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Abstract. This paper outlines multiple sufficient conditions for the existence of at least one generalized
solution to a mixed boundary value problem for a complete Sturm-Liouville equation. Our method
relies on variational techniques. We extend and enhance some recent results and also provide a specific
example to illustrate an application.
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1. INTRODUCTION

In this paper, based on variational methods, we study the multiplicity of solutions for the
following problem

{ ~2'+7(6)7 +8(¢)z=h(s,2(¢)), ¢ € (a,b), (P")
z(a) =7 (b) =0,

where  is an L!-Carathéodory function and 7,8 € L*([a,b]) are such that

. T 2
o i,56>~ (35) -

In recent years, a great deal of mathematical effort has been devoted to the study of Sturm-
Liouville problems with mixed boundary conditions. We refer to [3, 5, 7, 8, 9, 10, 18] for some
recent pertinent results. For example, D’Agui [7], based on variational methods, established
existence results for nontrivial solutions to a mixed boundary value problem with a Sturm-
Liouville equation Averna et al. [3] obtained the existence of three solutions for a Sturm-
Liouville mixed boundary value problem by using multiple critical points theorems.
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In this paper, we are in line with the results obtained in [4], which, unlike other existing
papers, assumed that the coefficients ¥ and 0 can change their sign. Bonanno et al. [4], by using
critical point theory, studied the existence of infinitely many distinct positive solutions for the
parametric version of (P"), which is considered later in (P){‘).

Inspired by the results mentioned above, this paper investigates the existence of at least one
non-trivial generalized solution for problem (P") by focusing on the asymptotic behavior of the
nonlinear datum at zero, as detailed in Theorem 3.1. In Theorem 3.2, we provide an application
of Theorem 3.1 and present some remarks regarding our findings. As a particular instance of
our results, we derive Theorem 3.10 for the scenario where 4 does not depend on ¢. Finally, we
present Example 3.11, which satisfies the conditions set forth in Theorem 3.10.

2. PRELIMINARIES

The central argument supporting our results is derived from a version of Ricceri’s variational
principle [17, Theorem 2.1], as presented by Bonanno and Molica Bisci in [6].

Lemma 2.1. Let X be a reflexive real Banach space, and let I1,Y : X — R be two Gdteaux
differentiable functionals such that 11 is sequentially weakly lower semicontinuous, strongly
continuous, and coercive in E, and Y is sequentially weakly upper semicontinuous in E. Let
®, be the functional defined as @) =11 —AY, A € R, and, for every r > infx I, let ¢ be the
function defined as

S Aoy T(V) =T
ps)= inf P Comg X0 Y(D
Z€IT 1 (—oo.5) s—1II(z)

Then, for every s > infy Il and every A € (0, ) the restriction of the functional ®; to

1
(s)
1! (—oo,s) admits a global minimum, which is a critical point (precisely, a local minimum) of
®7L inX.

We encourage interested readers to consult the papers [1, 11, 12, 13, 14, 15], where Lemma
2.1 was effectively utilized to establish the existence of at least one non-trivial solution for
boundary value problems.

In this section, we introduce the functional space, and we recall some preliminaries and basic
properties in order to study problem (P"). Take the Sobolev space

E={ze W"*([a,b]): z(a) =0}

endowed with the following norm:

= [ "\Z<s),2ds>5+ (f b\z’(s)lzds>%.

Moreover, for all z € E, put
/ b / 2 %
lelo =112 = [ l)ias)
a

The following proposition holds true.
Proposition 2.2. [4, Proposition 2.1] The norms || - ||o and || - || are equivalent on E.

Here, we point out the following result.
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Proposition 2.3. [4, Proposition 2.2] (Poincaré inequalities) For all z € E, it holds that
(1) maxgeg[(9)] < (b a)2 z]o.
@)l < 227

Remark 2.4. We observe that the Poincaré inequalities hold true in the Sobolev space W' ([a, b]),
as given in [2], with different constants.

12/l 2-

Now, let us introduce another norm in the space E, given by
1

b b 2
lelle= ([ e ®90Pas + [ e #O5(c)l)Ras)

where ®(¢) = [ v(§)dE, V¢ € [a,b].

Proposition 2.5. [4, Proposition 2.3] Let (1.1) hold. Then || - ||g is a norm on the space E and it
is equivalent to || - ||o. In particular,

m||zllo < [lzlle < Mlz[lo (2.1)

for all z € E, where m,M with M > m > 0 are given by

/ 1

(minge[avb} e—(I)(g)) : ,
if essinfeer,p)6(g) =0,

m= L
. B ‘ 2b—a
(mlnge[%b]e () <1+essmfg€[a’b]3(g)( ( - )) )) ’

( if essinfecp,p0(5) <O

1
b — 2\ \ 2
(maxge[ab]e ( +esssupge[ab]5(€)< ( - a)) >> )
) >0,

M =< if essinf; ab]Sg

and
4

| —

(maxge[a b € ) ’
[ if essinfecp,p6(5) <O.

Remark 2.6. Since ||z||o is equivalent to ||z||, as proved in Proposition 2.2, we obtain from the
transitivity property the equivalence between ||z||g and ||z]|.

Remark 2.7. The space E is a Hilbert space with the dot product

<z—v >—/ dg+/ )z(6)v(g)dg
that clearly induces the norm ||z||g.

Remark 2.8. Taking into account (2.1), we have the following inequality

(b—a)z

lz|lg, Vz€E.

Now, we recall the definitions of classical and generalized solutions to the problem.
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Definition 2.9. We say that z : [a,h] — R is a classical solution to problem (P") if z € C?([a, b)),
z(a) =7 (b) =0, and

—"+7(6)7 +6(5)z=h(s,2(¢)), V¢ € [a,b].

Definition 2.10. We say that z : [a,b] — R is a generalized solution to problem (P") if z €
C'([a,b]), 2 € C([a,b]), and

z(a) =2 (0) =0, =" +1(5)d' +8(¢)z = h(s,2(5))
for almost every g € [a, D).

Remark 2.11. Classical and generalized solutions of problem (P") coincide when A, y and &
are continuous functions.

Definition 2.12. A function z € E is called a weak solution to problem (P if

[ e m02ep )+ [ e *O5(0) e(Ne)s — [ e M nls. x(e)vis)ds =0

holds for any v € E.

Put

¢
H(g,{) :/0 h(g,x)dx forany (¢,&) € (a,b) x R.

We define the functionals IT and Y, for each z € E, as follows.

1) = 5 12 2.2
and
Y= [ e *OH (e ()5 23
and we put ©(z) =TI1(z) — Y(z), for every z € E.

Proposition 2.13. [4, Proposition 2.4] Function z is a generalized solution of (P") if only if z is
a critical point of ©.

3. MAIN RESULTS

In this section, we outline our main results regarding the existence of at least one generalized
solution for problem (PM.

Theorem 3.1. Assume that
62 2(b —a)max ¢y p) e~ 20
> . .

H(c,x)d
aﬁﬂi’é (¢,x)dg

sup
6>0

> - ()

Then, problem (P") admits at least one generalized solution in E.
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Proof. Our objective is to apply Theorem 2.1 to problem (P"). We define the functionals IT and
T as given in (2.2) and (2.3), respectively. We demonstrate that IT and Y meet the necessary
conditions outlined in Theorem 2.1. It is known (see, e.g. [2]) that they are well defined, and
are Gateaux differentiable. Note that

rQ)0) = [ e e Ae)ds

and

W)= [ e DL ep(s)ds + [ e *O5(e)a(o e,

for every z,v € E. Furthermore, IT and Y are C!-functions. By utilizing the definition of IT, it
follows that
lim TII(z) = +oo,
l[zl|lg—+o0

which indicates that I is coercive. Therefore, we conclude that the regularity assumptions on I1
and Y, as specified in Theorem 2.1, are satisfied. Moreover, as we have seen in [4, Proposition
2.4], the critical points in E of the functional ® are exactly the generalized solution of the
considered problem (P"). Furthermore, from condition (S), there exists a constant 8 > 0 such
that

02 2(b — a) max e P()
. S Hb=a) mgf[“’” . 3.1)
max H (g, x)dg
a |x|<6
Put
2
g= " 52
2(b—a)

In view of Remark 2.8, for each z € E such that TI(z) = 1|z||2 < s, one has

%(2@5 - <2(b_“)s>é =0, Vz€E.

20 < E= D 2 <

N —

2
Taking into account that max ¢y, | |2(¢)| < 6 for all z € E such that [|z||§ < 25, we have

b
sup Y(z) < max e ®©) [ max H(¢,¢)dc.
(z)<s G€la,b] a |C[<6

Taking into account the calculations mentioned above, we see that 0 € II~!(—oo,5). Since
I1(0) =Y(0) = 0, then

SUPyerrt( o YO) = Y(2)  SUPcpif g )
(P(S) — }lnf upVEH 1 (—_ s ) (V) (Z) S upZeH 1 ( K ) (Z)
Z€lT 1 (—oos) s —1I(z) s

b

2(b—a)max ., e P J ax (6, ¢)dg

m? 62
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Therefore, it can be concluded that

b

H
z(b_a)maxge[mb] efs‘b(g) g Elé% (g7C)dg

m? 62

o(s) < (3.2)

1
Considering equations (3.1) and (3.2), we have ¢(s) < 1. Since 1 € <O, m) , Theorem 2.1
s
guarantees that ® has at least one critical point (local minimum) Z € IT~!(—oo,s). Moreover,
since the generalized solutions to problem (P"") correspond precisely to the critical points of ®,

we arrive at the desired conclusion immediately. 0

We observe that Theorem 3.1 can be utilized to guarantee the existence of at least one gener-
alized solution for the following problem
—Z"+7(6)F +8(¢)z=2Ah(g,2(¢)), ¢ € (a,b),
z(a) =7 (b) =0,
where A is a positive parameter.
Now, we can state the following existence result.

(P

Theorem 3.2. For every A small enough, i.e.,

2 62
— sup ’
2(b—a)maxcc(, p € P(s) g-p [P max H (g, x)dg
a <6

m

Ae O,

problem (Pff) admits at least one generalized solution z) € E.

Proof. Let Il and Y be defined as in equations (2.2) and (2.3), respectively. Define
0,(z) =TI(z) —AY(z)

for every z € E. Pick

2 92
O<l<2b " ~(cy SUP :
( _a)maXQG[a,b]e 6>0 maXH(g,x)dg
a |x|<6
Therefore, there exists a positive value 6 > 0 such that
2(b —a)max cq p) e~ 20 62
5 A< — .
m
max H (g, x)dg
a |x|<6

Put )

L

2(b—a)

Using the same notations as in the proof of Theorem 3.1, we can state that

b
H
Z(b_a)maxge[a7b] e_(p(G) a g‘li)é (gﬂ'x)dg .

(s) < !
Pl8) = = 52 i
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Since A € (0, ), Theorem 2.1 guarantees that ®, has at least one critical point (local

1
o (s)
minimum) z; € IT7!(—oo,5). Given that the critical points of the functional ®, correspond to
the generalized solutions of the problem (Pf), we arrive at the conclusion immediately. 0

We would like to make a few observations pertaining to our findings.

Remark 3.3. In Theorem 3.1, we examined the critical points of the functional ®, which is
naturally linked to the problem in equation (P/{l). It is important to note that, in general, ®; can
be unbounded from below in E. For instance, this occurs when H({) = |{|%* for every { € R
with & > 2. For any fixed z € E\{0} and y € R, we obtain

©(¢) =11(z2) ~ 4 [ e " (5. z2(2))ag

Xz 2 o - —P(g) b o
§7||Z||E—7LX min e / |z[*dg.
G€la,b] a

Since a > 2, we find that ®) (yz) — —eo. Consequently, condition [16, (I;), Theorem 2.2] is
not met. Therefore, we cannot apply direct minimization to identify the critical points of the
functional ®; .

Remark 3.4. If, in Theorem 3.1, h(g,x) > 0 for a.e. (g, x) € (a,b) x R, condition (S) simplifies
to a more straightforward form

62 2(b—a)max ¢ p) e ()
> .

sup — (S3)

9>°/ H(g,0)dg

a

m2

Additionally, if the subsequent assumption is confirmed

limsup—— 0 2074 Tl ecled] <" ,
oot / H(s,0)dg "
then condition (S}) automaticglly satisfied.
Remark 3.5. For fixed 6 > 0, let
62 . 2(b —a)max e p) e~ 2
bmaxH (¢,x)dg "
a |x]<6

Consequently, the result of Theorem 3.2 applies, with the condition ||z; ||g < 8 ensuring a gen-
eralized solution in E.

Remark 3.6. If, in Theorem 3.2, h(g,0) # 0 for a.e. ¢ € (a,b), then the obtained solution is
clearly non-trivial. Conversely, non-triviality can also be established in the case where i(g,0) =
0 for almost every ¢ € (a,b), by imposing an additional condition at zero. Specifically, there
must exist a non-empty open set D C [a,b] and a subset B C D with positive Lebesgue measure
such that )
. essinfcep H(g, §)
lim sup

{—0* |C|2

= 4o
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and
essinfcep H(G, §)

liminf > —oo
{0+ ]2

Indeed, let 0 < A < A*, where

1* m? 62
= — sup
2(b— aymaxceiap € 19 60 bmaxH(G x)dg
d<o o
Then, there exists 8 > 0 such that
2(b—a)maxcci,p ‘P(g)z _ 62
2 b :
" max H(g,x)dg
a |x|<6

Based on Theorem 2.1, for every A € (0, /_l), there exists a critical point of @, such that z) €
2

IT-!(—o0,s, ), where s; = o l:n ) 6. In particular, z, is a global minimum of the restriction
—a
of @ to IT7!(—oo,5; ). To demonstrate that z; cannot be trivial, we show that
Y(z)
lim sup = o0, (3.3)
lelg—0+ T1(z)

Based on our assumptions at zero, we can establish a sequence {{,} C R that converges to
zero, along with two constants &, k (with & > 0) such that

essinfecsH(,G)
eGP

= +oo

and

. > 2
essglggH(g,C) > k||

for each § € [0,&]. Now, let us consider a set C C B with positive measure and a function v € E
such that

(i) v(g) €[0,1] for each ¢ € [a,b],

(ii) v(¢) =1foreach ¢ € C,

(iii) v(g) = 0 for each ¢ € [a,b] \ D.

Hence, fix Y > 0 and consider a real positive number 1 with

n meas(C) minge(qp € 2(¢ )—}—mln Elap) € gD(g)K/ \v(g)\zdg

Y < D\e

SIvIR

Then, there exists ng € N such that §, < & and essinfceg H(g, ) > 1|¢u|? for every n > no.
Now, for every n > ng, by using the properties of v (thatis 0 < §,v(g) < & for n large enough),
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one has
)dg + / v
Mo e HE LS H(s.Gw(s))ds
I1(Gyv) I1(Gyv)
n meas(C) ming¢, p| e P 4 mingc (g p) e P() K‘/ lv(g) ]2dg
> / D\C > Y.
Sl
Since Y could be consider arbitrarily large, it is concluded that
Y(Cnv) _
e TI(Gy)

from which (3.3) clearly follows. Hence, there exists a sequence {a,} C E strongly converging
to zero, a, € IT~!(—eo,5) and

0, (a,) =(a,) —AY(a,) <O0.
Since z;, is a global minimum of the restriction of @, to II~!(—oo, 5), we conclude that ®; (z3 ) <
0, so that z;, is not trivial.

Remark 3.7. From equation ®; (z ) < 0, we can readily observe that the map
(0,A") 24— 0,(zy) (3.4)

is negative. Additionally, we have
lim ||zy|[g =0.
m, Izl

Indeed, by recognizing that IT is coercive and that for A € (0,A*) the solution z; € IT~!(—oo,s),
we can conclude that there exists a positive constant . such that ||zy ||[g < & for any A €
(0,A). Furthermore, it follows that there exists a positive constant .2 such that

b
| e Onie.z())2 ()
*). Since z;, is a critical point of @, we have @', (z3 )(v) = 0 for any v € E

for every A € (0,4
and every A € (0,A%). In particular, @, (z3)(z3) =0, that is,

< max e P |73 |2 < max e PO 7.2, (3.5)
G€la,b] ¢€lab]

()e) =4 [ e e ez e, (36)

for every A € (0,A*). Then, 0 < ||z, || = IT'(z3)(z3). By using (3.6), it is concluded that

0< alle = (z2) ) =4 [ e Oh(s,20(6))z8(6)ds,

for any 2 € (0,A*). Letting A — 0T, we find by (3.5) that limy_,o+ [|z3||Z = 0. Note that
limy 0+ [|22 [ = 0.

Finally, we demonstrate that the map A — ®, (z; ) is strictly decreasing in (0,A*). For our
goal, we observe that, for any z € E,

0, () = A (% —Y(z)) | 37)
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Now, let us fix 0 < A1 <A < A" and let 3, z, be the global minimums of @, restricted to
I1(—co,s) fori = 1,2. Also, let

= (M5 re) = e (1),

for i = 1,2. Clearly, (3.4) together with (3.7) implies that m; < 0 fori=1,2 due to A > 0. In
view of 0 < A; < A, one has m;, <m,, . From 0 < 4; < A5, we see that

0Oy, (za,) = Aamy, < Aomy, < Aymy, =1y (z,),

so that the map A — @, (z;) is strictly decreasing in A € (0,A%). Since A < A* is arbitrary, we
show A — @, (z; ) is strictly decreasing in (0,4%).

Remark 3.8. We observe that the Theorem 3.2 above is a bifurcation result in the sense that the
pair (0,0) belongs to the closure of the set

{(z;t,/l) € E x (0,+e0) : z is a non-trivial generalized solution of (Pff)}
in E x R. Indeed, by Remark 3.7, one has ||z ||z — 0 as A — 0. Hence, there exist two sequences
{zj} inE and A in R* (here zj = z; ) such that
A;— 0" and |zj|lg — 0,
as j — +oo. Moreover, we need to emphasis that due to the fact that the map
(0,A%) 24— 0Oy (z;)

is strictly decreasing, for every A1, 4> € (0,A%), with A; # A5, the solutions z;, and z,, ensured
by Remark 3.7 are different.

Remark 3.9. [4, Proposition 2.6] If / is non-negative, then the generalized solution guaranteed
by Theorem 3.2 is also non-negative.
The next theorem addresses a specific case of our results.

Theorem 3.10. Let h : R — R™ be a continuous function. Let limg o+ Hg) = +o0, where

H({) = /Ogh(s)dsfor all { € R. Then, for each

m? 02
Ae|o, 5
2(b—a)*maxcciq ) e~ P(S) (Sgli% H(O)
the problem

{ ="+ 7(6)7 +8()z=Ah(z(5)), ¢ € (a,b),
2a) =7 (b)=0

admits at least one nontrivial generalized solution z;, € E such that lim) o+ ||z3 |3 = 0 and the
real function

1 b _
Ao SlalR=2 [ e P OH ()

m? 62
is negative and strictly decreasing in | 0, su — .
¢ Y § 2(b — a)? max ¢, p e~ () Po>0 H(6)
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Finally, we present the following example to demonstrate the validity of Theorem 3.10.

Example 3.11. We consider the problem
—Z,/+Z/_Zzh<g7Z(G))7 (S (071)7 (3 8)
z2(0) =Z(1) =0, '
where )
[ 3¢7, if {<0,
hE) = { 2045, if £>0.
Through straightforward calculations, we obtain
¢, if §<0,
H(E) =
(6) { (ryeb—1, if £>0.

4
By simple calculations, one has that m = /1 — Pl Since limg_g+ Hég ) = +oo, then all the

assumptions of Theorem 3.10 are satisfied. This implies that problem (3.8), for each A €
> —4

" 2em?
0 and the real function

, admits at least one nontrivial generalized solution z;, € E such thatlimy ¢+ [|z3 ||g =

1 1
A= §||ZA||%—7L/O ¢*H(z;(g))dg

2

: . . o n-—4

is negative and strictly decreasing in ( 0, >— |.
2em
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