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Abstract. In this paper, the existence and uniqueness of solutions to a class of boundary value problems
with coupled nonlinear Caputo fractional g-difference systems are considered. The existence of solutions
is obtained by using Schaefer’s fixed-point theorem. The uniqueness of the solutions is achieved by using
Banach contraction mapping principle, which supplements the existing literature. Two examples exhibit
the feasibility of the theoretical results in applications.
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1. INTRODUCTION

The concept of g-calculus, also known as quantum calculus, has a long history [1]. Initially
introduced by Jackson in 1908 [2], it later extended naturally to fractional g-calculus, a gen-
eralization of integer-order g-calculus. In the 1960s, foundational contributions were made by
Al-Salam [3] and Agarwal [4], who established key concepts in fractional g-calculus. Since
then, this theory has undergone continuous refinement, leading to the development of important
properties analogous to those in classical fractional calculus. Notable examples include the frac-
tional g-Leibniz rule [5] and the g-Laplace transform [6]. Nowadays, fractional g-calculus plays
a pivotal role in diverse fields, such as spectral analysis [7] and the study of g-Mittag-Leffler
functions [8]. For a comprehensive treatment of the subject, we refer to [5, 6].

Fractional equations are fundamental in mathematical modeling, while the qualitative theory
of fractional g-difference equations has progressed slowly than that of fractional differential
equations. Investigating fractional g-difference equations holds significant practical importance,
particularly concerning the existence and uniqueness of solutions, which are central to their
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analysis. Early research on this topic emerged in the first decade of the 21st century. Notably,
in 2010, Ferreira discussed the existence of nontrivial solutions to the following boundary value
problem by employing the properties of Green’s function and applying Krasnoselskii’s fixed-
point theorem

{ (Dgu)(t) = = f(t,u(t)), 0<1<1,
u(0) =u(l) =0,

where Dg‘ denotes the Riemann-Liouville fractional g-difference operator with 1 < o¢ < 2 and
0 < g < 1,while f:[0,1] xR — R represents a non-negative continuous function [9]. In 2013,
Miao and Liang investigated the following boundary value problem of fractional g-difference
equations with p-Laplace operator

{D“(cppw“ u)) (1) + f( u() =0, 0<r<I
u(0) = (Dyu) (0) =0, (Dyu) (1) = k (D) (

where 2 < 0 <3,0< B <1,0<g<1,and 0 < kn®2 < 1 are the key parameters [10]. The
nonlinear function f : [0,1] x R — R is continuous, while @,(s) = |s|P~2s represents the p-
Laplace operator with p > 1. By leveraging the distinctive properties of the p-Laplace operator
and employing a fixed-point theorem in partially ordered sets, both the existence and uniqueness
of positive, non-decreasing solutions are discussed. In 2022, Allouch studied the boundary
value problem with nonlinear integral conditions as

{ (“Dgy)(t) = f(1,¥(1)), 0<t<T,
¥(0) =y'(0) = Jy 8(s.(s))ds,

where CDS‘ denotes the Caputo fractional g-difference operator with order 1 < o¢ < 2 and base
0 < g < 1[11]. The functions f,g,h:[0,T] x R — R are given, with g and & being continu-
ous. The existence of solutions is studied by utilizing noncompactness measures and Monch’s
fixed-point theorem. In 2021, Qin and Sun examined a coupled system involving fractional
g-difference stationary Schrodinger equation through the application of Schauder’s fixed-point
theorem combined with a monotone iteration method [12]. In 2022, a two-point nonlinear
boundary value problem was introduced for a finite fractional difference equation [13]. In 2024,
Tudorache and Luca considered the system of fractional g-difference equations

(D) (1) +F (1,u(t),v(t), T2 u) (1), IIV)(1)) =0, 0<r<1,

A
(Dgu)(t)+G t,u(t),v(t),(Ifzu)(t),(lfv)(t) =0, 0<r<1, (D

which satisfy the multi-point boundary conditions
D;u(O) =0, Df;u(l) =Y, a,'Dgiu(ei) +¥r, ciDgiu(ﬁ),
j i A;
Dp(0) =0, Dfv(1) = Tk biDGu(gi) + Xl diDju(h),

where n— 1 < @ <nand m—1 < 8 < m. The existence of solutions and the uniqueness of
positive solutions to boundary value problem (1.1) are established in [14] and [15], respectively.
In the same year, Alsaedi ef al. conducted a comprehensive investigation of nonlinear multi-
term impulsive fractional g-difference equations subject to nonlocal boundary conditions [16].
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In 2023, Meng studied a class of coupled system of fractional g-difference equations as
Dfult) = {0, 0<1<1,
Cqu(t):g(t7u(t)7v(t>)v O<t<17
au(0) —bD,u(0) =0, cu(l)+dDgyu(l) =0,
av(0) —bD,v(0) =0, cv(1)+dDyv(1) =0,

where 1 <o, <2,0<¢g<]1,f, g h:[0,1] xRxR — Rand f, g are continuous, a,b,c,d > 0,
ac+ad+bc > 0 [17]. Based on Leray-Schauder nonlinear alternative and Altman’s fixed-point
theorem, the author obtained two existence results for the solutions to boundary value problem
(1.2). But, the uniqueness of the solutions remained unresolved in this work. During the same
year, Ulke and Topal investigated integral boundary value problems and three-point boundary
value problems for fractional g-difference equations incorporating p-Laplacian operators [18].

In the study of fractional g-difference equations, uniqueness of solutions serves as a fun-
damental prerequisite for investigating subsequent properties, including oscillation, stability,
and asymptotic behavior. The present work utilizes Banach contraction mapping principle to
establish a necessary condition for the uniqueness of the solution to boundary value problem
(1.2). In addition, utilizing Schaefer’s fixed-point theorem, it establishes the existence of the
solution to boundary value problem (1.2). Notably, Schaefer’s fixed-point theorem offers dis-
tinct advantages over conventional approaches: it eliminates compactness requirements on the
function space while maintaining remarkably concise conditions. This represents a significant
advancement compared to the fixed-point methodologies referenced in prior literature.

The remainder of this paper is organized as follows. Section 2 introduces essential definitions
and preliminary results. Section 3 develops the main theoretical findings concerning existence
and uniqueness to boundary value problems (1.2). Section 4 demonstrates the practical rele-
vance through two illustrative examples. Finally, Section 5 concludes with a summary of key
contributions.

(1.2)

2. PRELIMINARIES

In this section, we recall some definitions and lemmas about fractional g-calculus. More
details can be referred to monographs [5, 6].
Let g € (0,1). Define [a], as

1—q*
lal, = - acR

A definition similar to the power function (a — b)" is

n—1

(a—b)0 =1, (a—b)" = I_I(a—bqk)7 neNT, abeR.

k=0

If ¢ € R, then
L =~ a—bq"
( H a bqOH-n

The g-Gamma function is defined as

(1—q)

Ly(x) = W’

xeR\{0,—-1,-2,---}, ¢q€(0,1),
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which satisfies the following relation I'y(x+ 1) = [x],['4(x). Let x € [a,b]. The g-integral of
function f is defined as

9= [} £90g =x(1=0) L 1)

n=

The g-difference of the function f is defined as
f(x) = flgx)
D,f)(x) = ————.
Definition 2.1. [6] Let function f : [0,1] — R. The Riemann-Liouville fractional g-integral
with o > 0 is defined as

X
19f)(x) = /x—t("“‘) 1)dgt.
(qf)() Fq(a)0< CI) f()‘]
Definition 2.2. [6] Let function f : [0, 1] — R. The Riemann-Liouville fractional g-difference

with o > 0 is defined as
(D)) = (D7) (0.
where [¢t] is the smallest integer greater than or equal to o.

Definition 2.3. [6] Let function f : [0, 1] — R. The Caputo fractional g-difference with &¢ > 0

is defined as
g = (L Dr) (x).

Especially, when o = 0, the operators involved in Definition 2.1, Definition 2.2 and Definition
2.3 are identity operators,

(I f)(x) = (DYf) (x) = (“DYf) (x) = f(x).

Lemma 2.4. [17] Let function h satisfy h € C[0,1],1 <a <2,0< g < 1,a,b,c,d > 0,ac+ad +
bc > 0. Then boundary value problem

CDO‘()—h(t), 0<r<l,

au(0) — bD4u(0) =0,
cu(1 )—i—quu(l)

has a unique solution

t(t —gs)@1)
u(t) = /O U=a) T as

[y(a) .
| (b+ar) [c(l—qs)(o‘_l)+d[oc—l]q(l—qs)(“_Z)} h(s) _
_/0 (ac+ad+bc)ly(o) dgs-
Set
(b+at) [e(1 - )@V +dla—1]y(1 - gs)* 2|
- : 0<tr<s<l,
Galt,gs) = (ac+ad+be)l'y(@)
(- gs)@ D (bar) [e(1—g9) @)t dlo—1]y(1 - gs) )]
0<s<t<1

() (ac+ad +be)T,(a) ’
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Then equation (2.1) can be rewritten as u(t) = fol Go(t,qs)h(s)ds, where G is so-called Green’s
function.

Lemma 2.5. (Arzela-Ascoli Theorem [19]) Let E\ and E, be metric spaces, operator T: E;
— Ey. If the operator is equally continuous and uniformly bounded, then the operator is a
continuous operator.

Lemma 2.6. [5] Let oo € RT, A € (—1,4), 0 < a <t < b. The following equation holds

T,(A+1)

I ((t—a)M) = WCETEY

(l‘ N a)(OH—?L)‘
Especially, when A =0, t = 1,
1 1

I(1) = W/O (t—gs)* V) = mfa-

Let Banach space U = CI[0,1] with norm |[u|| = max,c(o,i)[u(#)|. Then (U x U, || -||) with
norm || (u,v)|| = max{||u|,||v||} is also a Banach space. For any (u,v) € U x U, define operator
P as

D(u,v)(1) = (P1(u(t),v(r)), Pa(u(t), v(1)))
= (/0] Ga(t,qs)f(s,u(s),v(s))dqs,/01 Gg (t,qs)g(s,u(s),v(s))dqs>.
Consider By = {(u,v): (u,v) € U x U, ||(u,v)|| < p}, and By, is the closer of B, where p is
a consent. Then we have following result.
Lemma 2.7. Operator @ is fully continuous.

Proof. The proof is divided into the following three steps.

Step 1. Continuity of ®. According to the continuity of functions f and G, operator ® is
continuous.

Step 2. Uniform boundedness of ®. Based on the continuity of f and g, there exists a constant
M such that |f(7,u,v)| <M and |g(t,u,v)| <M fort € [0,1] and (u,v) € B,. Hence, one has

1
| @1 (u(t),v(1))] = /0 Gal(t,95)f(s,u(s),v(s))dgs

t(t —gs)@=1)
<[ %w,u@,vmms

1 (b+at) [c(1—gs) @V +dla—1],(1 —gs)*?
+ /0 [ q } |f(s,u(s),v(s))|dgs

(ac+ad+be)l'y(w)
Lt —gs)! @D
SM{/O e
1 (b+at) [C(l —gs) @Y+ dfo—1]4(1 _qs)(a%)}
! /0 (ac+ad +bc)l'y(x) dgs
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(1 —gs)\ @
<M [/0 T, (@) dys

b+ a) [e(1 - g)(@ V) dla— 1], (1 - g5) @
-,

d
(ac+ad + be)T,() e

By Lemma 2.6, we have

@1 (u(),v(1))| <M

( 1 N (b+a)c (b+a)d >
Ly(a+1)  (ac+ad+be)ly(oe+1)  (ac+ad+be)ly(w)
(2ac+2bc+ad) + (a+b)d|a]

2(ac+ad +be)ly(a+1)
that is ( )+ ( )dlal,
2ac+2bc+ad)+ (a+b
q) Py 2.2
| @1 (u,v)[| < 2(ac+ad +be)Ty(a+1) 2
Similarly, one sees
2ac+2bc +ad b)d
|, v))| < by B2t ad) et D)dP, 2

2(ac+ad+be)Ty(B+1)

Inequalities (2.2) and (2.3) indicate that CID(BP) is uniformly bounded.
Step 3. Equicontinuity of ®. For 0 <t <1, <1,

[P (u(t1),v(11)) — P (u(t2), v(12))]
‘/ Go (t1,9s) f(s,u(s),v(s))d s—/ G (t2,95) f(s,u(s),v(s))dgs

_gs)@=1) 2 (t — gs) (@ 1)
< /0 (tll_‘:](()x)f(&u(s),v(s))dq.?—/o %f(S,u(s),v(s))qu

+/l aty — o] [e(1 = gs)!* "V + dJo — 1], (1 - gs)\* 2]
0 (ac+ad +be)ly(a)

/zl (12 qu)(a_l) _ (tl _ qs)(a—l)
0 [y(a)

|/ (s,u(s),v(s))|dgs

n (1 —gs)@1)
< /tl %f(s u(s),v(s))dys| + f(s,u(s),v(s))dgs

B [y(a)

iy~ [e(1— g9+~ 1]y(1 — g5)@?)]
+/ (acTad b)) [Fls,uls),v(s))dgs

1 _ (a—1) t _ (a—1) _ _ (a—1)
§M/2 (1 qS) dqs+M/1 (t2 —gs) _ (ogl qs) dys
q

a’l‘l—l‘z‘ l—qs) (1) +d[ 1] (l_qs)(a_Z)]
M/ (ac+ad +be)ly(a) d

Then | P (u(t1),v(t1)) — D1 (u(t2),v(r2))| — 0 with |t; — 12| — 0. Correspondingly, one has
| @2 (u(t1),v(11)) = Pa(u(t2),v(82))| = O

with |t — | — 0. These imply that ®; and @, are equicontinuous. Hence, operator ® is
equicontinuous. By Lemma 2.5, operator & is completely continuous. The proof is completed.
0

qS-
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Definition 2.8. [19] Let (X,d) be a metric space. A mapping 7: X — X is called a contraction
on X if there exists a positive constant K < 1 such that d(7 (x),T(y)) < Kd(x,y) for all x and y
inX.

Lemma 2.9. (Banach contraction mapping principle [19]) Let (X,d) be a complete metric
space and T: X — X be a contraction on X. Then T has a unique fixed-point in X.

Lemma 2.10. (Schaefer’s fixed-point theorem [20]) Let X be a Banach space, and the operator
T: X — X be a completely continuous operator. If set {x € X: x = ATx,0 < A < 1} is bounded,
then T has at least one fixed-point in X.

3. MAIN RESULTS

Schaefer’s fixed-point theorem has less requirements on the space, which expands the appli-
cability of the theorem. At the beginning of this section, we discuss the existence of solutions
to boundary value problem (1.2).

Theorem 3.1. If functions f(t,u,v) and g(t,u,v) satisfy

Fleay)] < 0 Ts(u)| <
where
(2ac+2bc +ad) + (a+b)d|al, (2ac+2bc +ad) + (a+b)d[B],
T (actad+bo)T,(a+1) 0 7 (ac+ad+bo)T,(B+1)

then boundary value problem (1.2) has at least one solution in Bp.

Proof. Let E = {(u,v) € Bp : (u,v) = A®(u,v), 2 € (0,1)}.
For all (u,v) € By, we have

191 (V)| = max [y (u(t), v(1))]

t(t— gs)(@1)
< s { [ a5 s

1 (b+at) [c(l — qs)(o‘—l) +d[or—1],(1 - qs)(a—z)

T 0 (ac+ad+be)l'y(a) F (s, uls), v(s))ldgs
p | [M(1—gs9)* D
=M [/0 Ol
1

(b+ )e(1 —g5) ) + (b+ adloc— 1,1 — gs)“)
+ /0 (ac+ad + be)T, (@) ’ dqs]

It is not difficult to obtain || P, (u,v)| < p. Then ®: B, — B, which implies
lull = APy (u, V)] < Ap < p.
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Correspondingly,
VIl = [[A@2(u,v)[| < Ap < p.

Thus,||(u,v)|| < p. In other words, E is bounded. By Lemmas 2.7 and 2.10, boundary value
problem (1.2) has at least one solution. The proof is completed. UJ

The remaining part of this section explores the uniqueness of the solution to boundary value
problem (1.2).

Theorem 3.2. If functions f{t,u,v) and g(t,u,v) satisfy
|f(t,uy,v1) — f(t,up,va)| < Li|uy — ua| 4+ La|vi — v2|,
|g(t,u1,v1) — g(t,u2,v2)| < L3|ur —uz| +La|vi —va,
where Ly, Ly, L3, Ly satisfy

(2ac+2bc +ad) + (a+b)d]al,

[
0<L,Lr<
b 2(ac+ad +be)Ty(a+1)

(2ac +2bc+ad)+ (a+Db)d[B],
2(ac+ad+be)Ly(f+1) 7

then boundary value problem (1.2) has only one solution.

0< Ly Ly<

Proof. By Lemma 2.4, one has
[Py (w1 (2),v1(1)) = Pi (ua2(2),v2(1))]

: |

:‘/0 Ga (t,qs)f(s,ul(S),V1(S))qu—/0 Ga (t,q5) f (s,ua(s),v2(s)) dys
t —Jags ((X—l)

S/o (trz()a)\f(s,ul(s),w(s))—f(S,uz(S)yvz(Smdqs

[ el 10/«
0 (ac+ad+be)ly(o)

(1 —gs)l*"
< [/O W(L]’M] —u2|+L2\v1 —vzl)dqs

| (s,u1(s),v1(s)) = f (s, ua(s),va(s)) | dgs

N /1 (b+a)c(1—gs) @V 4 (b+a)d[o—1],(1 —gs) 2
0 (ac+ad +be)ly(o)

(- g9
—F—Fd
/0 Iy(a) <

(Li|ur —uz| 4+ Lo|vi — va|) dgs

<(Lilluy — uz|| + Laf[vy —v2l])

+/ (b+a)c(1—gs) D+ (b+a)d|o l]q(l—qs)(o‘—z)

dgs| .
(ac+ad + be)T,(at) e

By Lemma 2.6, it can be simplified as
[Py (u1(1),v1(2)) — P1 (ua (1), v2(2))]
(2ac+2bc +ad) + (a+b)d|al,
(ac+ad+be)l'y(a+1)

< (L1|Juy — uz|| + La|[v1 —v2]|)



EXISTENCE AND UNIQUENESS OF SOLUTIONS 9

where 0 <r < 1, that is,
[ @1 (u1,v1) = Py (u2,v2)]

(2ac+2bc +ad) + (a+b)d|al, (3.1)
L — L —
< (Ll = wa |+ Laf|vi = v2]) (ac+ad+bc)Ty(o+1)
Similarly, we have
| P2 (u1,v1) — D2 (uz,v2)||
(2ac+2bc +ad) + (a+b)d[B], (3.2)
L — L —
< (Lslluy — ua||+Lallvi —v2|) (actad+bT,(B+ 1)

Let
- _L.(2ac+2bc+ad)—|—(a—i—b)d[a]q 12
T (actad+bo)Ty(a+1) oo

o .(Zac—|—2bc+ad)+(a+b)d[ﬁ]q
I actad +ho)Ty(B+1)

Then 7, 7; € (0,1). For any (u,v) € U x U, from inequalities (3.1) and (3.2), we have
[P (u1,v1) — P(uz,v2) || = || (@1 (u1,v1) — D1 (u2,v2) , P2 (ur,v1) — P2 (u2,2)) ||
< (71 [Jur — ua|| 4+ T2 |[vi = v2ll , T3 [lur — wa || + T4 ||y —val|) |
< max (T],T3) Hu1 — LtzH + max (72,1'4) Hvl —V2H

Jj=34

< 7[(ur —uz,vi =),

where 7 := 2max (7,7, 73,74). Observing that 0 < 7 < 1 and combining Lemma 2.6, the
solution to boundary value problem (1.2) exists and is unique. The proof is completed. 0

4. EXAMPLES

Example 1. Consider the system of g-difference equations

"

3
CDf 4v2 2
u (t) = = paal warctan(e+1?), 0<r <1,
3 V2
Dl <z>= pa sm(nu2+1>, 0<i<1, @)
3 24— 1
| v(0)=0, Dy (1)— :

where f(t,u,v)= (:\[\2/5) u? arctan(e 4 v?) and g(t,u,v) = 2;[1\12 sin(7ru” 4 1). Then, there are

M, =T; ()+F '(3)and My =T7'(3)+T7(2). In addition,
2 2 2

242 3 1 5 V2 1
t < <I'i[ =) <— t <I'i (-] < < —.
< 22 <ry (3) <ottt <ry (3) < <k

Therefore, boundary value problem (4.1) satisfies the conditions of Theorem 3.1, we deduce that
boundary value problem (4.1) has at least a solutionin By = {(u,v): (u,v) € U x U, ||(u,v)|| < 1}.
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Example 2. Consider the system of g-difference equations
(

3
5 —sin(2:2) -2 1
‘Diy) (1) === cos2u+eTv+arctant7, 0<r<l, 4.2)
2
u(0) = Dgu(0) =0, u(1)+Dyu(1) =0,
0(0) = Dg(0) =0, v(1)+D,v(1) =0,
\
where o = %, B = %, q= %, a=b=c=d=1, f(t,u,v) = %—;sinv+%[214 +9r* and
7sin(%12)
e

2 |
g(t,u,v) = cos%t#—%v—l—arctanﬁ.
Then, it is not difficult to verify that

1 1
|f(t,ur,vr) — f(t,ua, )| < §|M1 —up| +§|V1 -2/,

1 1
lg(t,u1,v1) —g(t,uz,12)| < g’ul —up| +§IV1 -/,

(2ac+2bc+ad)+ (a+b)d|a]; 5+2[%]% ~ 0.6349 > !
2actad+beTy(a+1)  6I,(3) 3
2
(ac+2bc +ad) + (b)), STy o
2(ac+ad+bc)1"%(l3+1) N 6F1(%> o 3
2

Hence, boundary value problem (4.2) satisfies the conditions of Theorem 3.2, and we conclude
boundary value problem (4.2) has only one solution.

5. CONCLUSION

This paper discusses the existence and uniqueness of solutions to boundary value problem
(1.2). The existence is established via Schaefer’s fixed-point theorem, and uniqueness is inves-
tigated by using Banach contraction mapping principle. In addition, two examples are provided
to showcase the applicability of the theoretical results. This paper extends the results in the ex-
isting literature and provides valuable insights for future research on coupled systems. In future
work, an interesting direction is to consider systems with more complex boundary conditions,
or systems with multiple types of boundary conditions.
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