3.4)

(A4) θ(·,0) = θ0 in Ω.

Remark 3.3. Notice that bounded capacity solutions are weak solutions. Indeed, for θ ∈L∞(Q),
let S ∈ C1

0(R) such that S(t) = 1 for all t ∈ [−‖θ‖∞,‖θ‖∞]. Thus, ψ ∈ L2(0,T ;H1(Ω)), Φ =

ρ(θ)∇ψ , and ρ(θ)|∇ψ|2 = div(ψΦ)−ψ2 +ψg. For the other case, where θ 6∈ L∞(Q), (3.4)
allows us to define ∇ψ pointwise almost everywhere as

Φχ{|θ |<γ} = ρ(θ)∇ψχ{|θ |<γ}, for any γ > 0.
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4. AN EXISTENCE RESULT

The main result of this work now follows.

Theorem 4.1. Let g ∈ L∞(Q) be a non-negative function. Assume (A1), (A2), and (A3) hold.
Then system (1.1) has at least a capacity solution.

To prove this last theorem, first of all, we prove the existence of a weak solution (θ ,ψ) to
problem (1.1), but this time under the assumption

(A′2)

{
ρ ∈C(R) and there exist ρ1 and ρ2 ∈ R such that
0 < ρ1 ≤ ρ(s)≤ ρ2, for all s ∈ R.

(4.1)

Theorem 4.2. Let g ∈ L∞(Q) be a non-negative function. Assume (A1),(A′2), and (A3) hold.
Then system (1.1) admit a weak solution (θ ,ψ), that is,

θ ∈W 1
0 LB(Q)∩C ([0,T ];L2(Ω)) and ψ ∈ L∞(0,T ;H1

0 (Ω))∩L∞(Q),

θ(·,0) = θ0 in Ω;
and∫ t

0

〈
∂θ

∂ t
,v
〉
+

d

∑
i=1

∫ t

0

∫
Ω

ai(x, t,θ)
bi(|∂iθ |)
|∂iθ |

∂iθ∂iv+
d

∑
i=1

∫ t

0

∫
Ω

bi(|θ |)
|θ |

θv =
∫ t

0

∫
Ω

ρ(θ)|∇ψ|2v,

(4.2)
for all v ∈W 1,x

0 LB(Q), for all t ∈ [0,T ];∫
Ω

ρ(θ)∇ψ∇κ +
∫

Ω

ψκ =
∫

Ω

gκ, for all κ ∈ H1
0 (Ω), a.e. t ∈ (0,T ).

Remark 4.3. The perturbed term (third integral in the left hand side of (4.2)) is well defined.
Indeed, let θ ∈W 1,x

0 LB(Q). Then there exist λ i
0 > 0, i = 1, ...,d, such that∫

Q
Bi(|θ |/λ

i
0)dxdt < ∞, i = 1, ...,d.

From Young’s inequality, we have, for t ≥ 0, B̄i(bi(t))≤ tbi(t). Hence,

λ itbi(t)
λ i = λ i

∫ 2t/λ i

t/λ i
bi(s)ds≤

∫ 2t/λ i

0
bi(s)ds,

≤ λ iBi(2t/λ i)≤ 2λ i
0Bi(t/λ i

0),

where λ i = 2λ i
0. Thus

B̄i(bi(t))≤ 2λ
i
0Bi(t/λ

i
0), i = 1, ...,d.

Let v ∈W 1,x
0 LB(Q). Then there exist λ i

1 > 0, i = 1, ...,d, such that

intQBi(|v|/λ
i
1)dxdt < ∞, for all i = 1, ...,d.

Consequently, by using Young inequality, we see that∫
Q

bi(|θ |)
|θ |

θvdxdt ≤
∫

Q
bi(|θ |)|v|dxdt ≤ λ

i
1

(∫
Q

B̄i(bi(|θ |)+
∫

Q
Bi(|v|/λ

i
1)
)

dxdt,

≤ λ
i
1

(
2λ

i
0

∫
Q

Bi(|θ |/λ
i
0)+

∫
Q

Bi(|v|/λ
i
1)
)

dxdt < ∞.
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Thus, for all i = 1, · · · ,d, one has the result.

Remark 4.4. Notice that, in the sequel, the constants may differ from one occurrence to another.

Proof of Theorem 4.2. The proof is based on Schauder’s fixed point theorem.
For ω ∈ L1(Q). We consider, for a.e. t ∈ (0,T ),{

−div(ρ(ω)∇ψ)+ψ =g in Ω× (0,T ),

ψ =0 on ∂Ω× (0,T ).
(4.3)

Using (ψ−||g||L∞(Q))
+ as a test function in (4.3), we see, for almost all t ∈ (0,T ),∫

Q
ρ(ω)∇ψ∇(ψ−||g||L∞(Q))

+dxdt +
∫

Q
ψ(ψ−||g||L∞(Q))

+dxdt

≤ ||g||L∞(Q)

∫
Q
(ψ−||g||L∞(Q))

+dxdt.

Thus,∫
Q

ρ(ω)∇ψ∇(ψ−||g||L∞(Q))
+dxdt +

∫
Q
(ψ−||g||L∞(Q))(ψ−||g||L∞(Q))

+dxdt ≤ 0.

This means that (ψ−||g||L∞(Q))
+ = 0. Consequently,

||ψ||L∞(Q) ≤ ||g||L∞(Q). (4.4)

On the other hand, taking ψ as a test function in (4.3), we obtain∫
Q

ρ(ω)|∇ψ|2dxdt +
∫

Q
ψ

2dxdt =
∫

Q
gψdxdt.

Hence, ∫
Q

ρ(ω)|∇ψ|2 dxdt ≤ ||g||2L∞(Q)|Q|.

This means that ρ(ω)|∇ψ|2 ∈ L1(Q). Furthermore, using (A′2), we obtain∫
Q
|∇ψ|2 dx≤C(ρ1,g) =C. (4.5)

Now we consider the problem
∂θ

∂ t
−

d

∑
i=1

∂i
(
ai(x, t,ω)

bi(|∂iθ |)
|∂iθ |

∂iθ
)
+

d

∑
i=1

bi(|θ |)
|θ |

θ = ρ(ω)|∇ψ|2 in Q,

θ = 0 on ∂Ω× (0,T ),

θ(·,0) = θ0 in Ω.

(4.6)

Lemma 4.5. The second member of (4.6), ρ(ω)|∇ψ|2, belongs to W−1,xEB̄(Q).

Proof. Taking κ = φψ in (4.3), with φ ∈D(Ω), gives∫
Ω

ρ(ω)|∇ψ|2φdx =−
∫

Ω

ρ(ω)∇ψ∇φψdx−
∫

Ω

ψ
2
φ +

∫
Ω

gψφdx.

Thus
ρ(ω)|∇ψ|2 = div(ρ(ω)ψ∇ψ)−ψ

2 +gψ.
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Since ρ(ω)ψ∇ψ ∈ L2(Q)d and −ψ2 +gψ ∈ L2(Q), then

div(ρ(ω)ψ∇ψ)−ψ
2 +gψ ∈ L2(0,T ;H−1(Ω)).

Hence, using Lemma 2.11, we have the result. �

By lemma 4.5, a new variational formulation of equation (4.6) is the following

θ ∈W 1,x
0 LB(Q)∩C ([0,T ];L2(Ω)) and for all t ∈ (0,T ), we have∫ t

0

〈
∂θ

∂ t
,v
〉
+

d

∑
i=1

∫ t

0

∫
Ω

ai(x, t,ω)
bi(|∂iθ |)
|∂iθ |

∂iθ∂iv+
d

∑
i=1

∫ t

0

∫
Ω

bi(|θ |)
|θ |

θvdxdt

=−
∫ t

0

∫
Ω

ρ(ω)ψ∇ψ∇vdxdt−
∫ t

0

∫
Ω

ψ
2v+

∫ t

0

∫
Ω

gψvdxdt, for all v ∈W 1,x
0 LB(Q),

θ(.,0) = θ0 in Ω.
(4.7)

By Lemma 4.5, we have ρ(ω)|∇ψ|2 = div(ρ(ω)ψ∇ψ)−ψ2 + gψ ∈W−1,xEB̄(Q). Then by
application of the existence result given in [10], we deduce that problem (4.7) has a unique
solution.

Lemma 4.6. The following estimates hold
d

∑
i=1

∫
Q

Bi(|∂iθ |)dxdt ≤C, (4.8)

and
d

∑
i=1
‖ai(·,ω)

bi(|∂iθ |)
|∂iθ |

∂iθ‖B̄i
≤C, (4.9)

and

‖bi(|θ |)
|θ |

θ‖B̄i
≤C. (4.10)

Proof. To prove (4.8), we prove first that |∂iθ | ∈ LBi(Q), i = 1, . . . ,d. To do so, let λi > 0
such that |∂iθ |/λi ∈LBi(Q), for all i = 1, . . . ,d. Since ψ ∈ L2(0,T ;H1(Ω))⊂W 1LB̄(Q), then
there exists µi > 0 such that 1

µi
ρ2||g||L∞(Ω)∂iψ ∈LB̄i

(Q), i = 1, . . . ,d. Putting λ = max
1≤i≤d

λi,µ =

max
1≤i≤d

µi and taking v = u as a test function in (4.7), one see from (2.4), (4.1) and (4.4), and by

Young’s inequality that

α

λ µ

d

∑
i=1

∫
Q

Bi(∂iθ)dxdt

≤
d

∑
i=1

∫
Q

ai(x, t,ω)
bi(|∂iθ |)
|∂iθ |

∂iθ∂iθdxdt +
d

∑
i=1

∫
Q

bi(|θ |)
|θ |

θ θdxdt,

≤ 1
2λ µ
||θ0||2L2(Ω)−

1
λ µ

∫
Q

ρ(ω)ψ∇ψ∇θdxdt− 1
λ µ

∫
Q

ψ
2
θdxdt

+
1

λ µ

∫
Q

gψudxdt,

≤ 1
2λ µ
||θ0||2L2(Ω)+

1
λ µ

∫
Q
|ρ(ω)ψ∇ψ∇θ |dxdt +

2‖g‖2
L∞(Q)

λ µ

∫
Q
|θ |dxdt. (4.11)
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Applying the Young and the Poincaré inequalities, we arrive at

α

λ µ

d

∑
i=1

∫
Q

Bi(∂iθ)dxdt ≤ 1
2λ µ
||θ0||2L2(Ω)+

d

∑
i=1

∫
Q

B̄i(ρ2‖g‖L∞(Q)∂iψ/µ)dxdt

+
d

∑
i=1

∫
Q

Bi(∂iθ/λ )dxdt +C
d

∑
i=1

∫
Q

|∂iθ |
λ

dxdt,

≤ 1
2λ µ
||θ0||2L2(Ω)+

d

∑
i=1

∫
Q

B̄i(ρ2‖g‖L∞(Ω)∂iψ/µ)dxdt

+
d

∑
i=1

∫
Q

Bi(∂iθ/λ )dxdt +
NC2

2
|Q|+ 1

2

d

∑
i=1

∫
Q

∣∣∣∣∂iθ

λ

∣∣∣∣2 dxdt,

where we denote by |Q| the Lebesgue measure of Q. In view of (2.4), we obtain

α

λ µ

d

∑
i=1

∫
Q

Bi(∂iθ)dxdt ≤ 1
2λ µ
||θ0||2L2(Ω)+

d

∑
i=1

∫
Q

B̄i(ρ2‖g‖L∞(Q)∂iψ/µ)

+
d

∑
i=1

∫
Q

Bi(∂iθ/λ )+C+
d

∑
i=1

∫
Q

Bi(|∂iθ |/λ )< ∞.

This proves that ∂iθ ∈LBi(Q), for all i = 1, . . . ,d. For the estimate (4.8), from (4.11) and using
Young’s inequality, we obtain

α

d

∑
i=1

∫
Q

Bi(|∂iθ |)dxdt ≤ 1
2
||θ0||2L2(Ω)+

1
α

ρ
2
2‖g‖2

L∞(Q)

d

∑
i=1

∫
Q
|∂iψ|2

+
α

4

d

∑
i=1

∫
Q
|∂iθ |2dxdt +2‖g‖2

L∞(Q)

∫
Q
|θ |dxdt,

≤C+
α

4

d

∑
i=1

∫
Q
|∂iθ |2 +

(2‖g‖2
L∞(Q))

2

αε
|Q|+ αε

4

∫
Q
|θ |2dxdt,

and from Poincaré’s inequality and (2.4), we have

α

d

∑
i=1

∫
Q

Bi(|∂iθ |)dxdt ≤C+
α

4

d

∑
i=1

∫
Q
|∂iθ |2 +

αεC(Q)

4

d

∑
i=1

∫
Q
|∂iθ |2,

≤C+
α

2

d

∑
i=1

∫
Q

Bi(|∂iθ |)+
αεC(Q)

2

d

∑
i=1

∫
Q

Bi(|∂iθ |).

Taking ε = 1/2C(Q) in the last inequality gives the estimate (4.8). Let us now prove the esti-
mate (4.9). Notice that, from the proof of the first estimate (4.8), we may conclude that

d

∑
i=1

∫
Q

ai(x, t,ω)
bi(|∂iθ |)
|∂iu|

∂iθ∂iθ dxdt ≤ αC. (4.12)

On the other hand, using (3.2), for any φ ∈W 1,x
0 EB(Q) such that ‖∂iφ‖(Bi) = 1/(k + 1), i =

1, . . . ,d, for some k > 0, we have

0≤
d

∑
i=1

∫
Q

(
ai(x, t,ω)

bi(|∂iθ |)
|∇u|

∂iθ −ai(x, t,ω)
bi(|∂iφ |)
|∂iφ |

∂iφ
)
(∂iθ −∂iφ)dxdt.



12 H. OUYAHYA, M. RHOUDAF, H. TALBI

By (4.12), using Young’s inequality, we obtain
d

∑
i=1

∫
Q

ai(x, t,ω)
bi(|∂iθ |)
|∂iθ |

∂iθ∂iφ dxdt

≤
d

∑
i=1

∫
Q

ai(x, t,ω)
bi(|∂iθ |)
|∂iθ |

∂iθ∂iθ dxdt−
d

∑
i=1

∫
Q

ai(x, t,ω)
bi(|∂iφ |)
|∂iφ |

∂iφ(∂iθ −∂iφ)dxdt

≤ αC+η2

d

∑
i=1

∫
Q

bi(|∂iφ |)|∂iθ |dxdt +η2

d

∑
i=1

∫
Q

bi(|∂iφ |)|∂iφ |dxdt

≤ αC+2η2

d

∑
i=1

∫
Q

[
B̄i

(bi(|∂iφ |)
2

)
+Bi(|∂iθ |)

]
dxdt

+2η2

d

∑
i=1

∫
Q

[
B̄i

(bi(|∂iφ |)
2

)
+Bi(|∂iφ |)

]
dxdt

≤ αC+4η2

d

∑
i=1

∫
Q

Bi(|∂iφ |)+2η2

d

∑
i=1

∫
Q

Bi(|∂iφ |)+2η2

d

∑
i=1

∫
Q

Bi(|∂iθ |)dxdt

≤C.

Thus,
d

∑
i=1

∫
Q

ai(x, t,ω)
bi(|∂iθ |)
|∂iθ |

∂iθ∂iφ dxdt ≤ C. (4.13)

Consequently, considering the dual norm on LB̄i
(Q), we obtain the estimate (4.9). For the last

estimate (4.10), one may repeat the same arguments as in (4.13). �

From (4.6), we find by Lemma 4.5 that ∂θ

∂ t ∈W−1,xLB̄(Q). Furthermore, in view of (3.1),
(4.1), (4.4), (4.5), and (4.8), we obtain∥∥∥∥∂θ

∂ t

∥∥∥∥
W−1,xLB̄(Q)

≤C,

where C does not depend on w.
As we said before, our proof is generally based on Schauder’s fixed point theorem. So, we

introduce T : ω ∈ L1(Q) 7→ T (ω) = θ ∈W 1,x
0 LB̄(Q), with θ the unique solution to (4.7). It is

clear that WWW ↪→W0. From Lemma 2.10, we obtain that W0 ↪→ L1(Q) with compact embedding.
Hence, T maps L1(Q) into itself. Moreover, owing to (4.8), T is compact. Also, in view of (4.8),
there exists a positive real number r such that T (Br)⊂Br where Br = {v∈ L1(Q)/‖v‖L1(Q)≤ r.}

To finish the proof of Theorem 4.2, we only need to show that T is continuous. To that end,
let (ωn)⊂ Br such that

ωn→ ω in L1(Q), (4.14)

Let (θn,ψn) (resp. (θ ,ψ)) be the corresponding solution to ωn (resp. ω), and put Hn =
ρ(ωn)ψn∇ψn and H = ρ(ω)ψ∇ψ . From (4.14), we have for a subsequence ωn→ ω a.e. in Q.
Then it is easy to check that

ψn→ ψ in L2(0,T ;H1(Ω)), (4.15)

which implies that
Hn→ H strongly in L2(Q)d. (4.16)
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We must prove that
θn→ θ strongly in L1(Q).

To this end, using the same arguments as above, we see that both sequences (θn) and (∂θn
∂ t ) are

bounded in W 1,x
0 LB(Q) and W−1,xLB̄(Q) respectively with some positive constants independent

of n. Consequently, (θn) is bounded in WWW . Since WWW ↪→W0, by Lemma 2.10, we obtain that there
exist v ∈ L1(Q) and a subsequence of (θn), such that

θn→ v in L1(Q) and a.e. in Q. (4.17)

We prove that this limit function v verifies v = θ and then the following result is required.

Lemma 4.7. For a subsequence, still denoted θn, it holds ∇θn→ ∇v a.e. in Q.

Proof. For the proof, one may repeat the arguments given along Step 2. �

The variational formulation of the equation for θn is∫ T

0

〈
∂θn

∂ t
,φ

〉
+

d

∑
i=1

∫
Q

ai(x, t,ωn)
bi(|∂iθn|)
|∂iθn|

∂iθn∂iφ dxdt +
d

∑
i=1

∫
Q

bi(|θn|)
|θn|

θnφdxdt

=−
∫

Q
Hn∇φ dxdt−

∫
Q

ψ
2
n φdxdt +

∫
Q

gψnφdxdt. (4.18)

In view of (4.15) and (4.16), we have∫
Q

Hn∇φ dxdt−
∫

Q
ψ

2
n φdxdt +

∫
Q

gψnφdxdt (4.19)

−→
∫

Q
H∇φ dxdt−

∫
Q

ψ
2
φdxdt +

∫
Q

gψφdxdt.

On the other hand, since ωn→ ω a.e. in Q, using Lemma 4.7, one has

ai(x, t,ωn)
bi(|∂iθn|)
|∂iθn|

∂iθn→ ai(x, t,ω)
bi(|∂iv|)
|∂iv|

∂iv a.e. in Q.

Furthermore, from (4.9), up to a subsequence, we see that

ai(x, t,ωn)
bi(|∂iθn|)
|∂iθn|

∂iθn ⇀ ai(x, t,ω)
bi(|∂iv|)
|∂iv|

∂iv weakly-∗ in in LB̄i
(Q). (4.20)

In view of (4.10) and (4.17), we also have that

bi(|θn|)
|θn|

θn ⇀
bi(|v|)
|v|

v weakly in LB̄i
(Q), i = 1, . . . ,d. (4.21)

Gathering (4.21) and (4.20) yields∫ T

0

〈
∂θn

∂ t
,φ

〉
+

d

∑
i=1

∫
Q

ai(x, t,ωn)
bi(|∂iθn|)
|∂iθn|

∂iθn∂iφ dxdt +
d

∑
i=1

∫
Q

bi(|θn|)
|θn|

θnφdxdt

−→
∫ T

0

〈
∂v
∂ t

,φ

〉
+

d

∑
i=1

∫
Q

ai(x, t,ω)
bi(|∂iv|)
|∂iv|

∂iv∂iφ dxdt +
d

∑
i=1

∫
Q

bi(|v|)
|v|

vφdxdt. (4.22)
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In view of (4.18), (4.19), and (4.22), we have∫ T

0

〈
∂v
∂ t

,φ

〉
+

d

∑
i=1

∫
Q

ai(x, t,ω)
bi(|∂iv|)
|∂iv|

∂iv∂iφ dxdt +
d

∑
i=1

∫
Q

bi(|v|)
|v|

vφdxdt

=−
∫

Q
H∇φdxdt−

∫
Q

ψ
2
φdxdt +

∫
Q

gψφdxdt.

Consequently, v = θ . Finally, operator T , according to the Schauder fixed point theorem, has at
least one fixed point. This completes the proof of Theorem 4.2. �

Proof of Theorem 4.1. We show that problem (1.1) has at least one capacity solution (θ ,ψ,Φ).

Step 1: Approximate problems and a priori estimates.
For every n ∈ N∗, we define

ρn(s) := ρ(s)+
1
n
.

The approximate problem is given as follows

∂θn

∂ t
−

d

∑
i=1

∂i
(
ai(x, t,θn)

bi(|∂iθn|)
|∂iθn|

∂iθn)+
d

∑
i=1

bi(|θn|)
|θn|

θn = ρn(θn)|∇ψn|2 in Q, (4.23)

−div(ρn(θn)∇ψn)+ψn = g in Q, (4.24)

θn = 0 and ϕn = 0 on ∂Ω× (0,T ), (4.25)

θn(·,0) = θ0 in Ω. (4.26)

By (A2), we have
1
n
≤ ρn(s)≤ ρ̃ +1 = ρ0, for all s ∈ R. (4.27)

From Theorem 4.2, system (4.23)-(4.25) has at least one weak solution (θn,ψn). By following
the same argument as in (4.4), we obtain

||ψn||L∞(Q) ≤ ||g||L∞(Q). (4.28)

Hence, there exist ψ ∈ L∞(Q) and a subsequence of (ψn), such that

ψn→ ψ weakly-∗ in L∞(Q). (4.29)

Taking ψn as a test function in (4.24), one see, for almost all t ∈ (0,T ),∫
Q

ρn(θn)|∇ψn|2dxdt +
∫

Q
ψ

2
n dxdt =

∫
Q

gψndxdt,

≤ ||g||2L∞(Q)|Q|.

Thus, ∫
Q

ρn(θn)|∇ψn|2 dxdt ≤C, for all n≥ 1, (4.30)

which implies that (ρn(θn)∇ψn) is bounded in L2(Q)d . Consequently, there exist Φ ∈ L2(Q)d

and a subsequence (still denoted in the same way), such that

ρn(θn)∇ψn ⇀ Φ weakly in L2(Q)d. (4.31)
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Now, we take θn as a test function in (4.23). Note that

1
2
||θn(t)||2L2(Ω)+

d

∑
i=1

∫
Q

ai(x, t,θn)
bi(|∂iθn|)
|∂iθn|

∂iθn∂iθndxdt +
d

∑
i=1

∫
Q

bi(|θn|)
|θn|

θnθndxdt

=
1
2
||θ0||2L2(Ω)−

∫
Q

ρn(θn)ψn∇ψn∇θn dxdt−
∫

Q
ψ

2
n θn +

∫
Q

gψnθndxdt.

Since θn ∈W 1,x
0 LB(Q) and ψn ∈ L2(0,T ;H1(Ω))⊂W−1,xLB̄(Q), there exist λ ,µ > 0 such that

for all i = 1, . . . ,d, ∂iθn/λ ∈LBi(Q) and ρ3‖g‖L∞(Q)∂iψn/µ ∈LB̄i
(Q). Consequently, by using

the same argument as in(4.8), one proves that

d

∑
i=1

∫
Q

Bi(|∂iθn|)dxdt ≤C (4.32)

and also
d

∑
i=1

∫
Q

ai(x, t,θn)
bi(|∂iθn|)
|∂iθn|

.∂iθn∂iθn dxdt ≤C. (4.33)

Due to (4.32), the sequence (θn) is bounded in W 1,x
0 LB(Q). Hence, there exists θ ∈W 1,x

0 LB(Q)
and a subsequence (still denoted by θn), such that

θn→ θ in W 1,x
0 LB(Q) for σ(ΠLBi,ΠEB̄i

). (4.34)

Now, let φ ∈W 1,x
0 EB(Q) be such that ‖∂iφ‖(Bi) = 1/(k+1).From (3.2) and (4.33), we easily

find that

d

∑
i=1

∫
Q

ai(x, t,θn)
bi(|∂iθn|)
|∂iθn|

∂iθn∂iφ d xdt ≤
d

∑
i=1

∫
Q

ai(x, t,θn)
bi(|∂iθn|)
|∂iθn|

∂iθn∂iθn dxdt

−
d

∑
i=1

∫
Q

ai(x, t,θn)
bi(|∂iθn|)
|∂iθn|

∂iφ(∂iθn−∂iφ)dxdt

≤C+η2

d

∑
i=1

∫
Q

bi(|∂iφ |)|∂iθn−∂iφ |dxdt

≤C.
(4.35)

Thus, ∑
d
i=1
∫

Q ai(x, t,θn)
bi(|∂iθn|)
|∂iθn| ∂iθn∂iφ dxd≤C, for all n≥ 1 and φ ∈W 1,x

0 EB(Q) be such that
‖∂iφ‖(Bi) = 1/(k+1), i = 1, . . . ,d. Then, using the dual norm, we obtain that(

ai(x, t,θn)
bi(|∂iθn|)
|∂iθn|

∂iθn

)
is bounded in LB̄i

(Q). (4.36)

Thus, for all i = 1, . . . ,d, there exists δi ∈ LB̄i
(Q), such that

ai(x, t,θn)
bi(|∂iθn|)
|∂iθn|

.∂iθn→ δi weak-∗ in LB̄i
(Q). (4.37)

Also, in view of (4.35), one proves(
bi(|θn|)
|θn|

θn

)
is bounded in LB̄i

(Q).
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Thus, for all i = 1, . . . ,d, there exists δ ′i ∈ LB̄i
(Q) and a subsequence still denoted in the same

way, such that
bi(|θn|)
|θn|

.θn ⇀ δ
′
i weak-∗ in LB̄i

(Q).

Owing to (4.23), (4.32) and (4.36), we have(
∂θn

∂ t

)
is bounded in W−1,xLB̄(Q).

Hence, (θn) is bounded in WWW , moreover, we have WWW ↪→ L1(Q), with the compact embedding.
Thus we obtain, for a subsequence, θn→ θ strongly in L1(Q) and a.e. in Q. According to the
last convergence, we have δ ′i =

bi(|θ |)
|θ | θ , that is,

bi(|θn|)
|θn|

θn ⇀
bi(|θ |)
|θ |

θ weak-∗ in LB̄i
(Q).

Step 2: Almost everywhere convergence of the gradients. Let a sequence (v j) ⊂ D(Q) and
κh ⊂D(Ω) such that

(1) v j→ θ in W 1,x
0 LB(Q) for the modular convergence;

(2) v j→ θ and ∂iv j→ ∂iθ a.e. in Q.
(3) κh→ θ0 strongly in L2(Ω).
(4) ||κh||L2(Ω) ≤ 2‖θ0‖L2(Ω), for all h≥ 1.

Let TK(v j)µ be the function with respect to time of TK(v j) and let a function wh
µ, j = TK(v j)µ +

e−µtTK(κh) satisfy the following properties

∂wh
µ, j

∂ t
= µ(TK(v j)−wh

µ, j), wh
µ, j(0) = TK(κh), |wh

µ, j| ≤ K a.e. in Q, (4.38)

wh
µ, j→ wh

µ = TK(u)µ + e−µtTK(κh) in W 1,x
0 LB(Q), (4.39)

for the modular convergence as j→ ∞ and

TK(u)µ + e−µtTK(κh)→ TK(u) in W 1,x
0 LB(Q),

for the modular convergence as µ → ∞.

Proposition 4.8. Let (θn,ψn) be a solution of (4.23)-(4.25). Hence, there exists a subsequence,
still denoted by θn, such that, for all i = 1, . . . ,d,

∂iθn→ ∂iθ a.e. in Q, (4.40)

as n tends to +∞.

Proof. Let χ
j

s and χs be the characteristic functions of the sets

Q j
s =

{
(x, t) ∈ Q/

d

∑
i=1
|∂iTK(v j)| ≤ s

}
and Qs =

{
(x, t) ∈ Q/

d

∑
i=1
|∂iTK(θ)| ≤ s

}
.

We denote by ε(n, j) and ε(n, j,s) any quantities such that lim j→∞ limn→∞ ε(n, j) = 0 and
lims→∞ lim j→∞ limn→∞ ε(n, j,s) = 0. We define the primitive of the truncation function TK by

Rν(t) :=
∫ t

0
TK(s)ds =

{
t2/2 if |t| ≤ K,

K|t|−K2/2 if |t|> K.
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It is easy to check that 0 ≤ Rν(t) ≤ K|t| for all t ∈ R. For any µ,ν > 0 and i, j,n ≥ 1, we use
the test function ϕ

µ,h
n, j,ν = Tν(θn−wh

µ, j) in (4.23) and obtain〈
∂θn

∂ t
,ψ

µ,h
n, j,ν

〉
+

d

∑
i=1

∫
Q

ai(x, t,θn,)
bi(|∂iθn|)
|∂iθn|

∂iθn∂iTν(θn−TK(v j))dxdt

+
d

∑
i=1

∫
Q

bi(|θn|)
|θn|

θnψ
ν
n, j =

∫
Q

ρn(θn)|∇ψn|2ϕ
µ,h
n, j,ν dxdt.

(4.41)

From (4.30), it yields〈
∂θn

∂ t
,ψ

µ,h
n, j,ν

〉
+

d

∑
i=1

∫
Q

ai(x, t,θn)
bi(|∂iθn|)
|∂iθn|

∂iθn∂iTν(θn−TK(v j))dxdt

+
d

∑
i=1

∫
Q

bi(|θn|)
θn|

θnψ
ν
n, j ≤C1ν .

For the parabolic term of (4.41), we deduce〈
∂θn

∂ t
,Tν(θn−wh

µ, j)
〉
=
〈

∂θn

∂ t
−

∂wh
µ, j

∂ t
,Tν(θn−wh

µ, j)
〉
+
〈∂wh

µ, j

∂ t
,Tν(θn−wh

µ, j)
〉
. (4.42)

The first term from the line in (4.42) can be written as〈
∂θn

∂ t
−

∂wh
µ, j

∂ t
,Tν(θn−wh

µ, j)
〉
=
∫

Ω

Rν(θn(T )−wh
µ, j(T ))−

∫
Ω

Rν(θ0−TK(κh)).

Since
0≤

∫
Ω

Rν(θ0−TK(κh))≤ ν

∫
Ω

|θ0−TK(κh)|

≤ ν |Ω|
1
2

(∫
Ω

|θ0−TK(κh)|2
) 1

2

≤ 3||θ0||L2(Ω)ν |Ω|
1
2 =C2ν .

We see, for all h, j,n≥ 1 and µ,ν > 0,〈
∂θn

∂ t
−

∂wh
µ, j

∂ t
,Tν(θn−wh

µ, j)

〉
≥−C2ν . (4.43)

For the second term of the right hand in (4.42), we deduce〈
∂wh

µ, j

∂ t
,Tν(θn−wh

µ, j)

〉
= µ

∫
Q
(TK(v j)−wh

µ, j)Tν(θn−wh
µ, j).

Letting n→ ∞ and j→ ∞, we obtain

lim
j→∞

lim
n→∞

〈
∂wh

µ, j

∂ t
,Tν(θn−wh

µ, j)

〉
= µ

∫
Q
(TK(θ)−wh

µ)Tν(θ −wh
µ).

From (4.38) and (4.39), we have |wh
µ | ≤ K a.e. in Q. Since sTK(s) ≥ 0 for all s ∈ R, we have,

for all µ,ν > 0 and h≥ 1,

lim
j→∞

lim
n→∞

〈
∂wh

µ, j

∂ t
,Tν(θn−wh

µ, j)

〉
≥ 0. (4.44)
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In view (4.42), (4.43), and (4.44), we get, for all µ,ν > 0 and h≥ 1,

lim
j→∞

lim
n→∞

〈
∂wh

µ, j

∂ t
,Tν(θn−wh

µ, j)

〉
≥−C2ν .

Now, we investigate the diffusion term of (4.41). Note that

d

∑
i=1

∫
Q

ai(x, t,θn)
bi(|∂iθn|)
|∂iθn|

∂iθn∂iTν(θn−TK(v j))dxdt

+
d

∑
i=1

∫
Q

bi(|θn|)
|θn|

θnψ
ν
n, j dxdt =

∫
Q

ρn(θn)|∇ψn|2ψ
ν
n, j dxdt.

From (4.28) and (4.30), one sees that

d

∑
i=1

∫
Q

ai(x, t,θn)
bi(|∂iθn|)
|∂iθn|

∂iθn∂iTν(θn−TK(v j))dxdt +
d

∑
i=1

∫
Q

bi(|θn|)
|θn|

θnϕ
ν
n, j dxdt ≤Cν .

(4.45)
Then

d

∑
i=1

∫
Q

bi(|θn|)
|θn|

θnTν(θn−TK(v j))dxdt→
d

∑
i=1

∫
Q

bi(|θ |)
|θ |

θTν(θ −TK(θ))dxdt = ε(K). (4.46)

On the other hand,

d

∑
i=1

∫
Q

ai(x, t,θn)
bi(|∂iθn|)
|∂iθn|

∂iθn∂iTν(θn−TK(v j))dxdt

=
d

∑
i=1

∫
{|θn|>K}∩{|θn−TK(v j)|≤ν}

ai(x, t,θn)
bi(|∂iθn|)
|∂iθn|

∂iθn∂i(θn−TK(v j))dxdt

=
d

∑
i=1

∫
{|θn|>K}∩{|θn−TK(v j)|≤ν}

ai(x, t,θn)
bi(|∂iθn|)
|∂iθn|

∂iθn∂i(θn−TK(v j))dxdt

+
d

∑
i=1

∫
{|θn|≤K}∩{|θn−TK(v j)|≤ν}

ai(x, t,θn)
bi(|∂iθn|)
|∂iθn|

∂iθn∂i(θn−TK(v j))dxdt

=
d

∑
i=1

∫
{|TK(θn)−TK(v j)|≤ν}

ai(x, t,TK(θn))
bi(|∂iTK(θn)|)
|∂iθn|

∂iTK(θn)∂i(θn−TK(v j))dxdt

+
d

∑
i=1

∫
{|θn|>K}∩{|θn−TK(v j)|≤ν}

ai(x, t,θn)
bi(|∂iθn|)
|∂iθn|

∂iθn∂iθn dxdt

−
d

∑
i=1

∫
{|θn|>K}∩{|θn−TK(v j)|≤ν}

ai(x, t,θn)
bi(|∂iθn|)
|∂iθn|

∂iθn∂iTK(v j)dxdt.
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Then, we have

d

∑
i=1

∫
Q

ai(x, t,θn)
bi(|∂iθn|)
|∂iθn|

∂iθn∂iTν(θn−TK(v j))dxdt

≥
d

∑
i=1

∫
{|TK(θn)−TK(v j)|≤ν}

ai(x, t,TK(θn))
bi(|∂iTK(θn)|)
|∂iTK(θn)|

∂iTK(θn)(∂iTK(θn)−∂iTK(v j))dxdt

−
d

∑
i=1

∫
{|θn|>K}∩{|θn−TK(v j)|≤ν}

ai(x, t,θn)
bi(|∂iθn|)
|∂iθn|

∂iθn∂iTK(v j)dxdt.

(4.47)

In the set {|θn−TK(v j)| ≤ ν}, we have |θn| ≤ |θn−TK(v j)|+ |TK(v j)| ≤ ν +K. We write

d

∑
i=1

∫
{|θn|>K}∩{|θn−TK(v j)|≤ν}

ai(x, t,θn)
bi(|∂iθn|)
|∂iθn|

∂iθn∂iTK(v j)dxdt

=
d

∑
i=1

∫
{|θn|>K}∩{|θn−TK(v j)|≤ν}

ai(x, t,Tν+K(θn))
bi(|∂iTν+K(θn)|)
|∂iTν+K(θn)|

∂iTν+K(θn)∂iTK(v j)dxdt.

(4.48)

This yields by using (4.47) and (4.48) that

d

∑
i=1

∫
Q

ai(x, t,θn)
bi(|∂iθn|)
|∂iθn|

∂iθn∂iTν(θn−TK(v j))dxdt

≥
d

∑
i=1

∫
{|TK(θn)−TK(v j)|≤ν}

a(x, t,TK(θn))
bi(|∂iTK(θn)|)
|∂iTK(θn)|

∂iTK(θn)(∂iTK(θn)−∂iTK(v j))dxdt

−
d

∑
i=1

∫
{|θn|>K}∩{|θn−TK(v j)|≤ν}

ai(x, t,Tν+K(θn))
bi(|∂iTν+K(θn)|)
|∂iTν+K(θn)|

∂iTν+K(θn)∂iTK(v j)dxdt.

(4.49)

We denote F1 by

F1 =
d

∑
i=1

∫
{|θn|>K}∩{|θn−TK(v j)|≤ν}

ai(x, t,Tν+K(θn))
bi(|∂iTν+K(θn)|)
|∂iTν+K(θn)|

∂iTν+K(θn)∂iTK(v j)dxdt.

Since
(

ai(x, t,TK+ν(θn))
bi(|∂iTν+K(θn)|)
|∂iTν+K(θn)| ∂iTν+K(θn)

)
n

is bounded in LB̄i
(Q), we get, for certain

δ i
K+ν
∈ LB̄(Q),

ai(x, t,TK+ν(θn))
bi(|∂iTν+K(θn)|)
|∂iTν+K(θn)|

∂iTν+K(θn)→ δ
i
K+ν weakly-∗ in LB̄i

(Q).

Consequently,
d

∑
i=1

∫
{|θn|>K}∩{|θn−TK(v j)|≤ν}

ai(x, t,Tν+K(θn))
bi(|∂iTν+K(θn)|)
|∂iTν+K(θn)|

∂iTν+K(θn)∂iTK(v j)dxdt

→
d

∑
i=1

∫
{|θ |≥K}∩{|θ−TK(v j)|≤ν}

δ
i
K+ν∂iTK(v j)dxdt

as n tends to ∞. From Lemma 2.3, we get, as j tends to infinity,
d

∑
i=1

∫
{|θ |≥K}∩{|θ−TK(v j)|≤ν}

δ
i
K+ν∂iTK(v j)→

d

∑
i=1

∫
{|θ |≥K}∩{|θ−TK(θ)|≤ν}

δ
i
K+ν∂iTK(θ) = 0.
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Since ∂iTK(θ) = 0 for all i, in the set {|θ | ≥ K}, this implies

F1 = ε(n, j). (4.50)

By using (4.45), (4.46) and (4.50) in (4.49), we have
d

∑
i=1

∫
{|TK(θn)−TK(v j)|≤ν}

ai(x, t,TK(θn))
bi(|∂iTK(θn)|)
|∂iTK(θn)|

∂iTK(θn)(∂iTK(θn)−∂iTK(v j))dxdt

≤Cν + ε(n, j)+ ε(K).

(4.51)

On the other hand, we obtain

d

∑
i=1

∫
{|TK(θn)−TK(v j)|≤ν}

ai(x, t,TK(θn))
bi(|∂iTK(θn)|)
|∂iTK(θn)|

∂iTK(θn)(∂iTK(θn)−∂iTK(v j))dxdt

=
d

∑
i=1

∫
{|TK(θn)−TK(v j)|≤ν}

ai(x, t,TK(θn))
bi(|∂iTK(θn)|)
|∂iTK(θn)|

∂iTK(θn)(∂iTK(θn)−∂iTK(v j)χ
s
j)

+
d

∑
i=1

∫
{|TK(θn)−TK(v j)|≤ν}

ai(x, t,TK(θn))
bi(|∂iTK(θn)|)
|∂iTK(θn)|

∂iTK(θn)(∂iTK(v j)χ
s
j −∂iTK(v j))

= F2 +F3.

(4.52)

The integral F3 tends to 0 as, n, j, and s go to infinity. Indeed, since,

ai(x, t,TK(θn))
bi(|∂iTK(θn)|)
|∂iTK(θn)|

∂iTK(θn)⇀ δK weakly-∗ in LB̄i
(Q) as n→ ∞,

and
(∂iTK(v j)χ

s
j −∂iTK(v j))χ{|TK(θn)−TK(v j)|≤ν}

→ (∂iTK(v j)χ
s
j −∂iTK(v j))χ{|TK(θ)−TK(v j)|≤ν}

strongly in EBi(Q) as n→ ∞ for all i = 1, . . . ,d, then

lim
n→∞

F3 =
d

∑
i=1

∫
{|TK(θ)−TK(v j)|≤ν}

δK · (∂iTK(v j)χ
s
j −∂iTK(v j))dxdt.

Finally, by letting j and s, to infinity, we see that F3 = ε(n, j,s), which togetehr with (4.51) and
(4.52) yields F2 ≤Cν + ε(n, j,s,K). Consider

Sn =
d

∑
i=1

(
ai(x, t,TK(θn))

bi(|∂iTK(θn)|)
|∂iTK(θn)|

∂iTK(θn)

−ai(x, t,TK(θn))
bi(|∂iTK(θ)|)
|∂iTK(θ)|

∂iTK(θ)
)
×
(

∂iTK(θn)−∂iTK(θ)
)
,

and let 0 < β < 1, we denote In,r =
∫

Qr

Sβ
n dxdt. We have

In,r =
∫

Qr

Sβ
n χ{|TK(θn)−TK(v j)|≤ν}+

∫
Qr

Sβ
n χ{|TK(θn)−TK(v j)|>ν}.

We use the Hölder’s inequality we can bound the second term of the right-side hand by(∫
Qr

Sn dx
)β

·
(∫

Qr

χ{|TK(θn)−TK(v j)|>ν} dxdt
)1−β

.
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Note that

∫
Qr

Sn dxdt =

[
d

∑
i=1

∫
Qr

ai(x, t,TK(θn))
bi(|∂iTK(θn)|)
|∂iTK(θn)|

∂iTK(θn)∂iTK(θn)dxdt

−
d

∑
i=1

∫
Qr

ai(x, t,TK(θn))
bi(|∂iTK(θn)|)
|∂iTK(θn)|

∂iTK(θn)∂iTK(θ)dxdt

+
d

∑
i=1

∫
Qr

ai(x, t,TK(θn))
bi(|∂iTK(θ)|)
|∂iTK(θ)|

∂iTK(θ)∂iTK(θ)dxdt

−
d

∑
i=1

∫
Qr

ai(x, t,TK(θn))
bi(|∂iTK(θ)|)
|∂iTK(θ)|

∂iTK(θ)∂iTK(θn)dxdt

]
.

We see that (
ai(x, t,TK(θn))

bi(|∂iTK(θn)|)
|∂iTK(θn)|

.∂iTK(θn)
)

n

is bounded in LB̄i
(Q), (

ai(x, t,TK(θn))
bi(|∂iTK(θ)|)
|∂iTK(θ)|

.∂iTK(θ)
)

n

is bounded in EB̄i
(Qr), and

(
∂iTK(θn)

)
n is bounded in LBi(Q). These yield that (Sn) is bounded

in L1(Qr). Then, we see, for some C3 > 0, that

∫
Qr

Sβ
n χ{|TK(θn)−TK(v j)|>ν} dxdt ≤C3 meas{|TK(θn)−TK(v j)|> ν}1−β . (4.53)

Using the Hölder’s inequality, we deduce



∫
Qr

Sβ
n χ{|TK(θn)−TK(v j)|≤ν} dxdt

≤
(∫

Qr

1dx
)1−β(∫

{|TK(θn)−TK(v j)|≤ν}∩Ωr

Sn dxdt
)β

≤C4

(∫
{|TK(θn)−TK(v j)|≤ν}∩Ωr

Sn dxdt
)β

.

(4.54)

By the estimates (4.53) and (4.54), we have
In,r ≤C3 meas{|TK(θn)−TK(v j)|> ν}1−β

+C4

(∫
{|TK(θn)−TK(v j)|≤ν}∩Ωr

Sn dxdt
)β

.
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Letting s≥ r, r > 0, we have

∫
{|TK(θn)−TK(v j)|≤ν}∩Ωr

Sn dxdt ≤
∫
{|TK(θn)−TK(v j)|≤ν}∩Qs

Sn dxdt

=
d

∑
i=1

∫
{|TK(θn)−TK(v j)|≤ν}∩Qs

[ai(x, t,TK(θn))
bi(|∂iTK(θn)|)
|∂iTK(θn)|

∂iTK(θn)−ai(x, t,TK(θn))
bi(|∂iTK(θ)|)
|∂iTK(θ)|

∂iTK(θ)χs]

·[∂iTK(θn)−∂iTK(θ)χs]dxdt

≤
d

∑
i=1

∫
{|TK(θn)−TK(v j)|≤ν}

[ai(x, t,TK(θn))
bi(|∂iTK(θn)|)
|∂iTK(θn)|

∂iTK(θn)−ai(x, t,TK(θn))
bi(|∂iTK(θ)|)
|∂iTK(θ)|

∂iTK(θ)χs]

·[∂iTK(θn)−∂iTK(θ)χs]dxdt

=

 d

∑
i=1

∫
{|TK(θn)−TK(v j)|≤ν}

[ai(x, t,TK(θn))
bi(|∂iTK(θn)|)
|∂iTK(θn)|

∂iTK(θn)−ai(x, t,TK(θn))
bi(|∂iTK(v j)|)
|∂iTK(v j)|

∂iTK(v j)χ
s
j ]

·[∂iTK(θn)−∂iTK(v j)χ
s
j ]dxdt

+
d

∑
i=1

∫
{|TK(θn)−TK(v j)|≤ν}

ai(x, t,TK(θn))
bi(|∂iTK(θn)|)
|∂iTK(θn)|

∂iTK(θn) · [∂iTK(v j)χ
s
j −∂iTK(θ)χs]dxdt

+
d

∑
i=1

∫
{|TK(θn)−TK(v j)|≤ν}

[ai(x, t,TK(θn))
bi(|∂iTK(v j)|)
|∂iTK(v j)|

∂iTK(v j)χ
s
j −ai(x, t,TK(θn))

bi(|∂iTK(θ)|)
|∂iTK(θ)|

∂iTK(θ)χs]

·∂iTK(θn)dxdt

−
d

∑
i=1

∫
{|TK(θn)−TK(v j)|≤ν}

ai(x, t,TK(θn))
bi(|∂iTK(v j)|)
|∂iTK(v j)|

∂iTK(v j)χ
s
j ∂iTK(v j)χ

s
j dxdt

+
d

∑
i=1

∫
{|TK(θn)−TK(v j)|≤ν}

ai(x, t,TK(θn))
bi(|∂iTK(θ)|)
|∂iTK(θ)|

∂iTK(θ)χs ∂iTK(θ)χs dxdt


= I1 + I2 + I3 + I4 + I5.

According the estimate proved as above, we see that I1→ 0, I2→ 0, I3→ 0, I4→ 0, and I5→ 0,
as n, j and s tend to infinity.

Finally, we obtain that


limsup

n→∞

d

∑
i=1

∫
Qr

([
ai(x, t,TK(θn))

bi(|∂iTK(θn)|)
|∂iTK(θn)|

∂iTK(θn)

−ai(x, t,TK(θn))
bi(|∂iTK(θ)|)
|∂iTK(θ)|

∂iTK(θ)

]
(∂iTK(θn)−∂iTK(θ))

)β

dxdt = 0.
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Hence, for a subsequence (still denoted in the same way) and a negligible subset Z ⊂ Q such
that for all x ∈ Q\Z, we have

[
ai(x, t,TK(θn))

bi(|∂iTK(θn)|)
|∂iTK(θn)|

∂iTK(θn)−ai(x, t,TK(θn))
bi(|∂iTK(θ)|)
|∂iTK(θ)|

.∂iTK(θ)

]
(∂iTK(θn)−∂iTK(θ))→ 0 a.e in Q.

(4.55)

Let x ∈ Q \ Z be fixed. In view (3.3), the sequence
(
∂iTK(θn)(x)

)
n ⊂ Rd is bounded. Thus,

we can extract a subsequence, still denoted in the same way, and for some ζ ∈ Rd, we have
∂iTK(θn)(x)→ ζ for all i = 1, . . . ,d. We pass to the limit in (4.55) and see that[

ai(x, t,TK(θn))
bi(|∂iTK(θn)|)
|∂iTK(θn)|

∂iTK(θn)−ai(x, t,TK(θn))
bi(|∂iTK(θ)|)
|∂iTK(θ)|

.∂iTK(θ)

]
(

∂iTK(θn)−∂iTK(θ)
))

= 0,

From (3.1), it is only possible if ζi = ∂iTK(θ)(x) for all i = 1, . . . ,d. consequently, for any
K > 0, we see that, ∇TK(θn)→ ∇TK(θ) a.e. in Q. This completes the proof. �

Remark 4.9. According to the almost everywhere convergence of ∂iθn→ ∂iθ , θn→ θ and (A1)

for all i = 1, . . . ,d, we obtain δi = ai(x, t,θ)
bi(|∂iθ |)
|∂iθ | ∂iθ that is,

ai(x, t,θn)
bi(|∂iθn|)
|∂iθn|

∂iθn→ ai(x, t,θ)
bi(|∂iθ |)
|∂iθ |

∂iθ weakly-∗ in LB̄i
(Q).

Step 3: L1−convergence of (ψn). In this step, we show that ψn→ ψ in L1(Q) up to a subse-
quence.

Lemma 4.10. Let Bi and Gi, i = 1, . . . ,d be N-functions which admit the representation Bi(t) =∫ |t|
0 bi(σ)dσ and Gi(t) =

∫ |t|
0 gi(σ)dσ and such that t ≤ gi(t) and t ≤ bi(t) for all t > 0. Let

G0 be an N-function such that G0(s) ≤ Gi(s) for all i = 1, . . . ,d. Then, for a sequence (θn)
in W 1,xLB(Q) such that θn → θ strongly in EG0(Q), there exists a subsequence (θn(k)) ⊂
(θn) such that, for every ε > 0, there exists a constant value C = C(ε) and a function κ ∈
L1(0,T ;W 1,1(Ω)) such that

0≤ κ ≤ 1,

||κ−1||L1(Ω)+ ||∇κ||L1(Ω) ≤ ε,

|θ |, |θn(k)| ≤ C on {κ > 0} for all k ≥ 1.

Lemma 4.11 ([7]). Let (θn,ψn) be a solution to system (4.23)-(4.25), θ ∈ EB(Q) and ψ ∈
L∞(Q) the limit functions appearing, respectively, in (4.29) and (4.34). Then, for any function
S ∈C1

0(R), there exists a subsequence, still denoted in the same way, such that

S(θn)ψn ⇀ S(θ)ψ weakly in L2(0,T ;H1(Ω)). (4.56)

Moreover, if 0≤ S≤ 1, then there exists a constant C > 0, independent of S, such that

limsup
n→∞

∫
Q

ρn(θn)|∇[S(θn)ψn−S(θ)ψ]|2 ≤C||S′||∞(1+ ||S′||∞).
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Lemma 4.12. [12] There exists a subsequence (ψn(k))⊂ (ψn) such that

lim
k→∞

∫
Q
|ψn(k)−ψ|= 0.

Step 4: Passage to the limit.
Owing to (4.29), (4.31), (4.34), and (4.37) the condition (A1) of Definition 3.2 is fulfilled. The

convergence (4.40) and Lemma 4.12 lead us to (A2) of Definition 3.2. By using Lemma 4.12,
we obtain condition (A3) and Proposition 4.8. From (4.56), we let k → ∞ in the following
expression

S(θn(k))ρn(k)(θn(k))∇ψn(k) = ρn(k)(θn(k))[∇(S(θn(k))ψn(k))−ψn(k)∇S(θn(k))].
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