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1. INTRODUCTION

In this paper, we deal with a strongly nonlinear coupled system of the form

a—e—A i Lo—p(0)[VyP in0
ot P |9| ’
—d1V(p(9)Vl//)—|—7Ll,l/ g in Q, (1.1)
y=6=0 on dQ x (0,7),
\ 8(-,0) =6 inQ,

where Q = Q x (0,T) for T > 0, 6y is a given function, A > 0 (for the sake of simplicity we
assume that A = 1, and the general case can be handled similarly without essential difficulties),
g 1s anon-negative and bounded source term, and p is the electric conductivity which is assumed
to be continuous. The operator A(6) has the form

_y bi(|2:61)
_gal(al(x,t,e) |(90| 89)
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and is a Leray-Lions operator defined on Wo1 L#(0), with # = (By,...,B;) where B;,0 <i<d

are N-functions such that B;(s) = fos‘ bi(o)do.

Problem (1.1) can be considered as a generalization of the thermistor problem, where, con-
trary to the standard formulations, we introduce perturbations terms in both equations. We
note that, in [14], an existence result for a capacity solution to the elliptic problem associated
with (1.1) was established. In the present work, we aim to generalize these results to the evolu-
tion case.

The analytical difficulties of problem (1.1) arise from different issues. In particular, in addi-
tion to the fact that the source term p(8)|Vy/|? is only in L' (Q) for functions v in the energy
space, we work in the framework of inhomogeneous anisotropic Orlicz-Sobolev spaces with-
out assuming the Ap-condition on the N-functions. Hence, these spaces, in general, are neither
reflexive nor separable and thus complicate the mathematical analysis of the problem a great
deal. It worth noticing that the notion of capacity solution was initially introduced by Xu [16] in
the context of a slightly different version of problem (1.1), and has subsequently been applied
to various modified problems. In particular, in [6, 7, 19-21], the authors considered a weaker
version of (1.1), in which operator A is a nonlinear operator acting from a Sobolev space into
its dual. These results were later generalized in [12, 14-18] to a more generalized framework
involving Orlicz spaces.

In this paper, we study, under the assumptions given below, the existence of a capacity solu-
tion, In the sense of Definition 3.2, for the parabolic-elliptic perturbed system (1.1) in the con-
text of inhomogeneous anisotropic Orlicz-Sobolev spaces without assuming the A;-condition
on the N-functions. As capacity solutions are obtained by approximation, the proof of our re-
sults is generally based on the introduction of a smooth sequence of approximate problems,
and then we show that the sequence of solutions to these approximate problems converge, in a
certain sense, to a capacity solution.

The outline of this paper is as follows. In Section 2, we introduce the necessary concepts,
notations, and functional spaces together with some useful results concerning these spaces. In
Section 3, we specify the assumptions on the data of our problem and we introduce the concept
of a capacity solution to (1.1). Finally, in Section 4, we present the main existence result of
this paper and develop its proof by first proving an existence result of a weak solution to our
problem but under a less restrictive assumption on the data. Then we prove the existence of a
capacity solution to problem (1.1) in several steps.

2. PRELIMINARIES

We have carried out with the anisotropic Orlicz-Sobolev spaces, which are essentially based
on the N-function. So, we begin by recalling some definitions and properties of the concept
of the N-function and its conjugate, and then we introduce the definitions of both Orlicz and
inhomogeneous anisotropic Orlicz-Sobolev spaces (see [1, 2, 5, 9, 11, 15]).

2.1. N-functions.

Definition 2.1. A function B: R — R which satisfies:

(1) B is continuous, even and convex function.
(ii) B(r) >0 forallr € R\ {0} and B(0) = 0.
(i) 2 5 0ast — 0and 22 5 400 as 1 — +oo.
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is called an N-function

An equivalent definition of such function is that the function B admits the representation [11]

i
B(1) = /O b(s)ds,

where b: [0,00) — [0,00) is a right-continuous and a non-decreasing function with »(0) = 0,
b(t) >0 for all > 0 and b(t) — +o0 as t — +oo. The complementary or conjugate function
to B, B, is also an N-function which is defined by

) -
B(r) = /0 b(s)ds,

where b: [0,00) s [0,00) is given by b(s) = sup{l|b(l) <t}.

For all 5,7 € R, it yields (Young’s inequality) |ts| < B(t) + B(s). Notice that when ¢ = b(s) or
s = b(t), the last inequality becomes an equality.

We recall that an N-function B is said to satisfy the Ap-condition (resp. A,-condition near
infinity) if, for some y > 0 and 79 > 0,

B(2t) < yB(t) for all t > 0 (resp. for all r > 1y > 0).

2.2. Orlicz spaces. Let Q be an open set in R?,d € N. The Orlicz class .Z3(Q) is defined as
LB(Q) = {v Q — R, measurable ]/ ))dx < +°°} .
And we define the large Orlicz space Lg(Q) as
Lp(Q) := {v Q — R, measurable |/ ) dx < +-oo for some p > O}

This space, Lg(Q2), is a Banach space under the norm (Luxemburg norm)

Iv]|s = inf u>0|/ )dx<1}

Also, we define the small Orlicz space Ep(Q) as
Ep(Q) := {v Q — R, measurable \/ ) dx < 4o for each p > O}

The small Orlicz space Eg(€2) is identified to the large Orlicz space Lp(Q) if and only if the
N-function B satisfies the Ap-condition (resp. A-condition near infinity) according to whether
Q has infinite measure or not. The dual space of Ez() can be identified with the space Lz(Q)
by means of the duality pairing [ v(x)u(x)dx, and the dual norm on Lz(€2) is equivalent to
[ -/|5- In Lp(€2) we define the Orlicz norm |[[v[|(z) b

[Vllgy:= sup | v(x)u(x)dx
MGEE’(Q)
ull5<1

The norms || - |[5 and || - || () are such that

IIvllp < HVH(B) < 2||v||p for all v € Lg(Q). (2.1)
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And we recall the following Holder inequality [q [v(x)u(x)|dx < [|v||g|[ul|z) for all v € Lg(Q)
and u € Lz(Q). From (2.1), we obtain

/ [v(x)u(x)|dx < 2||v||p||u||5 for all v € Lg(Q) and u € Lz(Q).

Therefor, if Q has finite measure, we have Lg(Q) C L' (Q).
A crucial inequality in Lp(Q) is

/ B(v(x))dx < |[v||(p) for all v € Lg(L2), such that |[v[|p) < 1. (2.2)
Thus

/B(th) )dx <1 forall ve Ly(@)\ {0}.

Definition 2.2. A sequence (v,,) C Lp(Q) is said to converge for the modular convergence in
Lp(Q) tov e Lp(Q) if, for a certain u > 0,

/QB(M)CM%Oasm—WO.

From (2.2), we conclude that the convergence in the norm of Lp(Q) is stronger than the
modular convergence. However, we recall the following lemma.

Lemma 2.3 ([3, 4, 8]). Let (v,) C Lp(Q), v € Lp(Q) and u € Lg(Q) such that v, — v with
respect to the modular convergence. Then,

(1) vou — vu in L'Y(Q). In particular, / Vall —>
Q
(2) Furthermore, if (u,) C Lg(Q) is such that u, — u with respect to the modular conver-

gence, then vy, — vu strongly in L' (Q).

2.3. Inhomogeneous anisotropic Orlicz-Sobolev space. Let  C R? be an open set, & =
(Bo,...,Bg), Z=(By,...,By), with By, v =0,...,d N-functions such that

Bo(s) < By(s) forall v=1,....d. (2.3)
Remark 2.4. Condition (2.3) ensures that embedding Lg, () — Lg,(€2) is continuous for all
v=1,...,d.

We define the anisotropic Orlicz space Lz(Q) (resp. E4(Q)) by
d

HLB ) (resp. E5(Q) = HEBi(Q))7

i=1
endowed with the norm ||v|| = XL, |[vill;, v = (V1,...,vq). For 0 < T < 00,0 = Q x (0,T), we
define W!*L4(Q) and W'~*E4(Q)) by
WLy (Q) = {v € Lg,(Q) | Vv € L5(0)}
and
W' E(Q) := {v € E,(Q) | Vv € E»(Q)}.
Both spaces W!*L4(Q) and W'*E 4(Q)) are Banach spaces under the norm

= |Ivllzo + [Vl = [Ivllz, + Z 19 ][5

i=1
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Notice that W1*L4(Q) — W!*Lg, (Q), where W!*Lg (Q) is the inhomogeneous Orlicz-Sobolev
space defined by

WL, (Q) := {v € Lp,(Q)| Vv € Lg, (Q)"}.
Both spaces, W!*L(Q) and W!~E»(Q), may be identified to subspaces of IT = Lg,(Q) x
L(Q). The predual of IT is given by IT= Ep, (Q) X Ez(0).

Also, we define the space WO1 "E%(Q) as the (norm) closure of 2(Q) (i.e. the space of
functions in € (Q) with compact support in Q) in W!*E 4(Q) and the space WO1 "L (Q) as the
o (I1,I1)-closure of Z(Q) in W'*L4(Q).

In the space W!~L(Q) a Poincaré inequality also holds.

Lemma 2.5 ([8]). For T >0, let Q = Q x (0,T) with Q C R? be a bounded and open set. Then,
for some constants Ky and k1 = k1 (Q),

d
/Bo(G)dx§ KOZ/B,-(ch?iG)dxforallG e W L4(0).
0 i=170

Definition 2.6. We say that a bounded set Q@ C RY satisfies the segment property if there exist a
locally finite open covering {®;} of dQ and vectors {z;} C R such that, for all y € QN ®; and
any A € (0,1),y+ Az, € Q.

Lemma 2.7 ([13]). Foroo>T >0, let Q = Q x (0,T) with Q C R be an open set satisfying
the segment property, and let 0 € WO1 "L (Q). Then, there exists a sequence (0,,) C 2(Q) such
that 6,, — 0 with respect to the modular convergence in WI’XL%(Q), i.e., there exists L >0

such that )
4Bo<9m;9>+;48i<%i>—>0asm—><>o.

Also, we introduce

d
Wﬁl’ngg(Q) _ {g € 7(0)|g= Z djg;j with g; eng(Q), forall j = 1,...,d}

j=1

and

d
W EL(Q) = {g € 7'(Q)|g=Y 0;gj with g; € Ep,(Q), forall j = 1,...,d}.
=1

Let T >0and Q = Q x (0,T) with Q C RY a domain which satisfy the segment property.
For a function 8 € L' (Q), we define the function 8 € L'(Q x R) by 8(x,s) := 0(x, $)X(0,7)(5)-
The time regularization of 6, 6, 1 > 0, is given by

6, (x,1) :u/_:oé(x, o)exp(u(c —1))do.

Lemma 2.8 ([4]). (1) Let 0 € Lg(Q). Then 6, € €([0,T];Lp(2)) and 6, — 0 as p — +oo
in Lg(Q) for the modular convergence.
(2) Let 8 € W'*Ly(Q). Then 6, € €([0,T);W'*Lyx(Q)) and 6, — 6 as
U — +o0 in WL 4(Q) for the modular convergence.
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(3) Let 6 € Eg(Q) (resp. 6 € W'Eg(Q)). Then 6, € €([0,T];Lg(Q)) and 6, — 6 as
U — 4o strongly in Eg(Q) (resp. strongly in W'*Eg(Q).)

(4) Let 0 € W'*L5(Q). Then %2t = (6 — 6,) € W'*Ly(Q)

(5) Let (6,) C W'*Ly(Q) and 8 € WL 4(Q) such that 6, — 6 strongly in WL 4(Q)
(resp. for the modular convergence). Then, for all i > 0, (6,), — 6y strongly in
WLy (Q) (resp. for the modular convergence).

Lemma 2.9 ([4]). Let Q be a bounded domain of R? which satisfies the segment property. We
consider the spaces W;, 1 <i<d, given by

adv _
w={vewi @15 ew s @)+ L@}
Then the embedding W; C €([0,T); L' (Q)) is continuous.

Lemma 2.10 ([4]). Let 1 <i<d. If¥ is bounded in WOLXLBI.(Q) and {%Lg € 54} is bounded
in WLy (Q), then 9 is relatively compact in L'(Q).
Lemma 2.11 ([12]). For a bounded open set € € R4, let B;, i = 1,...,d, be N-functions with

the following representation B;(s) = fos‘ bi(o)do such that bi(s) > s for all s > 0. We have, for
alli=1,....d, the following continuous embeddings

Lp,(Q) = L*(Q) — Eg (Q) — Lg (Q).
In particular, H'(Q) — WL 2(Q) and H~1(Q) — WL 5 (Q). Thus, L*(0,T;H' (Q)) —
WAL, (0) and L*(0,T; H-1(Q)) = W IYE,(Q) — W ¥L,(Q)
Remark 2.12. Assume that, for all s > 0, b;(s) >s,i=1,...,d. Then,

/ u?dx < 2/ Bi(u)dx, for all u € Z5,(Q). (2.4)
Q Q
We recall the definition of the function 7}, as

TN =YiflA<h T =hes i >

3. ESSENTIAL ASSUMPTIONS AND DEFINITIONS

For T > 0,let 0 = Q x (0,T) with Q C R? be a bounded and open set which is supposed

to satisfy the segment property. Let B(s) = OM b(t)dt be N-function such that s < b(s) for all
0 < s. We consider the space

X 89 —1.Xx
W= {e ew,’ Ly(Q)| 5 €W b L@(Q)}

endowed with norm

d0
lolbw = 1611e1,0+ | 52

WAL (Q)
The differential operator A is of the form
AWy La(Q) = WTLy(Q)
d
bi(|0;06
0 — A(0) = ;&(ai(x, 9)%&9).
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Let us now formulate the assumptions
(A1) The function g;: O x R— R, fori=1,...,d, is a Carathéodory function such that
M < aij(x,t,5) <My, foralli=1....d, (3.1)

where 0 < 11 < 1 are two real numbers.
(A2) We assume that p € C(R) and it satisfies

0<p(t) <p forsome p € R and for all 7 € R.

(A3)
6y € L? (Q).

Remark 3.1. Assume (A). Then it is straightforward to show that, for a bounded set H C R,

and for &,&" € R? with € # &’ such that & = (&;,...,&;) and &' = (&,...,€),
e Forae. (x,r) € Qandall s € R

d .
;[az(x ,8) |(’§’l|)§l a;(x,t,5)

e Forae.xeQandallse H

&1(&—&) >o0. (3.2)

STPRRY (1<) PP ()
izzl[al< 7t7 ) |§l’ gl 1( 7t, )

as |&| — oo, uniformly in s.

EN&i—&) = +oo. (3.3)

Now, we are going to define a capacity solution to problem (1.1).

Definition 3.2. We say that a triplet (6, y,®) form a capacity solution to problem (1.1) if the
following conditions are fulfilled:

(A1) 6 € WiLz(Q), v € L*(Q), and @ € L*(Q)“.

(A2) (0, y,®) verifies the system of differential equations in the sense of distributions

d
8_9_Z8l~(a,-(x,t,9) (]89|)89) Z bi(|6 |)9 div(y®) — y> 4 yg in Q,
—divd+y=g in Q.

(A3) For every S € 6} (R) (i.e. S € %! (R) with compact support in R), one has S(0)y €
L*(0,T;H}(Q)), and
S(0)® = p(8)[V(S(8)w) — yVS(8)]. (3.4)
(A4) 9(-,0) = 9() in Q.
Remark 3.3. Notice that bounded capacity solutions are weak solutions. Indeed, for 6 € L*(Q),
let S € C}(R) such that S(¢) = 1 for all t € [—|0]|w, ||6]|w]. Thus, y € L*(0,T;H'(Q)), ® =

p(0)Vy, and p(8)|Vy|?> = div(y®) — w? + yg. For the other case, where 8 & L™(Q), (3.4)
allows us to define Vy pointwise almost everywhere as

Dx(10/<y) = P(O)VYX{jg|<y}, forany ¥ > 0.
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4. AN EXISTENCE RESULT
The main result of this work now follows.

Theorem 4.1. Let g € L*(Q) be a non-negative function. Assume (Ay), (Az), and (A3) hold.
Then system (1.1) has at least a capacity solution.

To prove this last theorem, first of all, we prove the existence of a weak solution (6, y) to
problem (1.1), but this time under the assumption

m { p € C(R) and there exist p; and p, € R such that @)

0<p1 <p(s) <po, forall s € R.

Theorem 4.2. Let g € L*(Q) be a non-negative function. Assume (A1), (A), and (A3z) hold.
Then system (1.1) admit a weak solution (0, V), that is,

6 € Wy Lz(Q)NE([0,T]:L*(Q)) and w € L=(0,T: Hy () NL™(Q),
0(-,0) =6y in Q;
and

LG B oo taoarcL [ Figlor= [ forervoes

’ 4.2)

for all v e W, “Lz(Q), for allt € [0,T);
/ p(Q)Vl//VK+/ YK = / gk, forall x € H (Q), a.e. t € (0,T).
Q Q Q

Remark 4.3. The perturbed term (third integral in the left hand side of (4.2)) is well defined.
Indeed, let 6 WO1 “L(Q). Then there exist A} > 0,i=1,...,d, such that

/Bi(|9|/l(§)dxdt<oo,i: 1,....d.
0

From Young’s inequality, we have, for r > 0, B;(b;(¢)) < tb;(t). Hence,

< A'Bi(2t /A7) < 2A(Bi(t/ M),
where A/ = 2&5. Thus
Bi(bi(1)) < 2A4Bi(t/2g),i =
Letve Wol’ngg(Q). Then there exist 7(,{ >0,i=1,...,d, such that
intoB;(|v|/A})dxdt < oo, foralli=1,...,d.

Consequently, by using Young inequality, we see that

/Q |<(|;|)|)9 dxdt</b 16])|v|dxdr < A! /B i(16]) +/B /A ))dxdf

<2 (oA /Q Bi(161/24) + /Q Bi([v]/A4) ) duds < o=
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Thus, foralli=1,---,d, one has the result.
Remark 4.4. Notice that, in the sequel, the constants may differ from one occurrence to another.

Proof of Theorem 4.2. The proof is based on Schauder’s fixed point theorem.
For w € L'(Q). We consider, for a.e. t € (0,T),

{ —div(p(@)Vy) +y=gin Q x (0,T),

4.3)
y=00ndQx(0,T).

Using (W — ||g||r=(g)) " as a test function in (4.3), we see, for almost all 7 € (0,T),

/Qp(w)vwv(w_||gHL°°(Q))+dxdf+/QII’(W_HgHL‘”(Q))+dth

<Ilgll=(o) [ (¥~ lglli=io))* st
Thus,
| @)V (v lsllum(@))*axar + | (v llglee(0) (¥~ lgle-(o))*dxat <0

This means that (y — [[g||;=(g)) ™ = 0. Consequently,
Wllz=(0) < llgllz=(0)- 4.4)
On the other hand, taking y as a test function in (4.3), we obtain
/ p(@)|Vy|2dxdr +/ y2dxdr = / qdxdr.
o 0 o
Hence,

| pl@)IVyPasd: < gl g 0]

This means that p(®)|Vy|? € L!(Q). Furthermore, using (A}), we obtain

[ IvvEar<cieng =c 4.5)
Now we consider the problem
d
Za (x,1,0) b(]& Z )|Vl//|2 in O,
i=1 |0:6] i=1 16
0= n8Q><( ) (4.6)
0(-,0) = 6y in Q.

Lemma 4.5. The second member of (4.6), p(®) 2, belongs to W~1"E (Q).

Proof. Taking k = ¢y in (4.3), with ¢ € Z(Q), gives

| p@IVyPodc=— [ p(@)Vyvoydi— [ v2o+ [ gppa

Thus
p(0)|Vy]* =div(p(0)yVy) — y* +gy.
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Since p(@)yVy € L>(Q)¢ and —y? + gy € L*(Q), then
div(p(@)yVy) —y* +gy € L*(0,T;H'(Q)).
Hence, using Lemma 2.11, we have the result. U
By lemma 4.5, a new variational formulation of equation (4.6) is the following

(6 €Wy Lyp(Q)NE(0,T);L*(Q)) and for all £ € (0,T), we have

/< v>+;// t,@ |(|9‘999||aea Z{// |(|;T|edxdr

—/ / p(w l//Vl[/Vvdxdt—/ / Y v+/ /gl//vdxdt, for aHVGWOl’ngg(Q),
0 Jo 0Jo 0 Jo
6(.,0) = 6 in Q.

\

4.7)
By Lemma 4.5, we have p(@)|Vy|? = div(p(@)yVy) — y? + gy € W E2(Q). Then by
application of the existence result given in [10], we deduce that problem (4.7) has a unique
solution.

Lemma 4.6. The following estimates hold

i/QBi(\aiGI)dxdt <C, (4.8)
and -
ZH ai( o ||aaee|)|)89”& <c 4.9)
and
& |(|97|) 0llg, <C. (4.10)

Proof. To prove (4.8), we prove first that [9;0] € £5.(Q),i = 1,...,d. To do so, let A; >0
such that |9;0|/A; € Z5.(0Q), for alli=1,...,d. Since y € L2(0 T;H'(Q)) C W!L(Q), then
there exists g; > 0 such that P28l (9 veZ(0),i=1,...,d. Putting A = max kl,u =

lmaxd,u, and taking v = u as a test function in (4.7), one see from (2.4), (4.1) and (4 4) and by
<<

Young’s inequality that

a & 3

— B;(0;0) dxdt

Mlzl/ (2:6)

<Z/ a||>89<96dxd+2/ |(|;|)| 0 Odxdr,
i=1

1 1
i \v4 _ 2
S 22 0 57l OHLz 7 /p(a))quf Odxdr 7l / v~ 0dxdt

+$/gl[/udxdt,

1 2\]g|],%w(Q)
— VyV _— . .
< saallOolie 7 | Ip(@ v yvela + == [ @
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Applying the Young and the Poincaré inequalities, we arrive at
© N B(30)dxdr < —6olBae + Y [ B dhy/w)dxd
HE{/Q i(0;8) dxdr —mH 0HL2(Q)+I;/Q z(P2H8||L°°(Q) i/ ) dxdt
3 L[ 1o
+Z/Bi(3i9//1)dxdt+CZ/ ——dxdt,
i=17/0 =170 A
1 5 d
< 2l Ol + X [, Bilpalelie v/

v [ Bia0/Mdxd - Y 101+ Ly
+ /B,- 0/ A)dxdt + ~—— |0 + /
i:zi 0 2 1@ 21-:21 0

where we denote by |Q| the Lebesgue measure of Q. In view of (2.4), we obtain

9.0
270 dxdr
A’ b

o 1 ) d r_
— (0;0) dx < — . - .

d d
+,-_Zl/QBi(ai9/A)+C+;/QBi(’aie|/k) < oo,

This proves that d;0 € Z5.(Q), foralli =1,...,d. For the estimate (4.8), from (4.11) and using
Young’s inequality, we obtain

d d
1 1
B;(|0;0|)dxdt < =||6p]|? 2021l /8-2
ai_zl/Q (108 dxdr < S160]172 ) + — 3]sl (Q)l; 1o
od 5 )
7L / 10,617 dxdr +2] g1 7o) / 16]dxd,
i—-1v0 0

o d (2||8||2w )2 o
L=(0) € 2
<C—|——§ / 8-82+— + — 0| dxdr,

and from Poincaré’s inequality and (2.4), we have

d d d
ocZ/B,-(|8i6|)dxdt gc+52/ PrEELa() Z/ Er
i=170 45/ 4 Sle

d d
<c+ 53 [ mas)+ LY [ n(ao)

Taking € = 1/2C(Q) in the last inequality gives the estimate (4.8). Let us now prove the esti-
mate (4.9). Notice that, from the proof of the first estimate (4.8), we may conclude that

d R .

Y [ ailxt, w)waieaie dxdr < aC. 4.12)
a.

i-170 ‘ l”|

On the other hand, using (3.2), for any ¢ € WJ’XE%(Q) such that [|9;i¢|p) = 1/(k+1),i =
1,....d, for some k > 0, we have
bi(]9;6]) bi(|9;9])

d
OSi;/Q(ai(x,t,a)) V] 8i9—ai(x,t,a))wai¢)(ai9_aiq;)dxdt_
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By (4.12), using Young’s inequality, we obtain

bi(|9;0])
lzi/ 0 |ae| S 20,00;¢ dxdt
bi(19:6]) 5 - B d _ bi(19:91) 5 7 n 5
<Zl/ )G 2090 d ;/Qal(x,t,w) o, 0000 —a9)ax

d
< aC+nzZ / (30DI61xd-+m Y. | bi(1a91)12:9]dxas
i=1

<aC+2m, Z/{ |‘9¢| +B,~(|8,~9|)} dxdr

+2nz/[

d d
sac+4nzz/QB,~<|ai¢|>+2nzz/QBl~<|a,~¢|>+2nzz/gBl~<|a,~e|>dxdr
i=1 i=1 i=1
<C.
Thus,

<|a¢|>} dxdi

Z/a, x,t,0) |(|9869||)898,-¢)dxdt§ C. (4.13)

Consequently, considering the dual norm on Lg (Q), we obtain the estimate (4.9). For the last
estimate (4.10), one may repeat the same arguments as in (4.13). 0

From (4.6), we find by Lemma 4.5 that %—? € W_l’th@(Q). Furthermore, in view of (3.1),
4.1), (4.4), (4.5), and (4.8), we obtain

20

77 <C
ot ’

W=15L(0)

where C does not depend on w.

As we said before, our proof is generally based on Schauder’s fixed point theorem. So, we
introduce T: @ € L'(Q) — T(w) =6 € WO1 “L(Q), with 6 the unique solution to (4.7). It is
clear that W < Wy. From Lemma 2.10, we obtain that Wy < L'(Q) with compact embedding.
Hence, T maps L' (Q) into itself. Moreover, owing to (4.8), T is compact. Also, in view of (4.8),
there exists a positive real number r such that T'(B,) C B, where B, = {ve L'(Q) / ||v||.x @ <r}

To finish the proof of Theorem 4.2, we only need to show that 7" is continuous. To that end,
let (@,) C B, such that

w, — o in L'(Q), (4.14)

Let (6,,y,) (resp. (0,y)) be the corresponding solution to @, (resp. ), and put H, =
p(@,)y,Vy, and H = p(®)yVy. From (4.14), we have for a subsequence ®, — ® a.e. in Q.
Then it is easy to check that

v, — win L2(0,T;H'(Q)), (4.15)
which implies that

H, — H strongly in LZ(Q)d. (4.16)
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We must prove that
6, — 6 strongly in L'(Q).

To this end, using the same arguments as above, we see that both sequences (6,) and (89") are

bounded in WO1 “Lg(Q) and W~1*L 5, (Q) respectively with some positive constants independent
of n. Consequently, (6,) is bounded in W. Since W — Wj, by Lemma 2.10, we obtain that there
exist v € L'(Q) and a subsequence of (6,), such that

6, — vin L'(Q) and a.e. in Q. 4.17)
We prove that this limit function v verifies v = 0 and then the following result is required.
Lemma 4.7. For a subsequence, still denoted 6,, it holds V6, — Vv a.e. in Q.
Proof. For the proof, one may repeat the arguments given along Step 2. 0

The variational formulation of the equation for 6, is

4 bi(|9;6n]) I)
/ <at7¢> Z/al x7t7a)l’l |ae| l’l¢d‘th
- / H, Vo dxdz — / y2pduds + / U ddxds. (4.18)
0 0 0
In view of (4.15) and (4.16), we have
/ H, V¢ dxdr — / w2dduds + / 2 odxds (4.19)
0 0 0
—>/ HV ¢ dxdt —/ v odxds +/ gwodxdr.
) 0 )
On the other hand, since w, — ® a.e. in Q, using Lemma 4.7, one has
bi(|9i6h) bi(|9v]) :
ai(x,t,0,) —+—20;60, — a;(x,t,® div ae.in Q.
l( ) |al9n| vn l( ) |8lV| l Q
Furthermore, from (4.9), up to a subsequence, we see that
bi(|o; (|9;
a;(x,t,®,) i ’9”|)a 0, — ai(x,t, ) bil ’VDaiv weakly-* in in Lz (Q). (4.20)
|8,9n| |(95V’ !
In view of (4.10) and (4.17), we also have that
b; b;
’|(|99’|’|) 6, — ’|(||V|)v weakly in Lg (Q),i=1,...,d. 4.21)
n 1% !

Gathering (4.21) and (4.20) yields
4 i(19:6n]) bi([6n])
/ <at,¢>+2/a1x,t,a)n 36, 898¢dxdt+2/ o, 6, ¢dxdt
! |3V|) IVI
_>/O < >+Z/ v dx +Z/ vodrdr,  (4.22)
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In view of (4.18), (4.19), and (4.22), we have
4 bi(|9iv)
/<a;’¢>+2/ x,1,) o] REANCAEV) a¢dxdt+2/ q)dxdt
_ / HVodxds — / w2 odxds + / gWodndr.
0 0 0

Consequently, v = 0. Finally, operator T, according to the Schauder fixed point theorem, has at
least one fixed point. This completes the proof of Theorem 4.2. 0

Proof of Theorem 4.1. We show that problem (1.1) has at least one capacity solution (6, y, D).

Step 1: Approximate problems and a priori estimates.
For every n € N*, we define

Pals) :=p(s) +—~

The approximate problem is given as follows

Za x,1,6,) i19:8]) ——=>0i6,) zd: Jg, = pu(6,)|Vy|* in Q (4.23)
7 Y |ae ’ “~ n n n ’

—div(p,(6,)V¥,) + v, =gin Q, (4.24)

6, =0and ¢, =0on dQ x (0,7), (4.25)

0,(-,0) = 6p in Q. (4.26)

By (A), we have
1
— < pu(s) <Pp+1=pg, forall s € R. (4.27)
n

From Theorem 4.2, system (4.23)-(4.25) has at least one weak solution (6, y,). By following
the same argument as in (4.4), we obtain

Wallz=(0) < llgllz=(0)- (4.28)
Hence, there exist ¥ € L*(Q) and a subsequence of (), such that
V¥, — W weakly-* in L*(Q). (4.29)

Taking y, as a test function in (4.24), one see, for almost all 7 € (0,7),
/ P (6,) |V | 2dxdr + / 2dxdr = / gW,dxdr,

< gl gl
Thus,
/ P(6,) |Vl dxdr < C, forall n > 1, (4.30)
0
which implies that (p,(6,)V ;) is bounded in L>(Q)?. Consequently, there exist ® € L*(Q)?
and a subsequence (still denoted in the same way), such that

Pn(6,)Vy, — @ weakly in L*>(Q)“. (4.31)
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Now, we take 6, as a test function in (4.23). Note that

H9 M@ +Z/a,x,t,9 "8869‘|)8989dxdt+2/ ‘9’ ) 9, 6,dva

:EHGOHLZ(Q)_/QPn n WnVWnVGndth—/Qll/nen+/le[/n9ndxdt.

Since 6, € Wol’ngg(Q) and y, € L2(0,T; H' (Q)) C WL 5(Q), there exist A,y > 0 such that
foralli=1,...,d, di6,/A € Zp,(Q) and p3|g||1=(0)0iWn/ 1 € L5,(Q). Consequently, by using
the same argument as in(4.8), one proves that

d
Z/Bi(|8,~9n|)dxdt§C (4.32)
—1 0
and also
Z/al x.1,0,)2090) 50 56, dvdr < C. (4.33)
= REE

Due to (4.32), the sequence (6,) is bounded in W, ', 5(0Q). Hence, there exists 6 € WO1 "Lz (0)
and a subsequence (still denoted by 6,,), such that

6, — 6 in W, "L (Q) for (IlLg, TIE; ). (4.34)

Now, let ¢ € Wol’ngg(Q) be such that ||d;¢ || 5y = 1/(k+1).From (3.2) and (4.33), we easily
find that

‘89 |) / (|ai9n’)
2 : < EEAShE VAR .
/az x,t,G ]8 ‘ ————20;6,0;¢ dxdt z a, S n \8‘ n’ 0;6,,0;6,, dxdt

_Z/a, x,1,6,) ‘|aa:|’)8q)(8,-0n—8,-¢)dxdt
i=1

<cimy |, p13101)13:8, — dr0] dar
i=1
<C.

\

(4.35)
Thus, Y&, [, ai(x,1,0 )blfga;)f'r‘ 0,6,0;¢ dxd < C, for all n > 1 and ¢ € W, “E5(Q) be such that
19:¢/(g) =1/(k+1), i=1,...,d. Then, using the dual norm, we obtain that

<ai(x,t, 9@%8@1) is bounded in L (Q). (4.36)

Thus, foralli = 1,...,d, there exists §; € L (Q), such that

bi(|9;6,|)
|0:6,]

Also, in view of (4.35), one proves

a;i(x,t,6y) .0;6, — 0; weak-x in Lg (Q). (4.37)

b; (|6, : i
( ‘(|9 Tl) Qn) is bounded in Lg[(Q)-
n
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Thus, for all i = 1,...,d, there exists &; € Lgi(Q) and a subsequence still denoted in the same
way, such that
bi(|6x])
6]
Owing to (4.23), (4.32) and (4.36), we have

.6, — &/ weak-+ in L (Q).

a6
(7> is bounded in WL, (Q).
Hence, (6,) is bounded in W, moreover, we have W — L!(Q), with the compact embedding.
Thus we obtain, for a subsequence 6, — 0 strongly in L'(Q) and a.e. in Q. According to the
last convergence, we have 8/ = ﬂﬁ‘) 0, that is,
bill6al), . bille)
6| 61

Step 2: Almost everywhere convergence of the gradients. Let a sequence (v;) C Z(Q) and
Ky C 2(Q2) such that

6 weak-* in L (Q).

(I) vj—6in WO1 "L (Q) for the modular convergence;
(2) vi— 0 and djv; — d;0 a.e. in Q.

(3) Kk;, — 69 strongly in L*(Q).

“4) HK‘hHLz <2H90”L2 ,forall h > 1.

Let Tk (v;)u be the function w1th respect to time of Tx(v;) and let a function w’ﬁ? i =Tk(vj)u+

e M Ty (xy) satisfy the following properties

Wlhi,j h h h -
5 = ,LL(TK(VJ') —W“J), W“J(O) =Tk (xn), ‘Wﬂ7j‘ <K a.e.in Q, (4.38)
wh = wh = Tie(u)y + e M Tk (1) in Wy "Ly (Q), (4.39)

for the modular convergence as j — oo and
Tx () + e M T (k) = T (u) in Wy *Ley(Q),
for the modular convergence as [t — oo.

Proposition 4.8. Let (6,, y,,) be a solution of (4.23)-(4.25). Hence, there exists a subsequence,
still denoted by 0, such that, foralli=1,...,d,

0,0, — d;0 a.e. in Q, (4.40)
as n tends to +oo.

Proof. Let Zsj and Y, be the characteristic functions of the sets

QfZ{(x,t)EQ/ilaiTK(Vj)‘§S} andQs:{(xt EQ/Z|8TK ]<s}

We denote by €(n,j) and &(n, j,s) any quantities such that lim; ;.. lim, .. €(n, j) = 0 and
iMoo lim j_ye0 lim,, 00 £(71, s) = 0. We define the primitive of the truncation function Tx by

Ro(1) '—/tT()d ) #/2if || <K,
VT o TEETN ke — k220t 1) > K.
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It is easy to check that 0 <Ry(t) <Kl|t| forallt € R. For any u,v > 0and i, j,n > 1, we use
the test function (pn v =Ty(6, wh ) in (4.23) and obtain

AL bi(|:6,])
< at v] V>+Z/ al 7l;9n7 |ae | aenalTV(en_TK(Vj))dXdl

+ZL@

From (4.30), it yields

(4.41)
i ’9n|

6y = /Q Pa(6)| Vi 21, v

d .
<89 a7 >+ ai(x,t,6,) (’alenl)aienaiTv(en_TK(VJ'Ddth
i=1 Q

ot Vniv 19,6,
/ \9 )
@) n

For the parabolic term of (4.41), we deduce

+

i=

d
0, w,w <(Cv.

,_.

(et )=t ) (T ). 499

The first term from the line in (4.42) can be written as

owh .
(%~ 20 6w ) )= [ Ro@(T) (1)~ [ Ry~ Tic().

Since
og/QRv(eo—TK(Kh))gv/9|eo—TK(1<h)|
1

1 2\° !
<vieft ([ lo—Tk()? ) <3l180ll2e) VIS = Cav.

We see, for all h, j,n>1and u,v >0,

ow'l .
<aen . &,Tv(en —WZJ)> > —(CyHv. (4.43)

ot ot

For the second term of the right hand in (4.42), we deduce

owlt .
< 8¢717Tv(9n—wz7j)>:u/Q(TK(Vj)_WZJ)TV(QH_WZJ)'

Letting n — oo and j — oo, we obtain

o fowy
lim lim (%’ Ty (6, — /.L/ Tx (6 TV(G w )

J—roon—ro0

From (4.38) and (4.39), we have |wﬁ] < K a.e. in Q. Since sTx(s) > 0 for all s € R, we have,
forall u,v >0and h > 1,

o 9W'Ku h
lim lim 8t7 ,Tv(On—w“J-) > 0. (4.44)

j4>oo n—oo
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In view (4.42), (4.43), and (4.44), we get, forall u,v >0and h > 1,

lim li 8WZ 0, > —C

— V.
jglolo ngrolo ot ( ) 2
Now, we investigate the diffusion term of (4.41). Note that

Z/ (x.t,00) "99')aena,-van—TK(vj))dxdt
i=1 |(99|

1 Oy drdr = /Qpn(en)|vwn\2w,xjdxdz.
i=

From (4.28) and (4.30), one sees that

bi(|9:6nl)

0
Z/a, x,,6y) 96| 200,90,y (6, — Tx (v})) = )Qn(p,xjddeSCv.
i=1

(4.45)
Then

A

On the other hand,

9Tv9 Tx(0))dxdr = £(K). (4.46)

) 0,708, — Tic(v,)) dxdt — Z/

d (12,
Z/Qai(x,t,en)%aﬁnaﬁv(en—TK(Vj))dth
i=1 Len

i bi(|9;6,|)

ai(X,tven) |89|
iYn

8,9n8,(9n — TK<V )) dxdr
/9 >K}N{|6,—Tx (v))| <V} g

bi(|9;6,|)

|06,

b;(|9;6,|)
|ai6n’

d . .
1 [t (o) P 070,00, Tt dra

vj)|<v}

a,-(x,t,@n) aienai(en_TK(vj))dth

d
B IZ; /{9”|>K}m{9n_TK(Vj)<V}

a; (x7t,9n) 8,~9n8i(6n—TK(vj))dxdt

Z /{|9,1<K}m{|9n TK(VJ)‘<V}

bi(|9;60.|)
|06,

bi(]0;6,])
|ai9n|

a,-(x,t,@,,) 8i9na,~9ndxdt

L
,; {162 |>K}N{16, =Tk (v;)|<V}

a,-(x,t,@,,) 8l~6n8,~TK(vj) dxdz.

d
- ; /{|9n>K}ﬂ{|9nTK(Vj)<V}
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Then, we have

(10;6,
Z/a, x,t,0,) ||89 |D86n8,~Tv(0n—TK(vj))dxdt
i=1

§ Z/ @l Tév?"))%aﬁﬂe@@ﬂﬂ@n)—‘9iTK(Vj>)dxdt (4.47)

b;i(]0:6x|)
— ai(x,t,0,) —+——-20;0,0;Tg(v;)dxdr.
\ i_zl/{en|>K}m{enTK<vj><v} 80750, k(v))

In the set {|6, — Tx(vj)| < v}, we have |6,| < |6, — T (v;)| + |Tk(v;)| < v+ K. We write
bi([9i6,])

(4
Z/ ai(x,1, 6, >%aienaiTK(Vj)dth
{164|>K}N{|6,—Tx (v)|<V} 06|

(4.48)

= bi(|aiTv+K(9n)D _ . .
= ;/{ az(xal,Tv—i-K(en)) |aiTv+K(9n)| alTV—i—K(On)azTK(VJ)dXdl’.

|6:|>K}0{|6, =Tk (v;)|<V}
This yields by using (4.47) and (4.48) that

Z/a, x,1,6,) bi([9i8 DaenaiTv(en_TK(Vj))dth
“~ |06,

f(!8iT1<(9n)|)

> t, T (6,)) B2l 0,)(9:Tx(6,) — & Tk (v;)) dxdt .
;/Mczx,, KO a0 (OHTic(8n) = ATi(r) (4.49)
d Ty x (6,

S atntex@) f{‘””’;g o (6,37

~ i=17{16,|>K}N{|6, Tk (v))| <V} VHKTn
We denote F; by
b;(|0:Ty+x(6,

Z/ a; x,t,Tv+K(9 )) |(|8Tv‘_/:[_(lz(6 )|)|>8,-TV+K(6,1)8,-TK(VJ-) dxdr.

{16x|>K}1 {16, =Tk (v;)|<V}

Since (a,-(x,t, TK+V(9,1))W8 Ty k(6 )) is bounded in Lz (Q), we get, for certain
\4 n n 1
6Il(-i-v S LE(Q)’

ai(x,1, TKH(en))bi(|aiTV+K(9n)|)

0iTy+k(68,) — 8k, weakly-* in Lz.(0).

0Ty k(6,)]
Consequently,
d bi(|0iTy+x (6,
y | it Tov(0) I O, (6,)3i(v7) v
10K 16 Ti ()| <) v+k(O
o / 8, OT (v;) dnds

i= 1 {16[=K}n{|6—Tk (v))|<Vv}

as n tends to oo. From Lemma 2.3, we get, as j tends to infinity,

Z / 8L Ok (v) — Z / 8i Tk (8) = 0.

{161=K}0{[0 Tk (vj)|<v} {I61=K}0{[0 Tk (6)|<V}
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Since 9;Tx(0) = 0 for all i, in the set {|0| > K}, this implies
Fi = e(n, j). (4.50)
By using (4.45), (4.46) and (4.50) in (4.49), we have
bi(|9:Tk (6,)1)
Z / x,t,TK(G ) ZIGK 1) 1 (8,)(8iTk (6) — ATk (v;)) dxdr
({60 Th ) 10Tk (6,)] 4.51)
<Cv+eg(n,j)+e(K).

On the other hand, we obtain

(d b;(|9:Tx (6,

Z / al(x,t,TK(Gn))w&TK(Gﬁ(&iTK(Bﬂ)—
{1k (6a) Tk (v;)| <V} 1K Pn

bi(|0iTk (6, )
/ a;(x,t, TK(Gn))W&TK(@,)(&TK(@) — aiTK(Vj)Xj)
{|TK( ) TK(Vj)|SV} LK\ Un

bi alT en S
/ ai(x,t,Tx (en))w&meﬂ)@mwm — 9Tk (v;))
1|7k (6,)~ T (v)) | <V} PR
=F+F.

8,'TK(VJ')) dxdr

N (4.52)
+

N M& ] M&

The integral F3 tends to O as, n, j, and s go to infinity. Indeed, since

ai(x,t,TK(Gn))M

0Tk (6,) — 8k weakly-* in Lz as n — oo,
|aiTK(9n)| ( ) K y B,(Q)
and

(0Tk (vi) ;= ATk (v)) X{|Tic(6,)-Tx (v))] <v}

— (9iTk(vj)x; —

9Tk (V) X{|Tic(0)~Ti (v)) | <v}
strongly in Ep (Q) asn — oo forall i = 1

.,d, then

S z_zi (T (O)-T () |<v) 9Tk (v;)x; k(vj))

Finally, by letting j and s, to infinity, we see that F3 = €(n, j,s), which togetehr with (4.51) and
(4.52) yields F, < Cv+¢€(n, j,s,K). Consider

i(|10: Tk (6,
:?( (x,1, T ( )W&TK((M

~aten 1(0) SV aTk(60))  (31Tk(6,) - 37k (6)).

andlet 0 < 8 < 1, we denote /,, , = / S,g dxdr. We have

L= /Q Sty (1T (6)—T )| <v} + /Q Sty 2|7 (6)—T ()| >V}

We use the Holder’s inequality we can bound the second term of the right-side hand by

< QrSndx>ﬁ‘ (/QrX{|TK(9,,)—TK(vj)|>V} dxdt)l_ﬁ.
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Note that

bi(|9iTk (64)|)
/Q il Ti(80) 7 AT (03T (6 s

%)

n

&
&
Il
. !
M=

ai(x,t,ﬁ((@t))%

bi(|9: Tk (0)])
10iTk (6)]

a,'TK(Gn)aiTK(Q) dxdr

—

_|_

™M I

7
S

ai(x,t, Tx (6,)) 9Tk (0)3:Ti (6) dxdr

bi(|9iTk(0)])
0i Tk (6)]

|
™=

T
S

ai(x,t,TK(Gn)) 8iTK(9)8iTK(9n)dxdt] .

We see that

<a,~(x,t, TK(GH))%&TK<&1)>

is bounded in Lz, (Q),
bi(|9iTk(0)])
<a,-(x,t, TK(Gn))WalTK(9)>n

is bounded in E5 (Q,), and (9;Tx(6,)), is bounded in Lp,(Q). These yield that (S,) is bounded
inL! (Qy). Then, we see, for some C3 > 0, that

/Q SEX{|TK(9,,)—TK(VJ-)|>V} dxdr < G5 meas{|TK(9n) — TK(Vj)l > V}liﬁ. (4.53)
Using the Holder’s inequality, we deduce

)
/Q Sy X{1 T (6)— T (v | < v} At

1-p p
= (/ : 1) (/{Tk<en>—rk<v,~><v}mr Ssdud) (4.54)

B
< c4( / s, dxdt) .
\ {ITk (6n)—Tk (v;)|<VINQ,

By the estimates (4.53) and (4.54), we have

I, » < Czmeas{|Tx(6,) — Tx(v;)| > v}l-p

B
+Ca / Sdxdr )
{17k (80)—Tx (v))|<VINQ,
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Letting s > r, r > 0, we have

/ S, dxdr < S, dxds
{|Tk (62) =Tk (vj)|<VINQ, {I Tk (6n)—Tx (v;)|<VINQs
d bi(|0iTk (6,)]) bi(|9;Tk(0)])
la: x,t,T 2RGEKNINN) B T (6,) — ai(x, 1, T (6,)) 2K I B (0 4
=) /{ IO G ATK(O) et T8 gy o @)x
0Tk (6,) — 9Tk (0) xs] dxdr
d
bi(|9;Tk (6,)|) bi(|9;Tx(0)])
4 x7t,T ) 2K I 5 (8,) — ai(x, 1, T (6)) 2 KNI o (01
) /{ ot T On) o T 2K 00) . T ) T 9
~[8iTK(9n) — aiTK(Q)Xs] dxdr
d
bi(|9iTk (6,)]) bi(|9i Tk (v;)!)

a; x,t,T )2 0Tk (8)) — ai(x,t, T (0,)) — =0Tk (Vi) X}
;/{ |<v} |0i Tk ()] (8) ~ailx,t, T (6n)) 0iTk (v))] k(7))
-[aiT]((Gn) — (9,'T]((Vj>}[j-] dxdr

d .
—|—Z/ x,t7TK M&T( ) [aTK(VJ) ;—8,-TK(9)xs]dxdt
i=1 {|Tx (6, |<v} |aiTK(0n)|
d bi(|9;Tk (v;)|) bi(|9Tx(6)])
+ / a;i(x,t, Tg ( —18,~T vi)xt —ai(x,t, Tk (0,)) —=—r?20; Tk (0) X5
L) Jorbet KO o M) = o (O o - (O
aT[(( )dxdt
d , .
Z/ a; x,t7TK MaiTK(Vj)x;aiTK(VJ’)dexdt
i=1 {|T (6, |<v} |aiTK(Vj)|
d .
oy ol (0 ) AT 5,1 (0) 17 (0)
i=1 {|Tx (8,)— |<v} | iTK( )l

=L+bL+L+11+ 1.

According the estimate proved as above, we see that Iy — 0,1, — 0,/3 — 0,14 — 0, and I5 — O,
as n, j and s tend to infinity.
Finally, we obtain that

d

lim sup
n—soo

i=1

—ai(x,t,TK(Qn))

Z/Q, ( [ai(x,t,TK(Bn))

|9i Tk (

bi(|0iTk (6,

6,)|

bi(|9iTx (0)])
10Tk (0)]

)l)a,-TK(Bn)

T (8) | (9:Tk (6,) — a,-TK(e)>)dedt —0.
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Hence, for a subsequence (still denoted in the same way) and a negligible subset Z C Q such
that for all x € O\ Z, we have

bi(|9iTk (6)|)
|0i Tk (6,)]

bi(|9Tx(0)]) o
atc(e)] T )] (4.55)
(BiTK(Gn) — BiTK(G)) —0Qa.ein Q

[ai(x,t, Te(6,)) AT (6,) — ai(x.1, T (6,))

Let x € Q\ Z be fixed. In view (3.3), the sequence (8iTK(9n)(x))n C R4 is bounded. Thus,

we can extract a subsequence, still denoted in the same way, and for some § € Rd, we have
0iTk (6,)(x) — £ forall i = 1,...,d. We pass to the limit in (4.55) and see that

(a7 (6,) — a7k (6)) ) =0,
From (3.1), it is only possible if §; = d;Tx(0)(x) for all i = 1,...,d. consequently, for any

.8,-TK(6)1

K > 0, we see that, VT (6,) — VTx(0) a.e. in Q. This completes the proof. O
Remark 4.9. According to the almost everywhere convergence of 9,6, — 0,0, 6, — 6 and (A)
foralli=1,...,d, we obtain §; = a;(x,t, 9)%&-6 that is,
bi(|0;6 bi(|0;0
a;i(x,t, en)Ma,-en — a;(x,t, G)M&G weakly-+ in Lz (Q).
|06, 10;6| i

Step 3: L' —convergence of (). In this step, we show that y, — W in L' (Q) up to a subse-
quence.

Lemma 4.10. Let B; and G;, i = 1,...,d be N-functions which admit the representation B;(t) =
(lt‘ bi(o)do and G(t) = (lt‘ gi(o)do and such that t < g;(t) and t < bi(t) for all t > 0. Let
Go be an N-function such that Go(s) < Gj(s) foralli = 1,...,d. Then, for a sequence (6,)
in WI*Lg(Q) such that 6, — 0 strongly in Eg,(Q), there exists a subsequence (6x)) C
(6,) such that, for every € > 0, there exists a constant value C = C(€) and a function Kk €
LY(0,T;Wh1(Q)) such that
0<k<I,

16 =) +IVKllp @) <&
101, 16,1)| < Con{k >0} forallk>1.

Lemma 4.11 ([7]). Let (6,,y,) be a solution to system (4.23)-(4.25), 6 € Ep(Q) and y €
L>(Q) the limit functions appearing, respectively, in (4.29) and (4.34). Then, for any function
S e C(]) (R), there exists a subsequence, still denoted in the same way, such that

S(6,)y, — S(8)y weakly in L*(0,T;H' (Q)). (4.56)

Moreover, if 0 < S < 1, then there exists a constant C > 0, independent of S, such that

limsup | pu(6,)|V[S(6n) Y — S(O)W]I* < CIIS|oo( 1+ [IS'] ).

n—oo JQ
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Lemma 4.12. [12] There exists a subsequence (W) C (W) such that

tim [ [y~ vl =0.
0

k—yo0

Step 4: Passage to the limit.

Owing to (4.29), (4.31), (4.34), and (4.37) the condition (A ) of Definition 3.2 is fulfilled. The
convergence (4.40) and Lemma 4.12 lead us to (A;) of Definition 3.2. By using Lemma 4.12,
we obtain condition (A3) and Proposition 4.8. From (4.56), we let k — oo in the following
expression

S8 (k) Pni) (Br(ic)) Y Wai) = Prn(i) (Bn(ie) ) [V (S(Br(ie)) W) — Wan(e) VS (8]
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